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MATRICES. 


| Organizing data in matrices. 
Adding and subtracting matrices. 

| Multiplying matrices. 
Determinants. 

| Multiplicative inverse of a matrix. 


Learning outcomes 


Recognize the concept of the matrix and its order. 
‚ Model some real life problems using the matrices. 
Recognize some special matrices. 
Recognize the equality of two matrices. 
Find the transpose of a matrix. 
Multiply a real number by a matrix. 
Recognize the concept of symmetric matrix and skew symmetric matrix. 
Carry out the operations of addition , subtraction and multiplication on matrices. 
Recognize the properties of addition and multiplication of the matrices. 
Use matrices in other domains. 
Recognize the determinant of a matrix of order 2 x 2 and 3 x 3 
Find the value of the determinant of order 2 x 2 and 3 x 3 
Find the surface area of the triangle using the determinants. 
Solve a system of linear equations using Cramar's rule. 
Find the inverse of the square matrix of order 2 x 2 
Solve two simultaneous equations using the inverse of a matrix. 


Brief History 


The British scientist J.J. Sylvester was the first to use the expression 
"matrix". 

The British scientist Cayley was the first to use the matrices, and 

he is a mathematical scientist and has a lot of searches especially in 
algebra which included the theorem of matrix. 

Matrix is commonly used in modern times, and it includes many 
branches of science and knowledge, we use it in statistics and 
economics, sociology, psychology and so on. Fruther more, matrices 
have an important role in mathematics especially in the branch of 
linear algebra. 





Lesson One 





* A pizzeria sells four kinds of pizzas : (Vegetarian - Chicken - | 
Beef - Cheese) and serves for each kind three different sizes 
: (small - medium - large) 


* To remember these data and compare between them easily » 





the shop owner arranged the average of the number of sold 


pieces daily in the following table : 














| Size 
Small Medium Large 
Vegetarian | 15 13 9 
E Chicken 16 18 12 
2 | Beef | 13 | 10 8 
Cheese | 18 | 20 17 


* Each number in this table has a certain meaning » for example » the number 10 refers 
to the number of sold pieces of beef with medium size and the number 12 refers to the 


number of sold pieces of chicken with large size and so on. 


* For we know that the numbers of the first row refer to the average of sold pieces of 
vegetarian daily with the sizes : (small - medium - large) respectively » similarly » 
the numbers of the second row for chicken » the numbers of the third row for beef and the 
numbers of the fourth row for cheese respectively » then we don't need the previous table › 


and we are satisfied to write the data in a simple form by writting only the contained 
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= Matrices 


numbers in the table in the same order inside two large parentheses as | | 
15 13 9 | 
16 18 12 | 


Then we write the daily averages for the sales of the shop = 13 10 о 


18 20 17 
e This form is called a number matrix and the numbers contained inside the two parentheses 
are called the elements of the matrix. 


e This matrix is formed from four rows 
ig column gnd column 3rd column 


{ І 


апа three columns as in ће opposite 


figure » so we say that it is a matrix 


15 13 9 | 4— 1% row 

of order 4 x 3 or simply "a 4 x 3 matrix" | zd 
| | 16 18 12 | 4—2 row 

and we notice that we mention the | d 
| 13 10 8 | «—3"™ row 

number of rows firstly » then the " 
18 20 17 | 4—4" row 


number of columns. 






































кв 
. | Vegetarian | Chicken D Beef | Cheese | | 
„| Small | 15 16 з | в | | 
| Medium | 13 18 10 | 20 
large | 9 | 2 | S |o 17 


Similarly » we don't need the previous table and we are satisfied with writting the numbers 
inside a matrix » then the daily averages for the sales of the 

15 16 13 18 | 
shop-| 13 18 10 20 | and it is a matrix of order 3 x 4 

9 12 8 17 
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Unit 1 _ЧЗ Ч я Ч) = 


From the previous • we can define the matrix as follows : 


Definition of the matrix 


e The matrix is an arrangement of a number of elements (variables or numbers) in 
rows and columns enclosed by two parentheses as ( ) » such that the position of each 
element in the matrix has a meaning. 








e If the number of rows is m and the number of columns is n > then the form of the 


matrix is m x n or of order m x n or of type m x n (it is read as m by n) where m and n 


are positive integers. 


* The number of the elements of the matrix = number of rows x number of columns 
=mxn 





N Expressing an element inside a matrix 


* Capital letters are used to name the matrix or to symbolize itas: A B » C X >5Y>3... 
» but small letters are used to name the elements of the matrix as: a »b »c » X »y »... 
* If we want to express an element inside the matrix A that lies in the i® row and the j^ 


column » then we can express it by the form : а; 


For example : 


The element a,, lies in the 294 row and the 3“ column (it is read as : a two three) 


The element a,, lies in the 31d row and the 2" column (it 1s read as : a three two) 


— — eD 


—M 





-3 15 | 


=2 
9 | 


Es i L | 3 
IfA= 2 3 B=| 4 ) | and C -| — | 
1 6 -4 = 1 8 | 9 


ь—=© 


1 Write the order of each of A » B and C 


2 Write the following elements : а 2 Da4 7а, » 0, 9 €45 9 Cog 


— Solution - — 





1 Aisa matrix of order 2 x 3 5 
B is a matrix of order 2 x 2 and 
C is a matrix of order 3 x 3 


93526 » by =-1 » аз=-4 5 by =5 › ege 1, c} --2 


12 





Matrices 


5 2 | 
4 1 


—7 0 
1 Write the order of the matrix X. 


( TRY TO SOLVE 


If the matrix X = 





2 Write the following elements Х., » X2, » X15 


Remark 


If A is a matrix of order m x n » then we can express it by the form : | 
A= (a;) where : 
i-152535»..»m апа j215253»..»n | 


In our study » the cases in which m < 3 and n € 3 will be sufficient. 





























Write all the elements of the following matrices, showing the order of each matrix: 
1 The matrix А = (aj) whereiz 15253 and ј=1,2 
9 The matrix B = (b;) where i = 1 and j=15233 


—— Solution - 





om 40 | 
1 А= а, ау | 78 matrix of order 3 x 2 
аз 855 


О В = bi, bi, bis] „а matrix of order 1 x З 


Write the matrix (aij) of order 3 x 2 where а = 2i - j 


| Solution _ зи 





ау=2х1-1=1 5a ,=2x1-2=0 5a,=2x2-1=3; 


1 0 
а,=2х2-2 = 2 9 a,,=2x3-1=5 9 agg =2xX3-2=4 EN (a) = 3 p 
4 


“TRY TO SOLVE 


Write all the elements of the matrix C = (c) where i=1 92 апај= 1 92 93 
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Unit 1 


D Some special matrices 





E The row matrix J — — — — — — == —— 


| It is a matrix that consists of one row and any number of columns. 


For example : 


A= (2 3 m 1) is a row matrix of order 1 x 3 


2 The column matrix jJ ————————— —— m _ 


| It is a matrix that consists of one column and any number of rows. 


SS Á 





For example : 


X= 





, | is a column matrix of order 2 x 1 


E The square matrix | — — —— 


| It is a matrix in which the number of rows = the number of columns. 





For example : 


A= | {з | is a square matrix of order 2 x 2 




















[Г] The zero matrix | 
It is a matrix whose all elements are zeroes. We denote it by O n » it may be a square 
matrix or not. 





For example : 


= | 0 | | is a zero matrix of order 2 х2 


0 
‚О =| 0 lisazero matrix of order 3 x 1 
0 
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_ Matrices 


EJ The diagonal matrix ИГ 


It is a square matrix in which all elements are zeroes except the elements of its main 
diagonal » then at least one of them is not equal to zero. (Where the main diagonal that 
contains the elements ау, » a5 » 433 » ...) 





For example : 


3 0 0 
Y=] 0 "8 О jisa diagonal matrix of order 3 x 3 
0 0 5 


R= | 2 0 | is a diagonal matrix of order 2 x 2 
0 0 


[Г] The unit matrix — 






It is a diagonal matrix in which each element on the main diagonal is the number 1 > 
and it is denoted by I 


For example : I = | ; | jis a unit matrix of order 2 x 2 
1 0 0 
1=| 0 1 о lis a unit matrix of order 3 x 3 
0 0 1 


М, The equality of two matrices 





The two matrices A and B are said to be equal if and only if » they have the same order 
and their corresponding elements are equal. 


è m 
i.e. 





ау = bi for each i and j 


For example :( } ML TED. M 
у, > з 1 


while | А | | i | because the corresponding elements are different. 


-3 5 3 


and so | | | * | } | because they don’t have the same order. 
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eub 


al 








Find the value of each of зу and zit ^ р Hs 2 ui 

4 5 4 2 у – 3 5 
5 Solution , 

'' The two matrices аге equal. im zeli 

Х+5 = 2 505-9 ›2у-3=7 iva. 

| TRY TO SOLVE 


3 E B 
Find the value of each of X and y if с 2 | = | 5 2 | 
3 





number by a matrix 





NN Multiplying a real 


If A is a matrix of order m x n » then the product of any real number k by the matrix A 
is the matrix C = К A of the same order m x n » and each element of the elements of 
the matrix C equals the corresponding element to it in the matrix A multiplied by the 
real number k 


е. ey ka; » Wherei=1 525... »mandj-2152»..»n 


i.e. L Multiplying a real number by a matrix means multiplying each element of the 


elements of the matrix by that real number. 


For example : 


гА=|% = > | then: 
2 4 0 
6x2 -2x2 3x2 _ _ _ 
7а НЕ 4 E .-3a=| 18 6 4 
2x2 4x2 0x2 4 8 0 -6-12 0 


|, Remark 
From the previous » we deduce that it is possible to take a common factor among all 
the elements of the matrix. 


For example (^ р 6-22 i | 
2 0 -14 | 
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Matrices 


Gaia, | — 
- = 3 
d ш 2)=-2| ; SX | , then find the value ог: fx s 





_ 8 16 4 -2у 
‚ Solution 
e| 10 20) 10 - -.—202-10X «xX=2 
—8 16 —8 4 y 


,16=4у 5 у=4 ху = 48 = 2 





1 ra=] i 74) теппа : ЗА -А-5А 


24 8 6 2y 
2 If| 32 0|-4|.2x 0 |>thenfind: Xy 
12 -4 9 — 1 


b Matrix transpose 


In any matrix A of order m x n »if we replace the rows by columns or the columns 
by rows in the same order » then we will get a matrix of order n x m that is called the 
transpose of the matrix A and we denote it by A' 


‘ie. | А IfA= (a;;) » then А! = (a;;) 





For example : 


ra=] ч Jis a matrix of order 2 х3 
Notice that 
2 -1 ( 2 3 0 
„Шеп A'=/ 3 5 is a matrix of order 3 x 2 »( A' )' = t \t 
—1 5 6 (A!J 2A 
0 6 
9 
e Jf Bz| —2 |1ѕа matrix of order 3 x 1 (column matrix) 
4 


9 
» then B' z (9 2 4 ) is a matrix of order 1 x 3 (row matrix) (®у-| E 


(Fir) ҮЛ ы V ou - oll, - walsdi 17 





Unit 1 
Gp 


o o 5 Л. 
тл = [з „= , be ч A paesi 
CSC sin A 
з х 5 


» then find the value of each of : X » у 



































— — — Solution r — 
“A= 43 | > B'=| | | | ‚> A=B! 
2 4 2 2 
=, 2 . Y Jd = 
їз х= -2- X= 5 '"5y-2 y=4 
( TRY TO SOLVE ] 

















7 i 2 0 
и(о X+2 У |=|-4 Jen ta 
y 
5 у 





A Symmetric and skew symmetric matrices 





If Ais a square matrix » then: 
* A is called a symmetric matrix if and only if А = А! 
• A is called a skew symmetric matrix if and only if A = — А! 


For example : 














2 -1 -3 2 -1 -3 
“IfA=|_, 4 о »thnA'z|.|1 4 0 
-3 0 5 -3 0 5 
i.e.| Ais asymmetric matrix because A = А! 
| 1 _ | 
"S Hle E 
Ф — d 2 
? 0 
\ 4 -2 0. 
| 1 | wil å] 
0 5 4 0 5 4 
» then Bt = _1 0 _2 |== 4 0 7 
— 2 0 (4 -2 0 | 








е. B is askew symmetric matrix because B = – B' 
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Matrices 


' Remarks 


* If Ais a symmetric matrix » we notice that its elements are symmetric about the main 


tagonalatheniay ed; eNO © 
as in the opposite figure » where @) No a P 
ај =ар=4›аз =аз=е›а=аз=ї (е) (D М 


~-a The main diagonal 


| * The elements of the main diagonal in the skew symmetric matrix have the numeral zero 


» and its elements satisfy the relation a; =— a;; 
0 -4 ЗА 
and we notice that in the matrix А = + 0 2 
4 -2 0 
1 
where à, =— ау = 5 я 44,7 —844— А Azo =— Ay, =— 


e Any diagonal matrix is a symmetric matrix. 


2X 8 
1 IfA=| -4 -3 6 lis asymmetric matrix › then find the values of : X sy 
X+2y 6 4 
0 3 X 7 
2 IfB=| z+3 0 —2z lisa skew symmetric matrix 
Des 6 0 


» then find the values of: X sy 9z 





— —————— —4À Solution | 


1 - Ais asymmetric matrix 


72 Х=-4 ` Х=-2 
 Х+2у= 8 7-2 +2 у= 8 
у= 5 
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2 +: Bis askew symmetric matrix 


72+3=-3 Х (1) )3y-X--7 (2) 
»-2zZ=-6 .Z=3 
Substituting in (1) : . 3 +3 =- 3 Х 4X-2-2 
Substituting in (2): .. 3y 422-7 n y=-3 


TRY TO SOLVE 





Complete the following : 


1 ІА = | 3 B jis a symmetric matrix » find the value of : X 
-2 X 6 
0 —8 3 

2 ЕВ = Ix 0 12 lis a skew symmetric matrix » find the values of : X » y 
_5 y-X 0 


Now at all bookstores 














* Chemistry • Physics 
* Biology * Hello English 


*French— *Mathematices 
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Lesson TWO Adding and subtracting matrices 


Adding matrices 


If A and B are two matrices of the same order » then the addition operation is possible 


and the result of addition 1s a matrix of the same order and each of its elements is the 





sum of the two corresponding elements in A and B 


For example : 


tA- [5 | and B=(° ; Joena en (2*7 724 | 
3 2222 2 3 34-2 -2+3 1 


— — — MAS dd S — —— — — — — 


] =2 =] -2 
ied 3 51. В=| 5 1 and C= (7 M 

4 2 3 2 п 0 в 
Find each of the following if it is possible: 1 2A + C! 9 B+C 


—— Solution — — — — ——— 


1 -2 l 
А С 2213 5 L ; pi 


4 2] 8 4 6 
2 xd 2 3| {4 -1 
=|6 10|+| o 4ļ=|6 14 
8 4] \-1 6] \7 10 


2 Itis impossible to add B and C › because they don’t have the same order » since B is of 
order 3 x 2 and C 15 of order 2 x 3 
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Unit 1 





2 3 0 4 
—1 5 | аа B=|2 —3]>check that : (А + B = A + B' 
6 4 -8 


— Solution Г 


(1) 
2 =] 
At $ eg s) pt »P 2 | 
- , B= 
з 5 7 4 =3 =g 
san'l? = б 0 2 ‘= 1 "| (2) 
а 5 Fe Mb -— By ШМ CO xdi 


From (1) and (2) » we deduce that : (A + B) = A + В! 


( TRY TO SOLVE 





ыр a 9 B=| " Р »then find : 4 (А +В) 
3 4 ] 8 





— CIDB 


Find the values of a » b and c that satisfy the equation : 
Jh MEET a 5) 4 s 
C 3 -1 3 c T3 3 
— — —4 Solution , — 


2° MILD 2 i рчач ) (multiplying a cea number by a matrix) 
Зс 9 -2 6 c+3 3 


К MEM Pw 
| 43c 9 c+] 9 


and from the property of equality of two matrices : 


~3a=2a+4 »a=4 
>3b=b+ 16 « b=8 
‚Зс=с+1 noz 
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= ss: Matrices 


( TRY TO SOLVE 
из[* s jest e M 
e – 2 – 1 2 c + 3 — 10 
9 then find the value of each of : a s b апа с 


A Properties of adding matrices 


Let A » B and C be three matrices of the order m x n and О is a zero matrix of 


the same order » then the following properties will be satisfied : 


Closure property : | А + В is a matrix of the same order m хп 


Я Commutative property : | А+В=В+А | 


For example : 
(t2 » | » Je De 4 
+ = + = 
-1 5 -2 -3 -2 -3 -1 5 -3 2 
Е Associative property :[ (А+ B) + Cz A + (B + C) | 


For example : 


ieee Hi -2 $) > B= 
6 


„Шеп (А+ В) + С = (1 7 MIU І EE 3 » 
7 § —9 6 7 16 

-- 1 ‚|+! 3 PIE 2 2) 

11 — 15 6 9 16 17 20 1 


Aso! zB We 1 МЕЕ 3 p 
4 5 —6 7 8 -9] \6 7 16 


4 =2 Jn 4 34 0 2 4 
4 5 -6/ \13 15 7/ \17 20 1 
i.e.) (А+ В) +С=А+ (В +С) 
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Unit 1 


UM The existence of the additive identity : 
Zero matrix O is the additive identity “neutral” 
Le.) A+0=0+A=A 


For example : 
| 3 ae о) 3 D 
-1 4 0 0 =l j 
В The existence of the additive inverse : 
| A+(CA)=(CA)+A=0 | where (— A) is the additive inverse of the matrix A 
For example : 


4 1 O0 
4 2 s | » then the additive inverse of Ais — А = | 


where 
4 1 0 P – 1 J 0 0 0 
+ = =O 
з 2 5 ар ый 5 оо 0 2x3 


| = SecondN Subtracting matrices 


If A and B are two matrices of the same order m x n » then the remainder of subtracting 


a= | -4 -1 2) 


3 -2 —5 


(A — B) is the matrix C of the order m x n that is defined as follows : 
С=А-В=А + (— В) where (- B) is the additive inverse of the matrix B 





For example : 


ra= ^ - в=(4 1 
3 -4 


hen A—B = |) EP DM e ME 1 M 
3 -4/ \ 0] 43 -4/ \-5 0] \-2 -4 
| Remark 


| ‚ 
We can carry out the subtraction operation directly by subtracting the corresponding elements | 


of the two matrices. 























For example : 
» 4 sJ- =) б 6 6 M 
zie mmi Q - dq -g "Du aee c 
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2 1 2 =2 0 4 
If A2|—] 2 | s Bela] 5 |andCz|-2 —6 
0 4 3 “2 8 -—2 
» find the value of :4A-2B+4C 
—Óà Solution , 
1 1 2 22 | 0 4 
4А-2В+ = C-4 =] 2 p-24 | 5|*5|-2 -6 
0 4 3 9 8 — 
$ Ar 1-4 4| [0 2 4 10 
=|_4 12|*| 2 -10]*|[-1 -3|-|-3 +1 
0 16 — б 6 4 =] — 2 21 
( TRY TO SOLVE " р 
tA» (77 Е B=(? ? | ana c= D 
0 -— 0 5 2 1 


ə then find the value оѓ: 2 A+3C-—2B 


" Remark 























Subtracting matrices operation is not commutative and not associative. 


-1 1 4 1 2 3 
If A = 2 5 (| and B=/-2 4 0 
3 7 2 0 -1 -3 


» find the matrix X such that: 3 X+2B=A 


Solution 








"3+2 В - A (Add the additive inverse of the matrix (2 B) to both sides) 
~3X+2B4+(2B)=A+C28B) 

“ 3X+0,,3=A-2B 

». 3X 2 A- 2 B (Multiply the two sides by +) 

X= i (A - 2 B) 


(£20) Y oat \/ oU - ocu, - yalsall 25 








=й 1 4 |1 2 3 
x=4|| 2 5 0 EE 0 | 
à 7 2 D 1 3 

EB с) 2 "d -1=4 

X=4| 6 -3 oļ=| 2 -1 0 
3 э 8 1 3 8 


Gab, — —— 
a=] 2 8 P дий B= B =l | 

=] 4 5 3 2 ed 
» find the matrix X that satisfies : 2 Ix'-A| =3B 


— Solution —— 
- 2[x'-a]=3B 
7.2 X'—2 A=3B (Add the matrix 2 A to both sides) 
“ 2X'~2A4+2A=3B4+2A 
~" 2X'+0,x3=3B+2A 





“2X23 B42A=3(! PI ME - 72) m | 
5 2 —4 -1 4 5 13 14 -2 
2 3 3 
xt= 4 К 3 5 )= 2 . 2|(Take the transpose of both sides) 
2113 14 -2/ (13 7 _{ 

: 13 
2 i2 
2 з S z3 * 
"СХ 2 2 X= [2 7 
13 = 
= 7 | 5 = 
2 і 
Ехатріе 7 


— — — 42.0028 — — — — — 


IfX42X!- | й Е ттге" 


| Solution , 





x 40 X= | | | (1) (Take the transpose of both sides) Notice that SS 


-(A+B)'=A'+B! 
| е АЎ = А 
$ +295 á Е 























— —. Matrices 


„хо2х=(9 Я (2) 
14 6 
Multiply (2) by - 2: 
«-ixcax-[ 1 id (3) 
—7À = [2 
Add (1) and (3) : 
-эх=| 9 E xen 2 Jj 
~ 195 -6 3 =15 -6 5 2 


( TRY TO SOLVE | | 


L -2 
ta-(? M i в-|: | | tenting te mateix X where 


2 
ЗА-2В=2 X -3I where I is of the order 2 х 2 


| Remark 


You can use the scientific calculator to add and subtract the matrices » and we will show 
. that at the end of the unit. 
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Lesson [hree Multiplying matrices 





Introductory example 
If the matrix A expresses the results of 20 matches for Al-Ahly team and Zamalek team in 


general league of football where : 


Win Drawn Loss 


Ге 12 6 2 
11 4 5 | — Zamalek 


—» Al-Ahly 


and the matrix B expresses the number of points that the team gains in the cases of win » 
drawn and loss where : 
3 | — Win 


B=| 1 | — Drawn 
0 / — Loss 


» then the sum of points that Al-Ahly gained = 12 x 3 + 6 x | +2 x (0 = 42 points 


» the sum of points that Zamalek gained = 11 x 3 +4 x 1+ 5 х 0 = 37 points and we 


can express the sum of points that each team gained by the matrix C = | Е 


We notice that : 42 is ће sum of products of the elements of first row in the matrix А by 
the elements of the column in the matrix B » 37 is the sum of products of the elements of 


second row in the matrix A by the elements of the column in the matrix B 


e The matrix C is the product of multiplying the matrix A x the matrix В 


3 | | 
——^ 2 12x 346x1--2x0 
ie. С=АВ= |1 б А -| i |- ы 

| 11 4 5 T 11x3-r4x1-4-5x0 37 
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Matrices 


№. Multiplying matrices 


If A 1s a matrix of the order m x l, B is a matrix of the order r x n » then : 


* Their product C = AB will be defined if and only if l =r 





Íe. the number of columns of the matrix А = the number of rows of the matrix В 


e The matrix C = AB will be of the order m x n 





* Each element C; in the matrix C = AB equals the sum of products of elements of i? row in 


the matrix A by the elements of na column in the matrix B » one by one corresponding to it. 


To explain the concept of multiplying matrices : 


For example : 


MN 0 b b | 
IfA=| a, а, | » B= | 11 12 | » then A is a matrix of order 3 x 2 and B is 
а, 45) by by» 


a matrix of order 2 x 2 Since » the number of columns of matrix A = the number of rows 
of matrix B = 2 » then: 


В. = (AB) , 


3 xi2 Equal 2x 2 


2 






de. The multiplying operation of the matrix A by the matrix B is defined and produces 

a matrix AB of order 3 x 2 and can be obtained as follow : 

e Multiply each element from the first row in the matrix A by the corresponding element 
in the first column in the matrix B and adding up their products to get the element in (the 


first row and first column) in the matrix (AB) as follow : 


ай 43 b " аууб, + а,б», 
bz: 


e Then multiply each element from the first row in the matrix A by the corresponding 


element in the second column in the matrix B and adding up their products to get the 


29 





Unit 1 oo 


element in (the first row and the second column) in the matrix (AB) as follow : 
E a,,b,, + a,5b 
а а» | Е Pn | io is 22 


bo» 





* and so on till we get all elements of the matrix (AB) as follow : 
TECUM А ар yy tab, ау biz + аә b 
АВ = | 11 12 | =| 8101 + а2) Вор 891 012 + az 02 


а а 
n 22 | Р 
а, 439 21 22 аз Dji +435 by, азу 015 + ag5 bo, 


Notice that 
The multiplying operation of matrix B by matrix A is not defined. 


i.e.| BA is not defined because the number of columns of matrix B z the number of 


rows of matrix A 


Gm. 


Find AB if possible in each of the following : 








2 1 
ША=[ з -1 ове A 
0 4 Ex 
1 2 3 1 5 3 
ФА = В = 
1 б = sl @ = 
zs] 





1 Solution 








1 '-Aisamatrix of order 3 x 2 and B is a matrix of order 2 x 2 
.. The number of columns of matrix A = the number of rows of matrix B 


.. AB is defined of order 3 x 2 


> ] Са (2) (1) + (1) (0) _ (2)(2)+(1)(—3) 
АВ =| 3 iJ {= (3) 1) + (1) (0) (3) (2) + (1) (3) 
0 4 000) (1) + (4) (0) (0) (2) + (4) C3) | 





– 2 1 
E 9 
0 —12 
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Matrices 


9 · Aisa matrix of order 2 x 3 and B is a matrix of order 2 x 3 
.. The number of columns of matrix A z the number of rows of matrix B 


“. AB is not defined. 


З :; Ais a matrix of order 1 x 3 and B is a matrix of order 3 x 1 
.. The number of columns of matrix A = the number of rows of matrix B 


. AB is defined of order 1 x 1 








=2 
AB =(2 -] 3) 1 =(@(с2+(бс1)@) + (3) (@ )=(7) 
4 
1 2 3 1 5 3 
If A= and B = 
1 0 92 =] 2 s4 
» find : AB' if possible. 
_ Solution. 
1 1 -1 
A= of order2x3 5 B=! 5 2 lof order 3 x 2 
1 0 —2 3 _4 





~ The number of columns of matrix A = the number of rows of matrix B' 


<. AB' is defined of order 2 x 2 


| 1 2 3\/1 -1 
= Apt- : 5 ={ 2 pi 
1 0 -2 I3 д -5 9 


( TRY TO SOLVE 


ra=] 3 -2 Jain = 
3 el 





0 
A m] Е find if possible : AB › AB' , At B 
2 
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Unit 1 


` Properties of multiplying matrices 





If A » B and C are three matrices » І is the identity matrix» then the following properties 
are satisfied. 


Associative property : 


(AB)C = A(BC) | where multiplying operations are defined. 
(АВ) | plying op 


L^ 























For example : 


ra=] : p LL i ML 
-1 4. 0 5 


= a Йй, ay 
then AB =| 2 JG 1 ‚= 2 : 
i 4/\2 0 5 5 =i 24 


1 
. лвус-| ° 2 -— B - 19 | 
S d X. -7 





0 ЕЕ: 
А хво) | 2 ad \ 5 Д 19 | 
—] 4 —3 — 17 
^. (AB)C = А(ВС) 
EJ The existence of multiplicative neutral (identity) property : 


The identity matrix I is the multiplicative neutral matrix. 


“Le. : | AI —-[A-A | where À is a square matrix of the same order of I 


For example : 
2 ale «(1 a 2 arae 7 
-1 5j\o 1/ \o 1/\-1 5 =f 5 


Distributing multiplication of matrices on addition property : 


A(B+C)=AB+AC 


‚(А+ В)С = AC + ВС where multiplying and adding operations are defined. 
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. Matrices 


For example : 
itA-[ | M , B= 2 5 Jana c=(~? J 
-3 0 =] 2 | 1 

3 

1 


„ШепВ+С= 


AB+O=( i M Det 


| 
Li Muy PS B 2 


^. From (1) апа (2) » we deduce that : A (B + C) = AB + AC 





' Remark 






































If A and B are two matrices whose multiplying operation is possible in any form 


i.e. AB is defined and ВА is defined too » then it is not necessary that: АВ = BA 


that means that : the multiplying operation is not commutative. 


For example : 


ra=( 4 7j , в=| 72 | ana c=| nli. | 
2 =] 5 6 0 – 2 


„Шеп: 
| Ав = | 3) «(m = Notice that vi 
= Р с It is possible to multiply 
вА=| —2 1 Ip =? )-{ — 6 jJ any two square matrices 
. = = 
5 6 2 -1 32 -21 of the same order. 


Le. АВ = ВА 
ie? 2100 HS 2 
й eL/AO <2} l4 2 

3 


caz 7 0 I» - 
0 2049 = 
Le. AC=CA 
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— — COD 


" | find: a? ‚ А? 


— Solution — 


8 | | 3 2 | Notice that S 
-1 If A is not a square matrix 
13 22 | › then А? is not defined. 


— ED- 


a- (7! 7 | then prove that: A-2A- 31-0 





Solution , 





( TRY TO SOLVE 


2 


ra=] 
-4 


3 } then prove tat 4? -5A 2120 
3 


Critical thinking . —— —M— M—— 


If A and B are two matrices » AB = O 
Does it mean that А = О or B = О always ? 











Answer : No 


Explanation of the answer : 
Let a=(~) 2 аав -| А 
2-4 1 
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-= Matrices |. 


apu(=i 2\f2 ЖЫР 0 
2 wc, 1 + 0 0 
;" AZOSBzO 
Ге. If AB = О itis not always that: A= ОогВ = О 





Transpose of the product of two matrices 


If A and B are two matrices and AB is defined › then (AB)! = B' A! 
Generally : 
(ABC ............... E) = E$ ...............C' В" A‘ where multiplying operations are defined. 





Dn x 4 6 l t tat 
If A= and B =| —3 9 |, check that : (AB) = ВА 
з 5 7 > в 
= ‚ Solution , 
a=] > -]1 4 : | (3 3) 
3 | > 8 j5 s 
^. (AB)! d " , | (1) 


2 3 
«Bae " » Je 5 -| - zi (2) 
i 7 
From (1) and (2) : 
^. (AB) = B'A! 


| t «3 
л> 2 M А B-[". j е Jan c = _5 ^ 1% 
EE 5 S =7 4 3 4 





find the matrix X that satisfies the relation : 15 Xt = А? + (BC)! 
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‚ Solution —— 


к 76$ eu м) 











4 
во) - | ] 
136 -13 
15 x! | Т жє? 4 1 52 = 8 5] 
—21 28 36 -13 15 15 
8 8 
1 1 3 1 





Find the values of a › b and c if: 


1 а 2\р—1 0 2 -19 -6 4 
0 2 4 7 6 4 |= 6 c 28 
5 —24 12 36 


1 S olution f 


We can find a » b and c without carrying out a complete multiplication operation» but we 

will just : 

e multiply the elements of the first row of the first matrix by the elements of the first column 
of the second matrix 


~ 1х-1 +ах7 +2 х- 2 = – 19 2:02 


e multiply the elements of the third row of the first matrix by the elements of the first column 
of the second matrix. 


=n 5x-l1-1x7+bx-2 =-24 |. реб 


* multiply the elements of the second row of the first matrix by the elements of the 
second column of the second matrix. 


< 0x0+2x6+4x3=c ^ с=24 


' Remark 


. We can use the scientific calculator for multiplying matrices and we will represent it 
| at the end of the unit. 
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Lesson FOUr Determinants 








bY The second order determinant 


If Ais a square matrix of order 2 x 2 where A= | a 
C 


> | » then the determinant of 


the matrix A is denoted by the symbol | А | and is called determinant of the second order 


and it is the number defined as follows : 


А |= 


а b 
ж 9 
M. = ай – сб 
c^ àd 








i.e. | The value of the determinant of the second order equals the product of the two 
elements of the principal diagonal minus the product of the two elements of 


the other diagonal. 


Find the value of each of the following determinants : 

















2 5 A — 
9 
3 8 2 6 
6 3 
3 4 sin Ө cos 8 
-8 —4 -cos  sinO 
| Solution j 
2 5 
1 =2x8-3x5=16-15=1 
3 8 


37 





2 
MERE 








6 3 
3 —-6x(—-4)-(-8)x32-24--24z20 
-8 -4 
4 Sine cos 9 = sin Ө x sin Ө — (— cos Ө) x cos Ө = sin? Ө + cos? Ө = 1 
—cos0  sinO 
(TRYTOSOLVE —— TuS сше 
Find the value of each of the following determinants : 
1 3 7 o |- 1 3 
0 -4 z 2 








Find the value of X which satisfies each of the following equations : 





2... | 3 
1 X 4 =f) 9 X-2 Lor 
0 | -2 x-2 
—————— Solution ; 
24 1 
15-45. |—(х?-4ух1-0х1=х?-4 
0 1 
“ Х2-4=0 «X224 
Х=+44= +2 
Q |; #&+®(х-®-С9хз=х?-4+6=х?+2 
=2 92 9 
X27 42=1 n хХ^=—1 
Х=+4-1 


^ X=ior X = -i (where i? = -1) 


( TRY TO SOLVE 


Find the value of X which satisfies the equation : 


9 
2736 e 
4 1 
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Matrices 


М, The third order determinant 


Ay, Sip ар 
If A is a square matrix of order 3 x 3 where A =| 4); а 854 
аз а 833 
» then the determinant of the matrix А is denoted by the symbol | A | and is called 


uH "m5 6 
determinant of the third order where | A| 2/259; ао 493 

азі 835. 433 
And before knowing how to expand the third order determinant » we will recognize 
the "minor determinant" corresponding to any element of the matrix A » and how to 


determine its sign. 


For every element of the matrix A there exists a minor determinant which we can get 


by elemenating the row and the column intersected at this element. 


For exam ple : We can get the minor determinant corresponding to each element of 


the first row as follows : 


To get the minor determinant @ 11+ - 449 - - 243 à à 
a, M 00: ОВ 
corresponding to a,, which is E By; 45 053 А А 
| 90 “3 
баг fag азз ° 











denoted by | a}; | 


To get the minor determinant 


RE 


corresponding to a}, which is г [95 
denoted by | a}, | 341 














To get the minor determinant d, 


corresponding to a,4 which is => ||% 





denoted by | a,, | 43] 





e To determine the sign of the minor determinant of any element of а matrix » we add the 


two orders of the row and the column intersected at this element. 
If the sum of the two orders is : e even : then the sign is positive. 


e odd : then the sign is negative. 
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Unit 1 





For example : Note that: SL 
- The sign of | a,, | is positive because 1 + 1 = 2 (even) The sign of the minor 
- The sign of | a,, | is negative because 1 + 2 = 3 (odd) determinant corresponding 
- The sign of | a,, | is positive because 1 + 3 = 4 (even) to the element a; is 
• Hence » we can write the rule of signs , _ determined by the rule : 

of the minor determinant as in the S + (1) 

opposite figure : г = g 


b Expanding the third order determinant 


It is possible to expand the third order determinant in terms of the elements of any row 


or column and its minor determinants » taking into account the rule of signs. 
“pr Ag Pas 

For example :If|Al=|%1 22 23 |› then: 
аз аз 833 















































429, 803 $5] 953 а] 822 | (Using the elements 
*[Al|-a ae та» 
азә а33 аз азз аз, а3 | of the first row) 
il m= 23 00.2914 “йй d (Using the elements 
*|А|=—а,, j 05 a) 
а, 433 азу 433 ат 853 | of the second column) 
2 3 -1 
Find the value of the determinant :|..? 9 4 
| i 3 
‚ Solution „+ 


Using the elements of the first row » we find that : 


| 
| 


2 3 =1| 0 4 e Ш |-2 
2. 0 4|=2|, = 29 "a tC) de 
1 1 —3 | 








=2 (0 x (-3)—1x 4) -3 (-2 x (-3)-1 x 4) -(-2x 1-10) 
=2 (0-4) —3 (6-4) - (-2 — 0) 
-2x(-4)-3x2422-12 


_ Matrices 


| Remark 

It is possible to expand the determinant using any row or column as mentioned before » 
and we will expand it again using the elements of the second column taking into account 
the rule of signs. 


2 cd E 4 012 al i 2 PH 
-2 0 4/=- + — 
"qe 1 -3 1 -3 =2 4 

















=-3 (-2 x (-3)-1 x4) +0- (2 x4- C2) x (-1)) 
=—3 (6—4) – (8 – 2) =-3 x2-6= -12 
Which is the same result we get before (try to use any other row ог column) 























4 -1 S 
Find the value of the determinant : 0 S .—2 
i0 -3 -1 

— — 4 Solution. а 





It is preferable to expand this determinant in terms of the elements of the first column because 
of the existence of the greatest number of zeroes 
—2 -1 3 — 1 3 
— + 
-3 -] -3 —1 5 -2 


'. The value of the determinant = 4 





-4(5xC 0-C3xC2)-040 
-4(-5-6)24 x (-11) = 44 


3 0-5 
Find the value of the determinant :| .? 4 1 
7-3 6 








iN The determinant of the triangular matrix 


The triangular matrix 


It is a matrix in which all its elements above or below the principal diagonal are 
Zeros as : 


E cespite 
2 9 — ma = 
0O l 3 4 Qu б 4 2 7 














The value of the determinant of the triangular matrix equals the product of the elements 
of its principal diagonal. 


(iP) Y o/a АШ) - зш, - ale 41 





Unit 1 




































































EM RU "iu "A 
mmu n2 0 
ел0 г 2 17 02 83 =аџ 855 83; 
4) 
0 азз | 
43 4% 
Proof : 0 = 11 & —9 X ayy = Ay) An, — 0 = a4] 2, 
ы "2 °з 4o» 93 do. ia Pi» “iG (Using the 
; à» аз = aj; Lf) +0 elements of the 
0 а; Ü аз 423. dg first col 
0 0 аз» st column) 
= а| (455 833 — а; X 0) = 84; ау, азз 
5 | 2 0 0 
s Шеп m~ ‚|1 -3 Q|/=2xC¢3)x7=-42 
| 4 2 7 
( TRY TO SOLVE = 4 
-1 2 5 
Find the value of the determinant:| 0 з -2 
0 0 6 
— — — CTD 
x 0 1 
Solvetheequation:|$ 1-Х -x |=0 
X -] 1+X 
1 Solution r 
Expanding the determinant : 
— € 8 = = 
а р ыб ar 5 = 
=>] Lax б TEN x -1 
-X(a-as3-c»xc0)-0«1(8xcD-à-:xx)20 
5 X dl 00108-06 s ы e egi xq eU 
n-X?-820 ^X) 2-8 
" Х=-2 


( TRY TO SOLVE 








?) _ 
Solve the equation: | 2 xX -2)=0 
-2 2 x 
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_ Matrices 


If A is a matrix of order 2 x 2 and|A|=7 > find|3A| 








E Solution ў 
Let A =(% 1) |Al=xl-yz=7 (1) 
z í 
,3A23|X*X Y\el3x 9 
z (í 3z 3l 
зле Зу ох 9yz-9(xl- ул) (2) 
3z Зі 


from (1) › (2): ~. 13А |= 9х7 = 63 
from the previous example we can conclude that : 








' Remarks 
[1] If Ais a matrix of order n x n; K ER » then | КА |= K” |A | 


For example : 
* If Ais a matrix of order 2 x 2 and|A|=3 
sthen|5 A|=5*x|A|=25 х3 = 75 
• If Ais a matrix of order 3 x 3 and|A|=5 
, ћеп [2А |= 2? х|А|=8х 5-240 
(2) If A is a square matrix then | А |= | A' | 
(3) If A and B are two square matrices such that AB exists then › IABIZIAI|xIBI 


A Finding the area of a triangle by using determinants | 





We сап use determinants to find the area of a triangle in terms of the coordinates of its 


vertices as follows : 


If XYZ is a triangle where X (a+b) » Y(c»d) › Z(esf) 


» then the area of A XYZ is | A | Remember that . 


a 1 
З Мы d 1 | A | means the absolute 
2 e f 1 value of A (i.e. only its 








positive value) 


X — coordinates of | | y — coordinates of 
the triangle vertices — | the triangle vertices 
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Unit 1 


And we will represent the proof of the previous law at the end of this lesson as an 
enrich activity. 


— — — mmo 





Find using determinants the area of the opposite triangle 
whose vertices аге X (152) » Y(39-4) • Z(—2 33) 





E ‚ Solution — 
a i 2 1 
ТА=5| 3-4 1 
2 3 1 





By using the elements of the third column 


3 —4 1 2 
Р: _ 
TIMES 


-l(0-8-G-4-C4-6) 











la 4. mE 
-i(-7-10)--8 
bó The area of A XYZ = |А | = |— 8 | = 8 square units. 


Note that we used the elements of the third row to expand the determinant because it is easily 


for performing mathematical operations because of the existence of ones. 


( TRY TO SOLVE 
In the opposite figure : 
XYZ is a triangle where X = (4 5-2) s Y =(-2 >-2) 
s Z = (-2 » 5) find using determinants the area 
of A XYZ › and check your answer using the rule 


of calculating the triangle area. 

















| Remark 
.. To prove that the three points X (а,Ь) » Y (c»d) › Z(e>f) are collinear by using | 
a b I | 
determinants » then we prove that: с d 1/20 | 
e^ o 1 
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Matrices 


Prove using determinants that the points (—2 » 4) › (3 » 0) › (8 » —4) are collinear. 











1 Solution f 
-2 4 1] |3 011-2 4| 1-2 4 | 
3 0 ЪЪ“ .478-47|3 о 
8 -4 1 








-(—12-0)- (8 – 32) + (0 – 12) 
=—12+24-12=0 | 
. The points (- 2 » 4) › (3 »0) › (8 » — 4) are collinear. 


| TRY TO SOLVE k EE 


Prove using determinants that the points (4 54) • (2 91) »(—2 »— 5) are collinear. | 








A Solving a system of linear equations by Cramer's rule 








| First \ Solving a system of linear equations in two variables 


* Solving a system of linear equations in two variables means to find the values of the 
two variables satisfying the two equations together. 


aX+by=m 


* If we have a system of linear equations in two variables as follows : 
cX+dy=n 


» then to solve this system we do the following : 


1 Find the values of three determinants » after putting the two equations in the 
previous form » and these determinants are : 


| * Is called the determinant of the matrix of coefficients and denoted by 
a b the symbol A (is read as delta) 


* We get it by putting the two coefficients of X in the two equations in 








F d the first column › and the two coefficients of y in the two equations 
in the second column. 
| o Is called the determinant of the variable X and denoted by the 
m b symbol А, (is read as delta X) 
n d * We get it from the determinant A by changing the elements of the 
first column (coefficients of X) by the constants m and n 
| • Is called the determinant of the variable y and is denoted by the 
a m symbol A, (is read as delta y) 
С п | | ° We get it from the determinant A by changing the elements of the 








second column (coefficients of y) by the constants m and n 
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Unit 1 


9 Find the values of X and y as follows (where A # 0) : 

















m | а m 
"EL = | _ та nb Ау {е А . ап – ст 
А ja b] ай i A |a bl аф 








* Note that : If А #0 ; then the system has a unique solution while if A = 0 ; then the system 


either has an infinite number of solutions or has no solution. 


The following example shows the previous steps. 


GN 


Solve the system of the following equations using Cramer's rule : 


6Х-5у=-23 » 3X+3y=16 














Solution , 
6 -5 
A=), ‚| =6х3-3»х(-5)=18 4 15 233 
|l-23 =5 
„А „= » ‚| A233 16% C5) - 694 80-1 
6 -23 
A=), jg 76% 16-3 C23 =96 + 69= 165 
: x x. TE Remark 
A з 3 You can check your answer by substituting | 
A 165 the values of X and y in the two equations. 
E e : m 
UC A 3 
c 
and the 8.8. = [(1. ›5)} 
( TRY TO SOLVE 





Solve the following two equations using Cramer's rule : 


4X+3y=-4 › 3X-y=-3 
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If we have a system of linear equations in three variables as follows : 


1 a,X+b,y+ce,z=m 9a, Xrb,ytc,z-n З a, X+b,y+c,z=k 


» then similarly as we did in case of system of linear equations in two variables : 

ja, bj с, 

A-|à, b, с, |= determinant of the coefficients 
a, b, с, 


Cy 


— 


b 
b, ©, |= determinant of the variable X 
bz е 
and we get it by changing the elements of the first column (coefficients of X) by the 
constants m »n »k 

a m c] 
A, ~ 85 П  Cj|z determinant of the variable y 

аз к е, 
and we get it by changing the elements of the second column (coefficients of y) by the 
constants m » п »k 

a, b, m 
Д, = 1а) bj п |= determinant of the variable z 

a, b К 
and we get it by changing the elements of the third column (coefficients of z) by the 


constants m »n>k 


А, 
Let À z0 Mc , TA >» Z= 


The following example shows the previous steps. 





І _____ ФС), — 
Solve the system of the following equations using Cramer's rule : 


3y+2X=z+1 » 3X-«-2z28-5y › 3z2-1=X-2y 








i 
kn 


Solution , 


1 Put the equations system in the form a X + b y + cz 2 m as follows : 


2X+3y-z=1 » 3X+5y+2z=8 >» X-2y-3z=-1 
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Unit 1 E ——— — —— ыі 


9 FindA , A. , A, , A, as follows : 











рое зы 
A=); 5 9\/=2(-15+4)-3(-9-2)+4(-1) (-6 5) 
1 =2 3 
--22433411222 
| 8 -l 
ÂL = 8 5 2 =1C1544)-3 (-24 + 2) + (C1) (C16 + 5) 
Ld 29 3 
=—1]1 + 66+ 11 = 66 
© th coi 
MA = 3 Ян gab DEANE E8) 
| =1 3 
=—44 + 11 + 11 = -22 
2 3 | 
A 23 5 8 =2(-5+16)-3(-3-8)+1(-6-5) 
1 -2 =) 


—22433-11244 
3 Findthe variables X » y »z as follows : 
A E 
M RS A, m t= HM 2) 


= — = — = -l z= = 


А 22°77" А 2 А 22 
,. The $.5.= {(3 „—1 ‚2)} 





Xz 


Remarks 
* You can check your answer by substituting the three variables in each equation. | 
|. * (3 5-1 »2) is called ordered triple. | 


( TRY TO SOLVE 
Solve the system of the following equations using Cramer's rule : 


2Х+у-2=3 › Х+у=1-2 » X=2y+3z+4 


| Remark 


You can use the scientific calculator to find the value of the determinant and we will 
represent it at the end of the unit. 








Matrices 


^ Remark 


Scientific calculator can be used to calculate the value of the determinant and we will show 
| that at the end of the unit. 


using the determinants 





Let XYZ be a triangle where 

X (a »b) »Y (c»d)»Z (e >f) » then 

The area of A XYZ - the area of the trapezium XXZZ 
+ the area of the trapezium ZZYY 


— the area of the trapezium XXYY 





=H e-a) +S (eco) - 275 





(c — a) 


= $ [C + f) (e-a) + (£ + d) (c- e) - (b + d) (c - a)] 




















i [be — ра + fé — fa + fc — fé + dé — de Бс + ра — de + da] 
= i [be — fa + fc — de — bc + da] (1) 
1а b 1 
апа by expanding the determinant : ale d 1 | using the elements of the third 
column : we find that : r t | 
. 1 C d |a b a b 
The determinant = — | + 
2 | |е f| le f * d 
= + [cf - ed - af + eb + ad — bc] (2) 


by comparing the result which we get in (1) and the result which we get in (2) » we find that : 


a b 1 
The area of A XYZ = i c d 1 (n condition of taking the absolute value of the result) 
е f ] 
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Inverse `A 


Lesson FIVE Multiplicative inverse of a matrix 





If A and B are two square matrices and each of them is of order 2 x 2 
and AB=BA=I where 115 the unit matrix of order 2 x 2 » then each of the two 
matrices À and B is the multiplicative inverse of the other. 


For example : 


-l 1 
Have Е , Bal 2 
3 æl эй 5 





фе.| AB-BA-I 


“. Each of the two matrices A and B is the multiplicative inverse of the other. 








| Remark 
| | 2 -4 аа 
If the matrix А = | | and the matrix B =| 2 1 
2 ] -4 
1 1 
ie Dea Е 
then A is not the multiplicative inverse of B although AB = F i 7 2 1 
Б 1 1 
= (a d = 1 » that is because the matrices А and B are not square matrices. 


= Matrices 


№, How to find the multiplicative inverse of a 2 х 2 matrix ? 





a 


IfA= | > | » the multiplicative inverse of the matrix A which is denoted by 


C 
the symbol А ! is defined (existed) when the determinant of A = A z 0 » then 
16 P) where AA! -A-lA-T 
a 


Find the multiplicative inverse if it existed of each of the following matrices : 
li 9 
1 a=(~? ‘| гв-|7 | 
3 =4 2 B 


Бн — — — — 





1 +» А = determinant of A = : 


2 
n c»c9-00o-2 
AARO 


.. The matrix A has a multiplicative inverse 


x aiei TP) where A -[* Й 
C 


-c a d 
dp: 2H 2) 
2 
2 — I í =(4) (12) – (2) (3) =0 
3 12 








г. B^ is not defined (not existed) 
( TRY TO SOLVE 


Find the multiplicative inverse if it possible of the matrix : A = | ; ә | | 


Find the real values of X which make the matrix A has a multiplicative inverse in each of 
the following : 


1 A-[* |] 2 А-Х) 4 | 
12 X 3 Х—32 
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Unit 1 


1 The matrix A has no multiplicative inverse when | A | 2 0 


dels 


‚ Solution , 


12 xl 
7. The matrix A has no multiplicative inverse when X = + 6 


^. The matrix A has a multiplicative inverse when XER- {-6 » 6} 


2 The matrix A has no multiplicative inverse when | A | = 0 








не |*-! ^ 0 ^. (X-1)(X-2)-12=0 
3 0. 

 Xx*-3X%4+2-12=0 ^ X?—3 X—1020 

7С 5) (Х+2) = 0 7 Х= 5 ог Х= ~ 2 


'. The matrix A has no multiplicative inverse when X = 5 or X = ~ 2 


-. The matrix A has a multiplicative inverse when XER- {5 ,– 2} 





( TRY TO SOLVE 
Find the real values of X which make the matrix : A -| Х- 1 : 
ЧУ О 2 Х+1 
has a multiplicative inverse. 
— — CD : 
itA-| | : | 5 B=( А 1) еп prove that 
P 4) -3 1, 
1 (A); '=A 2 (aABy!-p.!A^! 
‚ Solution , — = 
1 | 
1 d = (1) (4) – (3) (2) 2-2 “ A#0 








- AT! is defined (existed) 


АТ d >) where A =| ч b | 
C d / 


-C a. 
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3 |0 + X2-3620 X46 


= Matrices 





ЫЧ Ае. 


209) -(8) 0-а 
E 





3 

2 
-1 

2 
^ (A7 1Y | is defined (existed) 


semel? НЕЕ НЕЕ 3 |А 
-l E 2 4 





2 Ne] =2 x} 
2. AB=(} 3 \( 2 Pa a 4 
| 2 d fico 1 == 2 
LT @ 
«IABI- | о FEDO-@C9=220 
» 2 [ wd 
^. (ABY l is existed. a apyt=4(2 3l sl (1) 
2 
2. =l P 
‚|В | = 3 = @OM-CDED=-1 “В ^ 1s existed. 
c m 
же ш 3 2) 
з 2 „Ө eJ п al 
2 
М2 т 7 
вА 7 | |. 7 
-3 -2 | 1 21у M | T 





From (1) and (2) » we get that : (AB) ! = B7! A7! 
TRY TO SOLVE 





Using the two matrices A and В in the previous example » prove that : (A ! BY t= B7} А 








Remark 











If A is a square matrix of order 2 x 2 where | А | #0 »C is another matrix апа: 
1) AX=C then X-A-!cC Notice that: SN 


By multiplying the two sides of the equation by А ! A A-D.IX-X 


SA TAXA С IX ATC aX AC 


| (2) ХА=С then x-C A7! 

















Find the matrix X which satisfies that : | : Рӯ xX = [ | 
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Unit 1 


— — —, Solution , 


LA =|? n , c=| =i | 
3 0 3 


7. The equation is AX = C 





~X=A'C 


lle, 70200-00030 











0 tL 
ме ae | 
E Е m 2 
3 2 =] 2 
ИТ 
ai S 3 3 
( TRY TO SOLVE 
Find the matrix X which satisfies that : X x f d Е (a N | | 





To solve two linear simultaneous equations in the form: a, X +b, y =C; 2a, X+ b, y = c, by 
using the multiplicative inverse of a matrix » follow the following : 


EQ Write the two equations in the form of a matrix equation : 


X . 
2 5i | | | е.) inthe form AX=C where 
a, b > C 


a b 
Az | | | is called the matrix of coefficients 
a, 6, 


x C 
dx | | Е наана тата аке | | 
y 


| is called the matrix of constants. 
С 
9 


РА Find the solution of the matrix equation : 


АХ =С›Шеп Х= А-! С and from that we deduce the values of the variables X and y 


94 


Matrices |. . |. 


Solve each system of the following linear equations using the matrices : 
12X+3y=7 > Х-у=1 Ф Х=2у-1 > 3y=2X 


- т Solution 





X 
1 The matrix equation is AX = C » where A = | 7 х ( jest) 
2 3 


bo am = (2) C 1) – (3) G)-5 40 











^n X=2 sy = 1 >and the solution = ((2 » 1)} 


9 X-2y=-1 » 2X-3y=0 


Е x Р 
The matrix equation is AX =C » where А =) з xs аас. 
= у 


1 
" A = [А [= 
2 





– 2 
Е -0€95-C20-1« 


-3 2 -3 2 
ж AT! at = 
in 1 | (7; 1 | 
ЕАН “X= -3 2 \][—1 _ 3 
-2 1 0 2 
X 3 
^ | ы | ^ Х=3 „у = 2 and the solution set = {(3 ›2)} 


TRY TO SOLVE 2228 : 


Solve the system of the following equations using the matrices : | 
X+2y=4 › y=2X+7 


OO 





1 ee 


Example | 6] 


Б: E 








If the curve of the function f : f (X)=a X? +b passes through the two points (2 » 0) and 
(— 1 »—3)use the matrices to find the value of the two constants : a and b 


‚ Solution , 


~ The curve of the function f passes through the point (2 » 0) 
О) =0 ах (2)2 +Ъ= 0 

. 4а+ 6 = 0 (1) 

› '. the curve of the function f passes through the point (— 1 » – 3) 
“РС 1) =-3 "ах (12 + ъ= – 3 
^а+ Б = – 3 (2) 


To solve the two equations (1) and (2) » we write the matrix equation АХ = С › 


where A = 1 1 , х= а аас : | 
1 1 b =3 


_.Х=А-!ЇС 


4 1 
ye ASIAL= | | 0-023 





Remark 


We can use the scientific calculator to find the multiplicative inverse of a matrix and we 
will represent it at the end of the unit. 
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Using scientific calculator in matrices 





We can use scientific calculator which supports matrices for many operations which related 


to matrices like : 


* Finding the transpose of the matrix. 
* Performance of adding and subtracting operations on the matrices. 
* Finding the value of the determinant. 


* Finding the multiplicative inverse of the matrix. 
and what we let here » will be by using the calculator of the kind (CASIO fx-991ES PLUS) 


First | Entering of the matrix A = [ d 9 | 
4 q 


* Press successively the following buttons from left to right : 


MODE 
—- 
and this for choosing a matrix of order 2 x 2 » then enter the elements of the matrix A by 


pressing successively the following buttons : 
Entering of the elements — @ aam GEPUR GENER 
————————————Ó5. (m WM = О = 
од - Дод. 
Entering of the elements 
———Є—м—„- = = 
of the second row 


Second | Entering of the matrix B = , > Ш | - 
GN 0 7 


* Press successively the following buttons from left to right : 


SHIFT [MATRIX] 
lí mx OL ae == 
@ 


for choosing another matrix of order 2 x 2 » then enter the elements of the matrix B by 


m 





pressing successively the following buttons : 
Entering of the elements = m aum GERD аш 
— — ——— —— 9 9 29 Є 
nme — (0 C9 C9 €9 o- 
Entering of the elements ase am Am ED <— 
——————— о = 7 = AC 
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Unit 1 


Now » we entered the two matrices A and B » and we can do some of the operations on 
them as the following : 


1 To find A' ; press successively the buttons from left to right : 


SHIFT SHIFT 


Фоо ©0600 


To choose the order trn To choose MATA 
(transpose) (matrix A) 





The matrix | - 7 : | will appear on the screen which represents A! 
( I 





2 To find A+B » press successively the buttons from left to right : 





SHIFT SHIFT 
тоу REM fà ПЕЕ ЕЕЕ —— 
e DC 


MAT A D MAT B 


The matrix re i | will appear on the screen which represents A + B 
1 


3 To find AB › press successively the buttons from left to right : 


SHIFT SHIFT 
—@ de 
MAT A " MAT B 
. {| 56 -28\ | 
The matrix will appear on the screen which represents AB 
-— 65 


4. To find the value of the determinant of the matrix A » press successively the buttons from 
left to right : 


SHIFT 


SHIFT 
-@o0 Gove 


To choose the order det To choose MAT A 
(determinant) (matrix A) 





— 49 will appear on the screen which represents the value of the determinant of 
the matrix A 


08 


Matrices 


5 To find the multiplicative inverse of the matrix A » press successively the buttons from 


left to right : 
SHIFT 
-Goe co 
To choose MAT A 
(matrix À) 
эй, d 
The matrix K | will appear оп the screen which represents the 
49 7 


multiplicative inverse of matrix A 


6 To find A't + В , press successively the buttons from left to right : 


SHIFT SHIFT SHIFT 
(cura тро r—, (=== б р ооо = 
== з o Є 


Tm (A) ij MAT B 


The matrix i Е : ум appear on the screen which represents A! + B 
0 14 


TRY TO SOLVE b 
Use the calculator to find each of the following : 


B! , A- В ; BA › the determinant В › the multiplicative inverse of B » A + B' ; 


AtB and BA! 
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Unit Lessons 





Lesson One : Linear inequalities - Solving systems of linear 
inequalities graphically. 


Lesson Two : Linear programming and optimization. 


Learning outcomes 





By the end of this unit, the student should be able to : 

e Solve first degree inequalities in one variable and represent the solution graphically. 

e Solve first degree inequalities in two variables and determine the region of solution 
graphically. 

e Solve a system of linear inequalities graphically. 

e Solve life problems on systems of linear inequalities. 

e Use linear programming to solve life mathematical problems. 


e Record the data of a mathematical life problem in a suitable table » and transfer these data 


in the form of linear inequalities » then determine the region of solution graphically. 


• Determine the objective function in terms of the coordinates and determine the points 


which belong to the solution set » giving the optimum solution to the objective function. 








Linear inequalities - Solving systems of linear 
inequalities graphically 


Lesson One 





• Remember the properties of the inequality relation in R : 


Assuming that a » b and c are three real numbers › Шеп: 

| 
• Ifa <b »thena+c<b+c whether с is positive or negative. 
• Ifa <b » then ac x bc if c is positive. 


s Ifa <b , then ac = bc if с is negative. 





* You can deduce the previous properties in cases of the other inequality relation signs 


«> > <» 





N Solving the first degree inequality in one variable graphically 
• Each of the inequalities : 
3X<5 ‚ 4-X22X s 35X<6 
is called an inequality of the first degree in one variable. 


e Solving the inequality means finding all the elements of the substitution set which satisfy 


the inequality. 


• The substitution set may be R or IR x R 
and the following illustrative example shows how to solve the first degree inequality in 


the two cases. 


a 
IND 


Linear programming 


lustrative example 

Show graphically the S.S. of the inequality : 3 X+ 10» 1 
1 If the substitution set is IR 

9 If the substitution set is IR x IR 


| 3X410»1 | 








| 



























If the substitution set is IR „Шеп the S.S. If the substitution set is R x R , then the 
is represented on the number line. S.S. is represented on a lattice. 
* 
| | 
ag — — O 
= x | X 
| -3 | 
i 
y 
e The S.S. is all the real numbers greater e The S.S. is all the ordered pairs whose 
than — 3 X-projection is greater than — 3 
e The S.S. is the part of the number line e The S.S. is the region on the right of 
on the right of — 3 the straight line X = —3 (is called half 


plane). 

e The straight line X 2 —3 is drawn 
dashed because its points don't belong 
to the S.S. 


e The unclosed circle at – 3 means — 3 
does not belong to the 5.5. 
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- Example |1 


Show graphically the S.S. of the inequality : 
5X-72s2X-1linRxR 


— — — — —4 Solution ,— 


s5X-7s2X-1 








'.5Х-2Х<-1+7 








29. 56 LM dE) 


Notice that 


==> 
The shaded region is on the Іей of the straight line Х = 2 because the inequality 
relation is "smaller than". 


(9 | The straight line X = 2 is drawn solid because the inequality contains the symbol of 


equality i.e.| = 


— Cu, 
Show graphically the S.S. of the inequality : X 214 X -5« X + 17 where X CIR 











‘Solution 
"X-1s4X-5«X-c-17 7-13 Х+95 < 17 
7. -6<3 Х< 12 fo PEN ^. The S.S.=[-2 »4[ 


нбай 
с = =| @ T Z 3 4 5 


Find graphically the S.S. of the inequality :2X-2<3X-1<X+5 where X CR 


— —— — ———4 Solution , — — — — — —— 


Parting the inequality into two inequalities as the following : 


2X-23s3X-1 M 3X-1«x-^45 
2 X-3Xszs-1+2 3 X-X<5+l1 
„-Х51 i. M 1 „2 Хб е М Э 


^ The S.S. 2 [- 1 , | ^ The S.S. = |+% » 3[ 





7. The S.S. of the original inequality = [- 1 »e»[ N ]-œ »3[ 2 [- 1 » 3| 


Linear programming 





• We know that we can represent the 
linear equation: 2 X - 3y 26 


graphically by a straight line as follows : 





«We should get a third ordered pair to 
check the graph» 


e From the graph » we notice that this 





straight line divides the Cartesian plane 


into three sets of points : 


1 The set of points of the straight line L (is called a boundary line) and each of these 
points satisfies that 2 X -3y 26 


2 The set of points of the plane that lies on one side of the straight line L (and it is called 
a half plane) and is denoted by 5, and each of them satisfies that 2 x + 3 y>6 


3 The set of points of the plane that lies on the other side of the straight line L (and 
it is called a half plane also) and is denoted by S, and each of them satisfies that 


2X+3y<6 


From the previous , we deduce that : 


The half plane 5, is the region representing the S.S. of the inequality : 2 X - 3y 26 


The union of the points of the half plane S, and the straight line L represents the S.S. 
of the inequality : 2 X - 3y z 6 


The half plane S, is the region representing the S.S. of the inequality : 2 X - 3y <6 


The union of the points of the half plane S, and the straight line L represents the S.S. 
of the inequality : 2X+3y<6 


м. 
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EN Steps of solving the first degree inequality in two variables graphically 





1 Represent the straight line equation related to the inequality by a solid line in case 
of = or < » and by a dashed line in case of > or < 


2 Determine the half plane in which the feasible "or solution" region lies by choosing any 


point (X, » y4) belonging to one half plane as a test point and substitute it in the inequality. 


e If the chosen point satisfied the inequality » then the half plane containing this point is the 
feasible region of the inequality. 


e If the chosen point did not satisfy the inequality» then the other half plane is the feasible 
region of the inequality. 






































— emm, 


Represent graphically the S.S. of the inequality : X-3 y<3inRxR 


4 Solution - 





1 Draw the boundary line L whose equation is : 


X—3 y=3 asa solid straight line 


: eons i 4 
because the inequality relation is < | 


using the following table : | 























2 Choose the origin point as a test point. 


*- The point (0 » 0) satisfies the inequality (because 0 < 3) 


7. The S.S. of the inequality is the boundary line L U the half plane that contains the point 
(0 » 0) and that is represented by the shaded region in the previous graph. 


Notice that 
= 
You can draw the boundary line L without the previous table by using the slope of 
the straight line and the intercepted part of the y-axis as you studied before. 
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_ Linear programming 


CAID 


Represent graphically the S.S. of the inequality : 3 X +4y>12inR x IR 








Solution 


1 Draw the boundary line L whose equation 
is: 3 Х+4у = 12 as a dashed line 
because the inequality relation is > 


using the following table : 


ES 


2 Choose the origin point as a test point. 


0 
3 











» ' (0 » 0) does not satisfy the inequality 
(because 0 « 12) 





j 
. The S.S. of the inequality is the half plane that does not contain the point (0 » 0) 
and is represented by the shaded region in the graph. 


Remorks — 8 


e The equation : y = 0 is represented by the X-axis. 
e The equation : X = 0 is represented by the y-axis. | 


e The equation : y = a is represented by a straight line parallel to ће X-axis and passing 
through the point (0 » a) 

e The equation : X = a is represented by a straight line parallel to the y-axis and passing 
through the point (a » 0) 

e The straight line whose equation is in the form : 

points (a » 0) and (0 » b) 


a + = = | passes through the two 





| TRY TO SOLVE = Tu | E 
Represent graphically the S.S. of the inequality : 2 X — 5 y x 10 in R x IR | 


IN Solving systems of linear inequalities graphically 





To find the graphical solution of two inequalities › we do as the following : 
1 We shade the region S, that represents the S.S. of the 1° inequality. 
2 We shade the region S, that represents the S.S. of the 218 inequality. 


* The common region S of the two shaded regions S, and S, represents the S.S. 
of the two inequalities where S = S, (| S, 
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Represent graphically the S.S. of the two inequalities : 
X+3ys3 9 2X+ys4inRxR 


+ Solution , 











1 Draw the boundary line L, : X + 3 y = 3 as a solid line using the following table : 
^ The point (0 » 0) satisfies the inequality (because 0 < 3) me 0 3 
-. The region S, is the S.S. of the inequality : X - 3y <3 | y 1 0 
and it is represented by L, U the half plane in which the origin point lies [Fig. (1)] 


2 Draw the boundary line L, : 2 X + у = 4 as a solid line using the following table : 
‘ The point (0 » 0) satisfies the inequality (because 0 < 4) х E o | 2 


7. The region S, is the S.S. of the inequality : 2 Х+ух< 4 |y 4 0 
and it is represented by L, U the half plane in which the origin point lies [Fig. (2)] 


3 The S.S. of the two inequalities simultaneously is S = Sí | S, and it is represented by the 
common region in the two shaded parts [ Fig. (3)] 












ILI gr ah РУУ РОР, 
(кёл ыа IE ul! ы „к 
Р, УШ КУ, 
Р P Ul 


d LESE 








Fig. (1) Fig. (2) 


Remark 


The two coordinate axes divide the Cartesian plane 
into four quadrants : 

1° quadrant : where X20 5 y»0 

‚291 quadrant :wherex<0 › у>0 

‚3: quadrant : мһегеХ<0 » у<0 





and 4" quadrant : where X>0 » у<0 
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Unit 2 a —— ES 





Linear programming 


Represent graphically the S.S. of the inequalities : 
X=0 s y20 5» yt3Xs9andy-X<1inRxR 





/ 


E Solution 














1 The S.S. of the two inequalities : X z 0 and у> 0 


is represented by OX U Oy U the 1* quadrant of the Cartesian plane. 


2 Draw the boundary line L, : y +3 X = 9 as a solid line. | X | 2 | | 
~ The point (0 » 0) satisfies the inequality (because 0 < 9) m ШШ | 3 | | 0) 
-. The region S, is the S.S. of the inequality : y + 3 X < 9 and it is represented 
by L, U the half plane in which the point (0 » 0) lies [Fig. (1)] 


3 Draw the boundary line L, : y — X = 1 as a dashed line. | X | 0 | el jJ 
' The point (0 » 0) satisfies the inequality (because 0 < 1) а 1! | o | 


-. The region S, is the S.S. of the inequality : y - X < 1 and it is represented 
by the half plane in which the point (0 » 0) lies [ Fig. (2)] 


4 S is the S.S. of the four inequalities which is represented by the region in the 1° quadrant 
that has the common shade [ Fig. (3)| 








In the previous two examples » we draw a separate figure to show the feasible region of 
each inequality. After that we deduced the last figure which shows the feasible region of 
all the inequalities simultaneously. You (after some practice) won't be in need of drawing 
all these figures» but you will satisfy the last figure only. 
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Unit 2 — _ 


Represent graphically the S.S. of the inequalities : 
2X+y>6 › 4X+2ys4mRxR 
—— Solution - 





1 Draw the boundary line L} : 2 X + y = 6as 
a dashed line that passes through the two 
points (0 » 6) and (3 ›0) 

» ' the point (0 » 0) does not satisfy the 
inequality. 

-. The region $, is the S.S. of the 
inequality : 2 X + y > 6 and it is 
represented by the half plane which 
does not contain the origin point. 





2 Draw the boundary lineL,:4 X € 2y 24 
as a solid line that passes through the two points (0 » 2) and (1 » 0) 
» "^ the point (0 » 0) satisfies the inequality. 
-. The region S, is the S.S of the inequality : 4 X + 2 y x 4 and it is represented by 
L, U the half plane which contains the origin point. 


3 The S.S. of the two inequalities simultaneously is S = S, N S, = @ 


Grp — — — 


Represent graphically the S.S. of the following inequalities : 
3X+2y<6 » у+3> (апі X-y» 0inRxIR 





— — 34 Solution , — 


1 Draw the boundary lineL, :3 X *2y 26 
as a solid line that passes through the two 
points (2 » 0) and (0 › 3) 

» '' the point (0 » 0) satisfies the | 
inequality (because 0 < 6) e 7] 

^. The S.S. (S,) is represented | n 
by L, U the half plane in which the wee | 























origin point lies. | mi 











— Linear programming 


2 Draw the boundary line L, : y = — 3 as a solid line [A straight line is parallel to the X-axis 
and passes through the point (0 » — 3)] 


» '. the point (0 » 0) satisfies the inequality (because 0 > — 3) 
-. The S.S. (S) is represented by L, U the half plane in which the origin point lies. 
3 Draw the boundary line L, : X- y 20 
as a dashed line that passes through the two points (0 » 0) and (1 ; 1) 
» "^ the point (0 » 2) does not satisfy the inequality (because -2 > 0) 
^. The 5.5. (S4) is represented by the half plane in which the point (0 » 2) does not lie. 
4 The S.S. of the three inequalities simultaneously is S = S, N S, ( S, 


and it is represented by the shaded region in the shown Cartesian plane. 


A factory for children toys produces cars and planes. It produces 250 toys daily at most. 
If the cost of one car is L.E. 15 and of one plane is L.E. 10 and the total cost of the 
daily production is not more than L.E. 3000 » write a system of linear inequalities 


representing the previous: then represent graphically the solution region of this system. 


— — ——À Solution) — — ——— — — — 


Let the number of cars = X » the number of planes = y у 

• The system of inequalities is : x аа | LI 
1 x20 9 yz0 Nee | 

3 X+y<250 


4 15 X 4 10 y x 3000 ie.| 3X+2y<600 


* Determining the region which represents the 


S.S. of the inequalities as follows : 


1 The inequalities X > 0 » y = 0 are represented 


by Ox U Oy U the 1* quadrant. 
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Unit 2 СВ S h»2].1,,1, 


2 Draw the boundary line L, : X + y = 250 as a solid line that passes through the two points 
(О » 250) and (250 » 0) 


» "^ the point (0 » 0) satisfies the inequality (because 0 < 250) 
^. The S.S. of this inequality is represented by L, U the half plane in which the origin 
point lies. 
3 Draw the boundary line L, : 3 X + 2 y = 600 as a solid line that passes through the two 
points (0 » 300) and (200 » 0) 
>. the point (0 » 0) satisfies the inequality (because 0 < 600) 
^. The S.S. of this inequality is represented by L, U the half plane in which the origin 
point lies. 
4. The ordered pairs that its X-coordinates and y-coordinates are integers in the shaded region 


is the S.S. of the required system of linear inequalities. 
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Objective 


Lesson [WO Linear programming and optimization 





b. Linear programming 


It is one of the scientific methods that is used to give the best decision of solving a problem 
or it is the optimal solution that satisfies a certain object in view of some restrictions and 
available abilities or materials where the object can be put in the form of a linear function 
called "the objective function" and the stipulations and available abilities are put in the 


form of linear inequalities. 


The method of linear programming depends on : 

1 Representing the system of inequalities that expresses the stipulations such that we obtain 
a ribbed region representing the S.S. of the inequalities. 
Often the restrictions contain the two inequalities : X 20 » y 2 0, that means the S.S. 


(the region representing the S.S.) lies in the first quadrant. 


2 Determining the objective function in the form P = lx+m y where { and m are constants 
we represent the equation | x «m y = 0 by a straight line that passes through the origin 
point » then we let this straight line move parallel to itself upwards till it passes through 
the vertices of the polygon that determines the region of the S.S. 

Since all these parallel straight lines have the same slope and differ only in the value of 
“Р” and each point (X » y) belonging to the S.S. and to the same straight line gives a value 


to the number *P" 


So » we can determine the greatest value or the smallest value of the objective function. 
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Unit 2 














Р=3 Х+2 у then we substitute by the 
coordinates of the points : A »B » C and D 
"the vertices of the polygon" in the objective 
function. 








For example : He EEE it 
If the S.S. representing the set of inequalities that | | Mic = = s | H N 
represents the restrictions is the shaded region in Si kb NL | | | лю ШШ 
the opposite graph and the required is finding ЛК" NE : | Ё / 
the greatest and smallest value of the expression Г] А | RY | N | 

C] | | 

VEDRE 





The value of the objective function at any point that lies on a side of the shaded region 
sides is included between its values at the two vertices of the polygon for the side that 
joins them. 


n [P] =3х1+2х4= П » [P],=3x4+2x1l=14 
› [Р]-=3х5+2х2 = 19 э [P]; =3 х6+2х5 = 28 


So » we find that the greatest value is 28 at the vertex D (6 » 5) and the smallest value is 
11 at the vertex A (1 » 4) 


Determine the S.S. of the following inequalities simultaneously : 

X20 5y20 › Х+2у<8 and 3X+2y<12 

Then find from the S.S. (X » y) that makes "P" maximum where Р = 50 X + 75 y 
x Solution. — ————— 














First! Determine the region that represents the 5.5. of the inequalities : 





1 The two inequalities : X 2 0 and y 20 
are represented by OX U Oy U the first 
quadrant. 


2 Draw the boundary line L : Х+2у = 8 
(as a solid line) that passes through the two 
points (0 » 4) and (8 › 0) 


3 Draw the boundary line L, :3 X + 2 y = 12 
(as a solid line) that passes through the two 
points (0 » 6) and (4 » 0) 
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Linear programming 





^. The solution set of the inequalities | т, get the coordinates of the point B algebraically : 


Solve the two equations representing the two 
straight lines L, and L, simultaneously where : 
L:X-2y28 > L:3X+2y=12 

|? then we find that : B 2 (2 » 3) 


is represented by the shaded region. 
That is the ribbed region ABCO 


Second | Determine the vertices of the feasible region : 


The vertices of the feasible region are : А (4 »0) » B (2 »3) »C (0 » 4) and O (0 >0) 
Third | Determine the value of the objective function at each vertex : 








‘ The objective function is: P2 50 X + 75 у 

^A [P], =50x4+75x0=200 >» [P],=50x2+75 x 3 = 325 
[P]; 250x0 € 75 x 42300 › [P],=50x0+75 x0=0 

'. The maximum value of the function P is 325 at the point B (2 › 3) 





EN Life applications on linear programming 


We can deal with the life problems which are related to the linear programming by the 
following steps : 








1 Analyse the situation or the problem to determine the variables » the constraints and the 
available data and arrange them in a table. 





О | Put the constraints in the form of a system of linear inequalities. 

(3 | Write the objective function. 

4) Represent the system of linear inequalities graphically and determine the feasible region. 
5 | Determine the vertices of the feasible region. 


| 6 | Find the objective function at each vertex of the previous vertices to determine the 
vertex where the required objective satisfied at it. 





a? T 





Constraints | i, "m | | Feasible region | 
1 V EC > ч j E" Y 
ага й 
_ Linear progr ing | 


‚=з = — / м > чаш \ ean 
Vertices of the ribbed region ^. < / —| Objective function | 





A bakery produces two kinds of cake. The first kind of cake needs 200 gm. of flour and 
25 gm. of butter and the second kind of cake needs 100 gm. of flour and 50 gm. of butter. 


If the quantity of the given flour is 4 kg. and the given butter is 1 i Ке.» 


find the greatest possible number of cakes that can be made. 
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——— 4 Solution , 





e Let the number of cakes of the first kind be X 
and the number of cakes of the second kind be y 


e Arrange the available data of the problem as in the following table : 


( 1* kind 22 kind | Given quantity | 











"Flour | 200 | 100 | 4000 | 
| Butter | 25 50 1 250 J 














e Translate the data and the constraints in the form of a system of inequalities : 


1 X20 у> 0 
9 200 X+ 100 y < 4 000 Те. 2х+у<40 
3 25 X+ 50у <1 250 de. х+2у< 50 


e Write the objective function : P= X+ y » where P is maximum. 


• Representing the system of linear inequalities graphically and determining 
the feasible region : 


1 The two inequalities : X = 0 and y 20 


are represented by 


OxU Oy U the first quadrant. 





2 Draw the boundary line 
L, :2 X+ y = 40 (as a solid line) 
that passes through the two points 
(0 » 40) and (20 » 0) 


3 Draw the boundary line 
L, : X+ 2 y = 50 (as a solid line) 
that passes through the two points 
(О » 25) and (50 50) 





. The solution set of the inequalities is represented by the shaded region in the opposite 
graph and this is the ribbed region ABCO 
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e Determine the vertices of the feasible region : 
The vertices of the feasible region are : A (20 »0) » B (10 »20) sC (0 5 25) and O (0 50) 
e Determine the value of the objective function at each vertex : 
~ The objective function is: P2 Х+ у 
[Plo =0+0=0 > [P], 2 20 0 = 20 
> [P]; = 10+ 20 2 30 » [P], 20 + 25 = 25 


.. The greatest number of cakes is 30 ones » 10 of the first kind and 20 of the second kind. 


A factory produces 120 units at most of two different kinds of goods and achieves a profit 
in each unit of the first kind L.E. 15 and of the second kind L.E. 8 in each unit and the sold 
quantity of the second kind is not less than half the sold quantity of the first kind. 


Find the number of produced units of each kind to satisfy the maximum profit. 


Solution 








* 


* Let the number of produced units of the first kind be X and the number of produced units 
of the second kind be y 


e Arrange the available data of the problem as in the following table : 























| The produced units 
The profit | 15 | 


аеш: get dt zi 
ЕЕЕ 


• Translate the data and the constraints іп the form of a system of inequalities : 











1 X205,y20 
9 Х+у< 120 
3 +v у is not less than + X 
лу>зуХ 
-4 X20 
.2y-X20 


e Write the objective function : P= 15 X +8 y » where P is maximum. 
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e Representing the system of linear inequalities graphically and determining 
the feasible region : 





1 The two inequalities : 
X2 0 » y > 0 are represented by OX SESS H 
U Oy U the first quadrant. -TAN 


L :X+y= 120 (as a solid line) 
that passes through the two points | | 
(0 » 120) and (120 » 0) Mr NL 
3 Draw the boundary line T LET LLL LL M op 
L, :2 y- X = 0 (as a solid line) | | “М 
that passes through the two points ч ГЕГИ [ 17 LL 
(0 » 0) and (20 » 10) a i E LEN 





2 Draw the boundary line | - ICT] 
| 
| 














^. The solution set of the inequalities ETE 
is represented by the shaded region ^ 
in the opposite graph and this is the 
triangualr region OAB 


e Determine the vertices of the feasible region : 
The vertices of the feasible region are : О (0 » 0) » A (80 > 40) and B (0 » 120) 
e Determine the value of the objective function at each vertex : 
'' The objective function is: P2 15 X4 ё у 
[P]; 20-020 >; [P], = 15 x 80+ 8 x 40 = 1 520 
»[P], = 15 x 0 + 8 x 120 = 960 


'. The maximum profit that can be achieved is L.E. 1 520 that happens when 
the production is 80 units of the first kind and 40 units of the second kind. 


— — шшде, — 





The required is forming a meal consisting of two kinds of food › if the picce of the first 
kind contains 3 calories » 6 units of vitamin "C" and the piece of the second kind contains 
6 calories » 4 units of vitamin "C" Given that we need at least 36 calories and 48 units 

of vitamin "C" in the meal. If the price of the piece of the first kind is 3 pounds and of 


the second kind is 4 pounds • then what is the number of pieces of the meal that satisfies 
the least limit with the least cost ? 
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Somin, — — — — — 


e Let the number of pieces of the first kind in the meal be X and the number of pieces of 


the second kind in the meal be y 


e Arrange the data in a table : 








P 










Calories | | К 96 
. Vitamin "С Ш | 6 4 ui 


e Translate the data and the constraints in the form of a system of inequalities : 














1 X20 sy20 
2 3X+6y>36 ie.| X+2y212 
3 6X+4y 248 i.e.| 3X«2y224 


• Write the objective function : P 2 3 X + 4 y » where P is minimum. 


e Representing the system of linear inequalities graphically and determining 
the feasible region : 














1 The two inequalities : X > 0 and y = 0 аге 
represented by OX U Oy U the first quadrant. 


2 Draw the boundary line 
L, : X * 2 y = 12 (as a solid line) 
that passes through the two points (0 » 6) 
and (12 s0) 


3 Draw the boundary line 
L, :3 X+ 2 y = 24 (as a solid line) that passes 
through the two points (0 » 12) and (8 » 0) 





* Determine the vertices of the feasible region : 


The vertices of the feasible region аге : A (0 » 12) » B (6 › 3) and C (12 50) 





* Determine the value of the objective function at each vertex : 








~ The objective function is: P=3 X+4y 
. [P] =3х0+4х 12=48 ; [P],=3x6+4x3=30 
j [P]; 23x 12+4х0 = 36 


.. The least cost of the meal is 30 pounds when it consists of 6 pieces of the first kind 
and 3 pieces of the second kind. 
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e 





A tourism company aims to rent a fleet of airplanes to transport 2800 passengers » 128 tons 
of luggage at least » and the available kinds of airplanes are A and B » and the number of 
available airplanes of kind (A) is 13 and of kind (B) is 12 » and the completed load of the 
airplane of kind (A) is 200 passengers » 8 tons of luggage and of kind (B) is 100 passengers » 
б tons of luggage › if the rent of airplane of kind (A) is 240 thousand pounds and of kind (B) 
is 100 thousand pounds » then how many airplanes of each kind can be rented to satisfy 
the aim with the least cost ? 

‚ Solution ; 


* Let the number of airplanes of kind A be X and the number of airplanes of kind B be y 


e Arrange the available data of the problem in a table : 





) . (Капа (А) | Kind (B) | Least limit ` 
Number of passengers | — 200 | 100  , 2800 
Luggage in tons _ 8 | 6 | 128 
































e Translate the data and the constraints in the form of a system of inequalities : 
1 Х<13 ,у<12 
9 200 Х+ 100 y 2 2800 ke] 2x+y>28 
3 8X+6y2128 ре.) 4X+3y264 
• Write the objective function : $ 
P = 240 X + 100 y where P is minimum. KN 
• Representing the system of linear ! | 
inequalities graphically and чи 
determining the feasible region : - d 
1 Draw the boundary line 
L, : X= 13 (as a solid line) that is paralle! ie 
to the y-axis and cuts the X-axis at м 
the point (13 » 0) —_—# ve eee = 


2 Draw the boundary line 
L, : y = 12 (as a solid line) that is parallel 
to the X-axis and cuts the y-axis at 
the point (0 » 12) 





Linear programming 


3 Draw the boundary line 
L, :2 X+ y= 28 (asa solid line) that passes through the two points (0 » 28) and (14 » 0) 


4 Draw the boundary line 
L,:4X+3y=64 (asa solid line) that passes through the two points (1 » 20) and (16 » 0) 
e Determine the vertices of the feasible region : 
The vertices of the feasible region are : A (8 » 12) » В (13 › 12) C (13 » 4) and D (10 > 8) 
e Determine the value of the objective function at each vertex : 
'? The objective function is : P = 240 X + 100 y 
. [Р], = 240 x 8 + 100 x 12 = 3120 
› [P], = 240 x 13 + 100 x 12 = 4320 
› [Р] = 240 x 13 + 100 x 4 = 3520 
» [Р], = 240 x 10 100 x 8 = 3200 
<. The least cost that satisfies the aim is the rent of 8 airplanes of kind (A) > 
12 airplanes of kind (B) » and the cost is 3120 thousand pounds. 











( TRY TO SOLVE 


A factory produces two kinds of accessories A and B 

To produce a piece of the kind A › the factory needs to run two machines : the first for 
one hour and the second for 2 hours and half. To produce a piece of the kind B : the 
factory needs running of the first machine for 4 hours and the second for 2 hours. If the 
first machine does not work more than 8 hours and the second does not work more than 
21 hours daily and the profit of the factory is L.E. 24 and L.E. 40 in each piece of the two 
kinds A and B respectively. 


Find the maximum profit the factory can achieve in one day. 
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Unit Lessons 


Lesson One : Trigonometric identities. 

-LessonTwo : Solving trigonometric equations. | 
LessonThree : Solving the right-angled triangle. | 
Lesson Four : Angles of elevation and angles of depression. 

Lesson Five : Circular sector. 


Lesson Six : Circular segment. 


Lesson Seven: Areas. 


Learning outcomes 





By the end of this unit, the student should be able to: 

e Deduce the basic relations among trigonometric functions. 

* Prove that the validity of identities on trigonometric functions. 

* Determine the equality if 1t is identity or trigonometric equation. 

e Solve simple trigonometric equations in the general form in the interval [0 » 27U[ 
e Recognize the general solution for the trigonometric equation. 

e Solve the right-angled triangle. 

e Solve applications that involve angles of elevation and depression. 

e Recognize the circular sector and how to find its area. 

* Recognize the circular segment and how to find its area. 

* Find the area of the triangle » the area of the quadrilateral and the area of 


the regular polygon. 


* Use activities for computer programs. 





I 
| 


Lesson One Trigonometric identities 








“М. Trigonometric identities and equations 


b The identity 


• It is a true equality for all real values of the variable » in which each of the two sides of 


the equality is known. 
For example : 


The equality : cos (— 0) = cos 9 is called identity because it is true for all real values of 


the variable 0 because » 
In the opposite figure : y 
From our previous study for the related angles 0 

and (— 0) » we find that : 

The point B (X » y`) is the image of the point B (X » y) 





by the reflection in the X—axis XX м 


іе. X =X ‚с соз (—0)=Х » cos0- X 


г. cos (— Ө) = cos Ө for all real values of Ө 


Remark - 


The trigonometric relations between the trigonometric functions of the related angles 
which we studied before are identities because all real values of the variable satisfy them. 


| For exampie : 
, sin(7t-0)-sinO › cos ( T - 8 ) - - sin6 >.. 
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h The equation 
* It is a true equality for some real values of the variable which satisfy this equality » and 

it is not true for some others which do not satisfy it. 

For example : 

The equality : cos 0 = sin 0 is called equation because it is true for some real values of the 

variable Ө » not for all real values of the variable Ө » and this because : 

From the opposite figure : 

From our previous study » we found that : 

cosO0- X»sinO-y 

^. cos Ө = sin Ө » when X = y only and 

this happens when Ө = 45? or 225? 





or any of the equivalent angles for them. 


" Remark 








We can determine if the relation represents an identity or an equation and this by the 
graphical representation to the limits of the two determined functions: if the two functions 
are intersecting at all points (coincide); then the relation represents an identity and if the 





two functions are intersecting at some points only » then the relation represents an equation. | 


tor example : 






* [n the opposite figure : 





Pee CM View Opium Tom Vénus ing 
7- | 





The two functions eren чарар $3 
f, : f (0) = cos (- 9) ; [A TO = ton : ES i | 
f, : f, (Ө) = cos Ө | ff № "d À | / 
are intersecting at all N. p r j I i fi C i3 ] ‚ ff | | 


points (coincide) 





then » the equality : =. _ 181 
cos (~ Ө) = cos Ө is called identity. 


* [n the opposite figure : 7- o GEEEEEOIUUENENSE— — — — — — o pee. ЕЕЕ. 


i d ЫЛ ОЛАК ee T 
The two functions Bizi- Mec nmn oa 


arene pm 
f, : fi (002 cos X › E cs 

t, : f, (0) = sin Ө 

are intersecting at some 
points. 





then » the equality : 


cos Ө = sin Ө 1s called equation. 
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Unit 3 


Basic trigonometric identities 








We studied before the following trigonometric identities : 


ЫЙ The identity of the trigonometric functions and their reciprocal : 


| 
* cos Ө = 





sec Ө 
* 51п Ө = Ө 
csc 
• {ап Ө = EE 
cot ( 


О The expressing of tan Ө and cot Ө in terms of sin Ө and cos Ө: 





sin O 


• {ап Ө = 
cos Ө 


kJ The identity of the trigonometric functions of two complementary angles : 
ec JU = E 
sin — – ө) =cos9 › *cos ( 


- tan (27-9) = cot 6 y © CSC (3. - 








2 


? 





sec Ө = —— 


COS 


csc Ө = —— 
sin 0 


cot Ө = 


e со Ө = ~ 





tan Ө 


соѕ Ө 





51 


Jt 


m 


n 0 


° sec (2. - 0) = esc 6 з cot (72-0) = tan 0 


The identity of the trigonometric functions of the two angles (Ө and (- Ө)) : 
НР Е Аана 


• sin (- Ө) = — sin Ө 
e csc (— Ө) = – csc Ө 
• tan (C Ө) =— tan Ө 


> *cos (– Ө) = cos Ө 
; © sec (— Ө) = sec Ө 
> °* сої (– Ө) = – cot 0 


ES Pythagorian identity : 


For any directed angle of measure Ө in the standard position › 
if its terminal side cuts the unit circle at the point (X » y) » then : 


x?-y?z1 


© cos0-2 Х›ѕп Ө = у 


cos? 0 + sin? 0 = 1 


* Dividing both sides of the relation (1) by cos? 0 » we find that : 


cos^ 0 





cos? 0 


* Dividing both sides of the relation (1) by sin? Ө » we find that : 


sin? 0 E 


cos? 0 
sin? Ө 
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sin Ө _ 


cos? Ө 


sin? Ө 


(1) 


1 


cos? 0 


1 
sin? Ө 





1 + tan? Ө = sec? Ө 


cot? Ө + 1 = csc? Ө 








Remarks 





— ~ 


1) From : sin? Ө + cos? Ө = 1 » We get : (sin? Ө = 1 – cos? sin? Ө = 1 – cos? 0| and cos? Ө Ө= 1 – ѕіп za) 


(2| From : 1 + tan? Ө = sec? 0 » we get: tan? 0 = sec? tan? Ө = sec? 0 — 1) and sec? Ө – tan? 0 = 1) 


3) From : cot” Ө + 1 = csc? 0 » we get : ‘cot? Ө = csc? 91 Ө = csc* 0-1) an d esc 0 — cot 29=1) 


C ) Check your understanding 


———— — = z - есе е н ы = 


| Choose the correct answer : sin” e + cos? ee “өзөн 
i ы tan@cot@ (Б) ѕіп22 Ө + соѕ22 0 (c) cot? Ө — csc? Ө (d) sec^ 0 — tan? Ө | 





ч Simplifying the trigonometric expressions 


We mean by simplifying the trigonometric expression is to put it in the simplest form » 


by using the basic trigonometric identities. 
Write each of the following expressions in the simplest form : 


D 
1 1 simo Q sin (2 — 0) csc 6 


cos? 0 cos? Ө 


| + cot? (322—0) 
JU 

















3 (sin Ө + cos 0)? — 2 sin Ө cos Ө 4 3 
| + tan“ (2 + ө) 
4 Solution , 
in? Notice that 
1 —1___sin’ 9 = sec? Ө — tan? 0 = 1 = SS 
cos?0 cos” @ 1 1 2 3 
tec EI 5) = sec^ Ө 
cos“ Ө COS 
O sin (+ -9) csc Ө = cos Ө csc Ө = eas = cot Ө : sin? Ө 4 (383 J = tan? 6 
cos’ Ө cos 0 


3 (sin Ө + cos 0)? — 2 sin Ө cos Ө = sin 20 + 2 ѕіп-0 cos Ө + cos? 0 – 2 sirg cos Ө 


= sin? Ө + cos? 0 = 1 





жы 
> ^ 
E 
SR 
NUN 
` 
` 


(a+b) =a°+2ab+b : 


= m 
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4 BRE T SCANS С: er Ө... = 0 Notíce that N 
idtm (= +0) 1+cot“8 csc’ Ө вес? Ө _ йш 
| sin^0 2 csc^0 — cos?0 sin’ Ө 
-—— — = їап Ө 1 25 
cos“ Ө = ——,— Х sin Ө 
соѕ Ө 
. 2 
= 510 Ө tan? Ө 
cos” Ө 
(TRYTOSOLVE — m | 
Put in the simplest form each of the following expressions : 
l І п (7 1 — sin? Ө 
AC 9 sin(—— – Ө] sec (270 — Ө) с кешш 
sin^0 tan’ @ ( 2 ) mU 


А, Trigonometric identities 





To prove the validity of the trigonometric identity » we follow one of the two methods : 


4 Put one of the two sides of the identity in the form of the other side using the basic 
trigonometric identities. 


9 Put the two sides of the trigonometric identity in the simplest form » to prove that the 
two sides have the same result when they are in the simplest form. 


— — ED 


Prove the validity of the identity : sin? Ө — cos? Ө = 2 sin’ 0 — 1 


— —^4 Solution ; — 





LHS. = sin? 0 — cos? Ө = sin? Ө — (1 — sin? Ө) Notice that ~ 
— sin? 0 — 1 + sin? 0 
-2sin^0-1-2RHS. 


cos? Ө = 1-— sin? Ө 


— em 


Prove the validity of the identity : sinf Ө — cos* Ө = 1 — 2 cos” Ө 


—— | Solution — 


L.H.S. = sinf Ө — cos^ Ө = (sin? Ө + cos? Ө) (sin? Ө – cos” Ө) 
=] x (sin? Ө — cos? Ө) 
= 1 — cos? 0 — cos? Ө 


-1-2cos^0 


Notíce that: S 
• sin? 0 + cos 0 = 1 


° sin? 0 = 1 — cos? Ө 
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и — sin? Ө 
Prove the validity of the identity : ————— 
I — cos Ө 


—À Solution r 


= | + cos Ө 


= l-cos® 1—cos® 1 —eos Ө 


| TRY TOSOLVE 


Prove the validity of the following identities : 


=l+cosO=R.HS. 








cos? 0 


05 =1-sind О (sin Ө + cos Ө)? + (sin Ө — cos 0) = 2 
1 + sin O 


— em, 


Prove the validity of the identity : tan Ө + cot Ө = csc 0 вес Ө 














| Solution 
_ _ SinO соѕ Ө А 
LHS. = tan Ө + cot8 = e + oro Notice that N 
sin’ Ө + cos’ Ө . 
ap To make the proof easy » we write the 
e cos G expression in terms of sin Ө and cos Ө 
=- only » using the following relations : 
ОИ sin Ө соѕ Ө 
—" '"tanü- a 'cotü- 
1 1 
= R.H.S. rcc Ju sin Ө 


—————_—-ФЕШД0, 
1 -tan 0 

| + tan^ Ө 

t" Solution . 


Prove the validity of the identity : 2 cos? Ө – 1 = 














_ sin’ Ө | sin” Ө 
2 2 ‚2 10 
RHS -l-Bmr E. co Ө . — 6080 (1 si 9) x cos? o 
1 + tan‘ Ө sec^ 0 _ i cos” Ө 
cos? Ө 


= cos” Ө — sin? Ө = cos” Ө — (1 — cos” Ө) = cos? Ө — 1 + cos? Ө 


=2cos*0-1=LHS. 
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Unit 3 


Prove the validity of the identity : sec? Ө — tan? Ө sin? Ө = cos? Ө + 2 sin” Ө 











1 Solution 7 
Qd . 4 
L.H.S. = sec? Ө — tan’ Ө sin’ Ө j= a ll x sin? Ө ээ. sin Ө 
cos Ө соз Ө cos ^0 соѕ2 Ө 
ла Gs 6) (1 + sin? Ө) 
lcm _ -1-4sin?0 (1) 
cos” Ө 1—<sin- Ө 
R.H.S. = cos? Ө + 2 sin? 0 2 1 — sin? 0 + 2 sin? 0 = 1 + sin? Ө (2) 
From (1) and (2) » we get that : L.H.S. = R.H.S. 
( TRY TO SOLVE Е 
Prove the validity of the following identity : meer -2sin^0-1 
+ col uU 


If sin Ө + sin (270° — Ө) = + » find the value of : sin Ө cos Ө » where 9 € ]O » =l 


- ‚ Solution - - 





" sinO + sin (270° — Ө) = + 7. sin Ө — cos Ө = 5 (squaring both sides) 
7. sin? 0 — 2 sin Ө cos Ө + cos” Ө = 4 7. 1-2 sin Ө cos 0 =4 

| . -3 T 3 

ii od a. 7. sin 9 cos 0 = = 


ш 1 





Lesson [WO Solving trigonometric equations 


* Solving trigonometric equation means finding the values of the variable in the equation 


which satisfy this equation using the trigonometric identities. 


№ General solution of the trigonometric equation 





To find the general solution of the trigonometric equation in the form : 


cos@=a > sinO-a or tanO-a follow the following steps : 


1 Let B be the measure of the acute angle which satisfies the equation : 
соѕӨ=|а| » sinO=l|al >» tanO-lal 


9 Determine the quadrant in which the angle lies according 


to the sign of a "Look to the opposite figure" : prm - 
90 







3 Find the values of the angle Ө where : 


sin, CSC 
• If Ө lies in the first quadrant » then Ө = В are positiye 
(180 - B) 


All functions 
are positive 


• If Ө lies in the second quadrant » then Ө = 180° — В А 
e If Ө lies in the third quadrant » then Ө = 180° + D 






o 
(180 + В ) 
tan, cot 
are positive 


(360-B=- В) 
cos, sec 
are positive 


• If Ө lies in the fourth quadrant » then Ө = 360° – В 


4 We add a number of periods (2 n JU) where n CZ to ^ 
the values of 0 to get the general solution of i as _ 


the trigonometric equation. 
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Unit 3 


Remark 


>| -l<cos@<1 and| –1 <ѕіпӨ<1 forall real values of 0 


So » we find that the two equations : sin 0 = a » cos 0 = a don't have solution in IR 
> if ac [-1 9 1] 
For example : 
Each of the equations : sin 02 1.3 »cos0 = 2.5 »sin@=-—1.4 
» Sec 0 2 0.5 and csc 0 = — 0.7 doesn't have real solutions. 


i.e. |. It is not necessary that there real solutions for every trigonometric equations. 








К Ехатріе [17 

Find the general solution of each of the following equations : 

1 cos Ө = 4 9 2sin6-42=0 3 43 tand—1=0 
Е ‚ Solution , 


1 соѕ Ө = i (positive) 
. Ө lies in the first quadrant ^. 0 = 60° 
or 0 lies in the fourth quadrant. 
^. Ө = 360? — 60? = 300? and it is equivalent to (— 60°) 
Adding (2 n Л) where n € Z to the values of Ө: 
= 0- T «2n3 or 02-7 +200 


. The general solution of the equation is : + E -2nJt»where n CZ 


9 sin0- 2 (positive) 
. Ө lies in the first quadrant 7. Ө = 45° 
or Ө lies in the second quadrant 
“. Ө = 180? – 45° = 135? 
Adding (2 n Л) where n € Z to the values of Ө: 
E 0-7 «2nm or 0- T -2n7 


'. The general solution of the equation is : Ө = T +2пЛогӨ = ал -2nJU»wheren C 2 
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1 


3 {апӨ= үз (positive) 
3 
<. Ө lies in the first quadrant ^. 8 = 30° 
or 0 lies in the third quadrant <. Ө = 180° + 30° = 210? 


Adding (2 n Л) where n Є Z to the values of Ө: 


zx O= +200 or8- 2 +217 
7. The general solution of ће equation is : 0 = 2 +2nJtor Ө= 2 JU +2 T » where n CZ 
and we can write the general solution of the equation in another more simple form as the 


following : 
The general solution of the equation is : Ө = » + n Л where n CZ 


and this by adding n 7t to the smallest positive measure. 

Remark 

From the previous » we can deduce that : 
If D is the smallest positive measure satisfies the equation » n Є » then: | 


1 | The general solution of the equation sin 02 ais0 2 B--27Un » 9=(л- B) +270 


12 | The general solution of the equation cos 0 2 ais0- € B - 27Un 





3 | The general solution of the equation tan 0 — ais 0 = В+ 7Un | 





Find the general solution of each of the following equations : 
1 sin0-0 9 cos 0-0 
З sin0-1 4 cos0--1 

— - Solution , 


\ 


1 sin0zO0 
^ Ө=0° or Ө = 180° 
Adding (2 JU n) where n CZ to the values of 0 
.. The general solution of the equation is : 
0-227Un or 0270 +2 Nn where n CZ 270 


and we can write the general solution of the equation in another more simple form as the 





following : 


The general solution of the equation is : Ө = Л n where n CZ 
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Unit 3 


2 cos 8=0 . 0290 ог 02270? 
Adding (2 Л n) where n Є to the values of Ө 
.. The general solution is : 0 = E +27 п 
ог Ө = = T +2 Л п where n EZ 


and we can write the general solution of the equation in another more simple form as the 
following : 


The general solution is : Ө = E t JU n where n CZ 


3 sinĝ=1 7 O= 90" 
.. The general solution is : Ө = 4 + 2 J0n where n CZ 


4 cos0 2-1 ^. Ө = 180° 
. The general solution is : 0 = Л + 2 Л n where n CZ 
| Remark 


From the previous » we can deduce the general solution of the trigonometric equations 
of the quadrantal angles : 



































| ! The equation ‘The general solution The equation | The general solution | 

e sin 8 =0 Ө=Лп «cos = 0 0- 2 +701 

500 = 1 = 57-271 e cos 8= 1 Ө=2Лп 
lesin 0 =—1 0-57 +27 «cos Oz- 1 Ө=л+2Л7Л п 


ЄШТПР 


ri 
= a 








Find the general solution of each of the following equations : 


1 cot0-120 9 cos^0—cos0 20 
‚ Solution , Notice that RI 
The measure of the acute 
1 сое 2-1 7. tan 0 2 — 1 (negative) 


angle which satisfies that : 
. Ө lies in the second quadrant. .. Ө = 180? — 45° = 135? tan 0 =|- 1 | is 45? 


or Ө lies in the fourth quadrant. .. Ө = 360° — 45° = 315? 
Adding (n Л) where n € Z to the smallest positive measure which satisfies the equation "135°" 


.. The general solution is : i JL *- n7 
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2 cos Ө (cos 0— 1) = 0 f. Remark 
г. cos 020 Use the unit circle to determine | 
^. Ө = 90? or 0 = 270° and it is equivalent to (— 90°) the values of 0 when : 


Adding (2 n Jt) where n € Z to the values of 0 : cos 0z 0 »cos ð= 1 


^ 02x90? + 2л 


or cos Ө = 1 ^9 = 0 

Adding (2 n Л) where n GZ: 

A 2 Л 

.. The general solution is : 0 = + T -2n/ 
огө=2 пл 





TRY TO SOLVE —— s | 


Find the general solution of each of the following equations : 


1 25sin0-120 9 2cos0 «413-0 3 tan0-*[3-0 


Find the general solution of the equation : sin 0 cos 0 = > sin Ө 








1 Solution y 
> sin Ө cos 6 - + sin 8 =0 Ў, sin Ө (cose- +) =0 
^. sin@=0 m AU or Ө = 180° 
7. 0 =n T where n EZ 
or cos Ө— 3 = “. cos Ө = 1 (positive) 
". Ө lies in the first quadrant. . 02060? 
or 0 lies in the fourth quadrant. '. Ө = 360° — 60? = 300? and it is equivalent to (— 60?) 


x 0-57 +2 07 where n EZ 


7. The general solution is: = n J or 8 = + E +2 n N where n CZ 


( TRY TO SOLVE | 1 | 


Find the general solution of the equation : 2 sin Ө cos Ө -13 sin Ө = 0 | 
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Unit 3 


A Solving the trigonometric equation in the interval [0 


Gump 


= 








If 60 c[0 .27 [ Find the solution set of each of the following equations : 
1 2cos8+1=0 9 42 sec 0-2 -0 
4 Solution , 








1. 2с050+1=0 ..cos0- E (negative) 
'. Ө lies in the second quadrant or in the third quadrant. 
» '' the acute angle of cosine = + » 1ts measure is 60° 
7. Ө = 180° —60° = 120° ог Ө = 180° + 60° = 240? 


г. The S.S. = {120° , 240°} 


9 --4¥2sec0-2=0 ^ sec Ө = — 


42 


7. Ө lies in the first quadrant or in the fourth quadrant. 


^. cos Ө = n (positive) 


>‘. the acute angle of cosine = » its measure is 45° 


^. 0245? огӨ = 360° — 45° = 315° 
& The S.S. = {45° 931571 


— — 069, —— 


Find the solution set of the equation : 4 соѕ20-3= 0 з where 0 Є [0.27 [ 


— Solution r 
‘A cos? 0-320 ^. 4cos?0 23 7. cos? Ө = 2 
^ cosĝ =+ 0 7. cos Ө = u (positive) 


7. Ө lies in the first quadrant or in the fourth quadrant. 
› '.' the acute angle of cosine = 2 » its measure is 30° 
7. 8 = 30° or 0 = 360? – 30° = 330? 


or cos Ө = 





2 2 (negative) 


.. Ө lies in the second quadrant or in the third quadrant. 
<. Ө = 180° – 30° = 150° or 8 = 180° + 30° = 210° 
-. The S.S. = {30° » 150° , 210° , 330°} 
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( TRY TO SOLVE 


Find the solution set of each of the following equations where 0 €[0 . 2 7t [ 
1 {2 сзсӨ—2=0 9 tan^0-1 


Find the solution set of the equation : 2 sin Ө cos Ө + 3cos0 2 0 »whereo E[0 . 7 [ 
\ Solution | 








^ 


‘ 2 sin Ө cos 8+3 со$Ө=0 

^. cos Ө (2 sin Ө + 3) 20 

^. cos 8=0 

7.0 = 90° or 6 = 270? (refused because Ө Є [0 » mD 
or 2sin0+3=0 


^ $inQ= n (this equation has no solution because — 1 x sin 0 < 1) 


-. The S.S. = {90°} 


Find the solution set of the equation : 4 sin? Ө – 3 sin Ө cos Ө = 0 » where Ө C [0.2 m| 








| Solution y 
-- 4 sin? Ө—3 sin Ө cos 0 =0 -. sin Ө (4 sin Ө —3 cos 0) = 0 
г. sin@=0 ^. 020? or 8 = 180° 
or 4 sin 8-3 cos 9 = 0 . 4 sin Ө = 3 cos Ө 
| 5ш Е i '. тап Ө = = (positive) 
7. Ө lies in the first quadrant or in the third quadrant. 
› '~ the acute angle of tangent = Е » its measure is 36° 52 


7.0 = 36? 52 or Ө = 180° + 36° 52 = 216? 52 
^. The S.S. = {0° » 36° 52 , 180° 5 216° 52} 


(Mif) ола \/ OW - otl - walsdl 
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( TRY TO SOLVE 
If 0° < 0 < 360? Find the solution set of the equation : 2 sin Ө cos 02 З cos? 0 





— — — —J4GZnp 
Find the solution set of the equation : 2 sin? Ө — cos 0 — 1 = 0 s where 0 &[0 . 2 zx [ 


Solution , — 





- sin Ө = 1— cos? Ө 
-.2(1—cos?^ 8) —cos0—1-20 
“. 2-2cos^0—cos 0-120 
- 1—cos Ө – 2 cos* Ө = 0 

7. (1 + cos Ө) (1 2 cos 0) = 0 
. 1+ соѕ Ө = 0 

^ cos Ө=—1 

. Ө = 180° 


or1—2cos0 20 


JL 
2 


7. Ө lies in the first quadrant or in the fourth quadrant. 


7. cos Ө = — (positive) 


» '- The acute angle of cosine = 4 » its measure is 60° 
7.0 = 60° or Ө = 360? – 60? = 300° 


-. The S.S. = {60° , 180° , 300°} 


Using the technology 


From example (1) » we found that : 


2 
We can verify the solution by drawing the two function : 


/\: fı (@) = соз Ө sfa: fh 0 = d 


by using one of the drawing programs and determining the corresponding values of 0 for 


The general solution of the equation : cos 0 = 1 50=+ a -2nJU »where n CZ 


the intersection points of the two functions » and compare them with the values of 0 in the 


general solution atn = ...»—2»—1 505152»... 
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From the graph » we notice that the two functions intersect at the points : 


(27,41), (5m4) (4m4) (ix) 


, -1 
1€,0=...» 3-1 UET E: T 2 


and they are the same values we can get from the general solution by substituting 
n2..»—15051?2».. 
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Lesson іПгее 3 Solving the right-angled triangle 


Any triangle contains six elements (three sides and three angles) » and solving the triangle 
means evaluating the unknown measures of its angles and the unknown lengths of its sides. 
To solve the right-angled triangle » we must be given : 

the lengths of two sides of its sides or the length of one of its sides and the measure of 
one of its two acute angles. 


The trigonometric ratios of the acute angle and Pythagoras' theorem are used in solving 


the right-angled triangle. If ABC is a right-angled triangle at B then: 


Opposite — AB 


sin Ө = —— E 
Hypotenuse AC 
cos Ө = _Adjacent_ -. BC 
Hypotenuse AC " : 
Opposit м | 
tan 0 = — uL e . AB Ab Y 5) 
Adjacent BC LU T 


(АС)? = (АВ)? + (ВС)? 
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i 


Solution 


TD OE „ВЕ Oe 
ө `. AR = 51 В г. sin В = 123 

Using the calculator » we find that : m (Z B) « 39? 47 31 
°  m(Z В) = 39° 47 31 


^. m (Z A) = 90° — 39° 47 31 = 50° 12 29 





, BC _ . BC _ o 4341 
AB = cos B ^ чуу 5 = COs (39 47 31) 


. BC = 12.5 cos (39° 47 31 ) 
Using the calculator » we find that : BC = 9.6 cm. 
Notice that: We can find BC by using Pythagoras’ theorem where : 
(BOY = (АВ)? - (АС)? 
So » BC = (12.5) - (8)? = 9.6 cm. 


— — CT, 


Solve the right-angled triangle ABC › in which m (Z B) = 90? , AB = 15.6 cm. 
and BC - 24.7 cm. 


\ Solution r 
e- АВ tanC „хап С= 156 i 
ВС t 247 


Using the calculator » we find that : m (Z C) = 32° 16 28 
©. m (Z A) = 90° — 32° 16 32 = 57° 43 28 


15.6cm. | 





.. AB_ |; > ШО ox o si em 
ec AG Snc Ee = sin (32° 16 32) 


15.6 
sin (32° 16 32) 
Using the calculator » we find that : AC = 29.21 cm. 
Notice that: we сап find AC using Pythagoras’ theorem where : 


(АС)? = (АВ)? + (ВС)? 


^". AC =1(15.6) + (24.7) = 29.21 ст. 


( TRY TO SOLVE à | 


Solve the right-angled triangle ABC at B in each of the following two cases : 
1 AB=6cm. , AC = 8.6 cm. О AB = 5.4 cm. s BC = 7.3 cm. 
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` Solving the right-angled triangle given the length of one side 
and the measure of one of its two acute angles 








Solve A ABC where m (4. B) = 90° , AC = 12.5 cm. and m (Z C) = 25° 50 








ə m (Z А) = 90° — 25° 50 = 64° 10 


S AB o ur _ зы axon 
e ', AC sin C ^ 125 sin 25? 50 


е.) AB = 12.5 sin 25° 50 
Using the calculator » we get : AB = 5.45 cm. 


p. BC . TU CNN о . — o &n 
"AC cos C 125 cos 25 50 .. BC = 12.5 cos 25° 50 


Using the calculator » we get : BC = 11.25 cm. 








Solve the right-angled triangle ABC at B in which AB = 8.6 cm. and m (7 C) = 41* 18 








sm (4 A) = 90° — 41° 18 = 48° 42 


‚. АВ _ ‚ 6.6 _ o 19 

e pc ^ Anc 5% Bc = 1214! 18 
BC = 8.6 - 
tan 41? 18 





Using the calculator » we find that : BC = 9.79 cm. 


Notice that : We can find the length of BC using m (Z À) where ге = tan А 


7. BC = tan 48° 42 г. BC = 8.6 tan 48° 42 = 9.79 cm. 


AB. ,; 8.60 _ q; У 8.6 
ec; —--—sinC S == = sin 41° 18 E; aee le 
AC AC sin 41° 18 
Using the calculator » we find that : AC = 13.03 cm. 


Notice that : We can find the length of AC using m (Z A) where ae 
O86. A _ 8.6 
AG = 008 48° 42 — 


B С = cos A 


= є 13.03 cm. 
© cos 48° 42 


(TRY TO SOLVE _ : 


Solve the triangle ABC in which m (Z B) = 90° , if: 
1 AB = 10 cm. » m (Z C) = 54? 9 AC 232cm. » m (Z A) = 32° 24 
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Critical thinking — | 
Can you solve the right-angled triangle given the measures of its acute angles ? 


Answer : No 

Because there is an infinite number of the right- prd f 
angled triangle which have the same measures m 

of the acute angles ( ie. Similar triangles) 


So » we can not determine which of the triangles is the required to solve by finding its side lengths 


( Le. 1. To solve ће right-angled triangle , we must be given one of its side lengths at least.) 


= Example|5 


Solve the right-angled triangle ABC in B approximating the measures of angles to the nearest 
thousandth in radian measure and the lengths to the nearest thousandth in cm. : if : 


1 m(Z A) = 1.254 , BC = 10.6 cm. 9 m(Z С) = 0.715" , AC = 23 cm. 





— |Sotition), ——_—_—_—_— 


Note that : We should convert the system of the calculator from the system (Deg) to the 
system (Rad) before performing the mathematical operations which contain 


trigonometric functions for angles measured in radian » and this by pressing 
MODE 


SHIFT 
on qe then ‘> and Notice that SL 


+ т (/ C) = 2-125470 = 0.31779 


hus | grad 
90° is equivalent to 


2 


„кеп A= ВС a rad _ 10.6 
< sin А = “. sin 1.254 AC 


_ 106 | 
= Sin 1 254181 11.195 cm. 


ГҮ _ ВС rad _ 10.6 
tan A=B '. tan 1.254 =- 


10.6 





C | 10.6 cm. B 
9. m(ZA) =} — 0.715" = 0.856 

se d _ AB ‚2 6 rad _ АВ 

г sin С = ^osmi 715 = 2 


'. AB = 23 sin 0.715" = 15.079 cm. 


F _ BC : rad _ BC 
: cos C = Xe i cos 0/13 >= 23 





. BC = 23 cos 0.715" = 17.367 cm. 
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Unit 3 


( TRY TO SOLVE <a 
Solve the right-angled triangle ABC in B approximating the measure of angles to the | 
nearest thousandth in radian measure and the lengths to the nearest thousandth in cm. : if: 


1 m (Z A) = 0.623 , BC = 10 cm. 9 m(ZC)=1.073™ , AC = 37.5 cm. 


ABC is a triangle in which m (Z B) = 58? 12 and BC = 15 cm. 
Draw AD | BC ; where D € BC АР = 10 cm. » then find : m (4 С) 








Бомон, 
| _ AD A 
In A ADB : tan B 7 DR 
„. tan 58° 12 = 10 ~ DB=—0 =62cm. 
DB tan 58° 12 
.. DC = 15 -6.2 = 8.8 cm. d X 
In AADC: гап С=-АР = 10 a T. $ 





DC 88 . 
Using the calculator » we get m (Z C) = 48° 39 8 


GI 





A circle of radius length 6 cm. » a chord was drawn in it opposite to a central angle of measure 
100*. Calculate the length of this chord to the nearest thousandth. 





- | Solution | 

Draw MD L AB sand cuts it at D 

~ MD L АВ ^. Dis the midpoint of AB 
,` MA=MBer “ MD bisects Z AMB 

2. m(Z AMD) = 100° +2 = 50? 
In A ADM : m (Z ADM) = 90? 

- _ AD © ей (1° gee 

^. Sin (Z AMD) = AM & sin 50? = 6 

*. AD = 6 sin 50? = 4.596 cm. ^ AB = 2 AD = 9.193 cm. 
| TRY TO SOLVE 


In the opposite figure : 


AB is a diameter in the circle M »m (Z A) = 43° and 
AC = 10 cm. 


Find the radius length of the circle M to the nearest hundredth. 
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Angles of elevation and angles 
of depression 


“a ES | 
us si 


Lesson FOUT 









Angle of elevation 


If an observer A observed an object C above his 
(Observed object) С 


horizontal sight » then the angle between the horizontal 


ray AB and the ray AC connecting the observed object Z 

and the observer's eye is called angle of elevation АЁ : „ 
А B 

of C with r espect toA (Observer’s eye) 


Angle of depression 





If an observer A observed an object C down his 


(Observer’s eye) 









horizontal sight » then the angle between the horizontal BY Д И —— 

med = | ‚ (Angle of depression) 
ray AB and the ray AC connecting the observed object , 
and the observer’s eye is called angle of depression of C 
with respect to A (Observed object) C ^w 

Remark 
A B 

The measure of the depression angle of C with respect to A Шо 






equals the measure of the elevation angle of A with respect to С 


because m (Z A) = m (Z C) (alternate angles) (Elevation Angle) 
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Unit 3 


Q Check your understanding 
Ü 


| Using the opposite figure » complete the following : 


1 The elevation angle of the person A with respect to the car 


О The depression angle of the car C with respect to the 
plane B is ENSE LIA 





З The elevation angle of the plane B with respect to the person A is seee- 


4 The depression angle of the person A with respect to the plane B is sr 


A man found that the measure of the angle of elevation of the top of a house at a point 50 metres 


far from its base is 38° 26 Find the height of the house to the nearest metre. 


— à Solution , | 





Let AB represent the height of the house. 


osnoq ЭЧ], | 


г. tan 38° 26 = a6 -. AB = 50 tan 38° 26 = 40 m. 
7. The height of the house = 40 m. 





From the top of a tower of height 50 m. » the measure of the angle of depression of a body 
in the same horizontal plane with its base is 23° 24 


Find the distance between this body and the base of the tower to the nearest metre. 








Solution 


Let AB represent the height of the tower. 
. Z DAC is the angle of depression of the body. 
* m (Z C) 2 m (Z DAC) = 23° 24 (for AD // BC) 


г. tan 23° 24 = 20. '. ВС = = = 116m. The body 
BC tan 23? 24 


г. The distance between the body and the base of the tower ~ 116 m. 


( TRY TO SOLVE 


From a point on the ground 50 metres far from the base of a vertical pole › it is found that 
the measure of the elevation angle of the top of the pole is 18? 32. 
Find to the nearest metre the height of the pole from the ground. 





E 


^ 
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CID, 


A man of height 1.5 m. was standing on the ground at a point which is 10 m. far from a flagpole. 





He found that the measure of angle of elevation of the top of the flagpole is 40° 22. 
Find the height of the flagpole to the nearest metre. 


‚ Solution ) 





Let AB represent the height of the flagpole 
and CD represent the height of the man. 


Draw CN // DB where N C AB 
. 045 AN 
^ tando 22 = 10 





г. AN = 10 tan 40° 22 = 8.5 m. 
~ AB=AN+NB=854+15=10m. 
. The height of the flagpole = 10 m. 


CID 


A light pole of height 7.4 m. gives a shade on the ground of length 5.55 m. 
Find in radian the measure of the elevation angle of the sun at that moment. 








—  — — Solution, 


Let AB represent the light pole ^ 


; BC represent its shade on the ground 


» Ө the measure of the elevation angle of the sun at that moment. 
^ tan Q = AB = 74. 





BC 5.55 
ч uw 
^ Ө = 53° 7 48 
.. The measure of the elevation angle of iic a 


the sun in radian = 53? 7 48 x xs = 0.9274 





TRY TO SOLVE 





From the top of a rock 200 m. high from the sea level » the depression angle of a boat 
300 m. apart from the base of the rock was measured. 


What is the radian measure of the depression angle ? 
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Unit 3 ea ee 


CAID, 


From the top of a rock of 50 m. high » the measures of the two angles of depression of two 
sailboats are 32° 10 and 49° 30 

Find the distance between the two sailboats » knowing that the two sailboats and the 
base of the rock are collinear. 








1 Solution 


Let AB represent the height of the rock and CD represent the distance between the two sailboats 


' 019 — 20 
“, In A ABD : tan 32 10 = эту 
Die gs 19 $8. 
tan 32° 10 
; o an — 20 
In A ABC : tan 49 30 = 3c 


80 
tan 49? 30 


^. CD = 79.5 – 42.7 = 36.8 m. 


= 42 1 И. 





— Em0 


A ship approaches a lighthouse 40 m. high from the sea level. At a moment, it was found that 
the measure of the elevation angle of the top of the lighthouse is 0.1278 
» after 5 minutes » it was found again that its elevation angle measure is 0.2418 


Calculate the uniform velocity of the ship. 


X Solutíon ^ 





Let AB represent the height of the lighthouse and CD represent 
the distance covered by the ship during 5 minutes. 





c 
-. In AABC: Р 
- _ AB rad _ 40 
tan C = BC . tan 0.12 = BC 
=-— — 233173 m. 
tan0.127  — | | | | | S Remember that --. 
„in AABD: - tan(Z ADB) = аз _ © 
When calculating the length of BC ог 

tan 0.24180 = 40. — 
UU | X BD ВЮ, we must convert the calculator 

р 40, ОА, . from (Deg) into (Rad) by pressing : 


d 


с tan 0.24" MODE 


^. DC = 331.73 – 163.45 = 168.28 m. 
.. The ship covered 168.28 m. during 5 minutes. 


-. The uniform velocity of the ship = distance = 10528 = 33.656m /min. 





——Ó—— 
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Lesson Five Circular sector 








Definition : 





A circular sector is that part of the circle bounded by an arc and the two radii through 
the ends of that arc. 


In the circle M » if we draw the two radii MA and MB 5 in the opposite figure 


» then the circle surface is divided by the two radii into two parts D 





each of them is called a “circular sector”. Major sector 


* The part MACB is called the minor sector while the part MADB 
is called the major sector. 
e Z AMB is called the angle of the minor sector and the reflex / AMB C 


is called the angle of the major sector. 


TT, TTT 
e ACB is called the arc of the minor sector and ADB is called the arc of the major sector. 





N The area circular sector 









1 оға circl 
z O a circle 


i80 


= of a circle 





Fig. (1) Fig. (2) Fig. (3) 
Noticing the previous figures » we get that : 


Figure (1) ТЕЁ 9397 the sector BER) р — MZ AMB) — . 90° _1 


9 == = 
The area of the circle M 4 Measure of the circle M 360° 4 
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Unit 3 

















, The area of the sector (MACB) 1 m (Z AMB) 120° 1 
Figure (2): ==” TE mp » LL AU 
Che area of the circle M 3 Measure of the circle M 360° 3 

. The area of the sector (MACB) m (Z AMB g 
Figure (3) : —————— ——— S mL a 4 UU eee .180 1 
l'he area of the circle M 2 Measure of the circle M 360° 2 
Figure (4) aes mec 2, белех AMD) „м2 
l'he area of the circle M 3 Measure of the circle M 360° 3 


i.e. | | The ratio between the area of the sector апа the area of the circle is the same ratio 
between the measure of the angle of the sector and the measure of the circle. 


Area of the sector _ Measure of the angle of the sector 
Area of the circle Measure of the circle 





* If we symbolized the measure of the angle of the sector in radian measure by the symbol 
Ө" and its measure in degree measure by the symbol X? › the radius length of the circle 
by the symbol r and the length of the arc of the sector by the symbol { then: 


1 Area of the circular sector _ gr^ 
cr 2 JU 


rad 


Ө x T r? 
JT 





“. The area of the circular sector = 


+ 
№ 


і.е. The area of the circular sector = i grad [2 


9 Area of the circular sector — x? 
Лг 360° 
7. The area of the circular sector = x x Jt r^ 





е.) The area of the circular sector = o x the area of the circle 


3 .o"- 4 , '- the area of the circular sector = 4 grad p? 
.. The area of the circular sector = 4 x £ x r^ 


і.е. The area of the circular sector = i 





| Remarks 
Е 
14 | We сар consider that the circle 15 
| 

a circular sector of angle measure = 360° 


and the area of the circular sector = the area of the circle = Л r^ 





(2 | The perimeter of the circular sector = 2 r + l 
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Trigonometry 


Find the area of the circular sector where the length of its arc is l in a circle of radius 
length г » if the measure of its angle is Ө" in radian measure and X? in degree 
measure in each of the following : 


1 r=10cm. › 08 = 1.5189 
О r-10.55cm.» X° = 144? 


3 r=6cm. > {=4сп. 





———À Solution 


/ 
i, 
et 
"a 


1 The area of the sector — + Өг т^ = i x 1.5 x (10)? = 75 cn? 
K T 2. 144° 








2 The area of the sector = л = x JUX (10.5)? = 138.5 cm? 
360° 360° 
3 The area of the sector = 4 {т= 1 x 4 x 6 = 12 cm? 


TRY TO SOLVE 





Find : 


1 The area of the sector in which the length of the radius of its circle = 7 cm. and 
the measure of its central angle is 2.17** 

2 The area of the sector in which the length of the radius of its circle = 6.5 cm. and the 
length of its arc is 8 cm. 


3 The area of the sector in which the measure of its angle is 60° in a circle of radius 


length 5 cm. 


The perimeter of a circular sector is 55 cm. and the length of the radius of its circle 


is 12 cm. Find its area. 





Solution ) 





‘r= 12 cm. » the perimeter of the sector = 55 ст. 
>. the perimeter of the sector = 2 r + ( 
7.55 = 2 (02) +! г. £231 cm. 


„. The area of the sector = + f r = 2 (31) (12) = 186 cm? 


1 
2 
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Unit 3 


The area of a circular sector is 270 cm? and the length of the radius of its circle is 15 cm 
Find: 1 The length of the arc of this sector. 





2 The measure of its central angle in radians and in degrees. 


— Solution + 


4 vrz15cm. the area of the sector = 270 cm? 


>. the area of the sector = 4 lr A 2e ilas (236 cm. 
9 -- (236cm.andr- 15 ст. 

: ait 38 _ rad . vo _4 arad 180° _ озат 

КЕ o = г = =24 A OT X = 197 31 


Gump 








The area of a circular sector is 75 cm? and its perimeter is 35 cm. Find the radius length 
of its circle and the measure of its central angle in degree measure. 





= — ‚ Solution J 
‘ The area of the sector = 75 = i [1275 
i {т = 150 (1) 
» ` the perimeter of the sector = 35  €42r=35 
г. (235-2r (2) 


Substituting from (2) in (1) : ^ (35-2r)r2150 


7.212 35 г+ 15020 ~. (r— 10) 27 15) = 0 


0 0 cm. 


or r-7 i cm. substituting in (1) 
~ {= 15 cm. (= 20 cm. 
„+. gd — E _ In 2] 5rad ‚++ grad i _ 20  gnd 


г 75 3 
| о _ grad 180° . "PP 
Sá =з E = 152? 47 19 


©. Х° 21,528 x 130. ~ 85° 56 37 


( TRY TO SOLVE 



































The area of a circular sector is 120 cm? and the length of its arc is 20 cm. 


Find the measure of its angle in radian measure and in degree measure : 
then find the perimeter of the sector. 
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- Trigonometry 


A circle M is of radius length 6 cm. » the two radii MA and MB are drawn in this circle 


such that AB = 10 cm. Find the area of the minor sector MAB to the nearest cm? 


——1 Solution e—a 


Draw MC 1 AB and cuts it at C » then C is the midpoint of AB 
^. АС = СВ = 5 ст. 
'^ A ACM in which : m (4 ACM) = 90° 








. sin(Z AMC) = АС = 5 ^. m (Z AMC) = 56? 26 34 
AM 6 ® MOX 
-. m(Z AMB) = 2 х 56° 26 34 = 112° 53 8 
OR 
.. The area of the minor sector MAB = = -XI т^ = Er x JU x (6)? ~ 35.46 cm? 


ABC 1s a right-angled triangle at B » in which АВ = 6 cm. and ВС = 8 cm. 


Draw a circular arc with centre A and with radius AB to intersect AC at D "m" 
Find to the nearest cm? the area of the zone bounded by BC and CD and BD 








i . Solution | 
The required area = the area of A ABC - the area of the sector ABD ^ 
The area of A ABC = 4 (AB) (BC) = 5 x 6x 8 = 24 cm? | 
D E 
и _ВС_8 j 
г r=AB=6cm. > tan а ВАР) = 6 
2. m (4 BAD) = 53° 7 48 С ge) B 
.. The area of the sector ABD = JT r^ x X e JU (6) g 748 17 cm? 
360? 360* 

-. The required area = 24 – 17 = 7 cm? 
TRY TO SOLVE 

Find the area of the shaded part in each of the following in terms of 7t : 

1 9 
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Unit 3 


AB and AC are two tangents from A to the circle M to touch it at B and C 

» where the length of the radius of the circle is 5 cm. and AM = 13 cm. 

Find to the nearest cm? the area of the zone bounded by AB s AC and BC 
‚ Solution re — 





The area of the required zone 
= the area of the figure ABMC - the area of the sector BMCD 


„ AB » AC are tangents › BM > CM are radii 
2. m(Z МВА) = м (Z ACM) = 90° 





„. АВ = АС =1 (13)? – (5)? = 12 cm. 
. The area of ABMC = 2 x the area of A ABM 

=2x 4 x5 x 12=60 cm? (1) 
« m (Z B) = 90° in A MBA 
EE: 
7 cos (4 BMA) = = 
~. m (2 BMA) = 67° 22 48 
та (Z BMC) =2 x 67° 22 48 ~ 134° 45 36 


'. The area of the sector BMCD 





М, м 
ee ee: О 2, 134° 45 36 . 2 
sr x 560° = Л (5) x — M — 20 cm: (2) 
From (1) and (2) : 


7. The area of the required zone = 60 — 29 = 31 cm? 
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Lesson SIX Circular segment 


Definition : 








The circular segment is a part of the surface of the circle bounded by an arc and a chord 
passing by the ends of this arc. 


e If we draw the chord AB in the circle M ; then the surface 
of the circle is divided into two parts » each of them 
is called a *circular segment". 


• The central angle Z AMB is called the angle of the circular segment. 





e The angle AMB in the given figure is the angle of the minor 
segment AEB > while the reflex angle Z AMB is the angle of the major segment ADB 


• If DE is a diameter such that DE L AB and DE f AB = {Н} 
» then ЕН is called the height of the minor segment. 


e Notice that: 

- The area of the minor segment = the area of the circular sector MAEB - the area of A MAB 

- The area of the major segment - the area of the sector MADB - the area of A MAB 
Hence : to find the area of the circular segment » we must find the area of the triangle ; 
whose base is the chord of the circular segment and its vertex is the centre of the circle. 
The area of a triangle knowing the lengths of two of its sides and the measure of the 
included angle between them : 
Suppose we have A ABC »in which the length of AB 
» the length of AC and m (Z A) are known. 


Draw BDL AC 
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~. The area of A ABC = 4 (AC) (BD) (1) . 
But т (4 BDA) = 90° in A ABD PN 
, BD -ginA Те. BD-ABsinA (2) pp \ 


AB ic v 


substituting from (2) in (1) » we get : 





The area of A ABC = i (AC) (AB sin A) 


d 
2 
x sin (the included angle between them) 


. The area of the triangle = > the product of the lengths of two of its sides 


A The area of the circular segment 





Let us get the area of the minor circular segment AEB › 


in a circle of radius length r and its central angle is of measure grad рес 
.. The area of the circular sector MAEB = 4 gadr? 


and the area of A MAB = i (MA) (MB) sin (Z AMB) = 4 r? sin Ө 





*. The area of the circular segment AEB 


= the area of the circular sector MAEB - the area of A MAB 


_ 1 2omd 1.25.9. l.2(gnd 
agi 0 jl sin Ө = Xr (0 sin 0) 


.. The area of the circular segment = + r? (0: — sin Ө) 


Remarks 


|1 | The area of the major segment ADB 
= the area of the circular sector MADB + the area of A MAB D 
= + г2 giad + + r^ sin (2 7t — 0) 


= 12931. I r?sin@ | for sin (271 - 0) = - sin] 


= > r° (93d — sin 0) 


12 | We can find the area of the major circular segment by subtracting 





the area of the minor circular segment from the area of the circle. 


(3 | The perimeter of the circular segment = the length of its arc + the length of its chord. 
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Unit 3 Oe aa 


Trigonometry 


Find the area of a circular segment if the measure of its central angle is 120° 


and the length of the radius of its circle is 8 cm. 





-— «Бомон | — — 
.. grad _ o JU ze rad 
eos 120° & 180° 2.0944 
7. The area of the circular segment = 112 (ш — sin Ө) 


2 
5 Я (8)? (2.0944 — sin 120°) = 39.3 cm? 


. Remark 
In the previous example » we can use the radian measure of the central angle to find the 
area of the circular segment instead of the degree measure : 

The area of the circular segment = i (8)? (2.0944180 — sin 2.0944) = 39.3 cm? noticing 


that we must convert the calculator system from (Deg) into (Rad) before finding the area 
SHIFT MODE 


by pressing qu ET qu " 
GO 


Find the area of the circular segment whose length of the radius of its circle is 10 cm. 





and the measure of its central angle is 1.02'2 approximating the result to the nearest 
hundredth. 


— Solution ,—— — — — —  — 


The area of the circular segment — + r? (Que — sin 0) 


- i (10)? (1.024 — sin 1.0218) = 8.39 cm? 


( TRY TO SOLVE 


Find the area of the circular segment whose length of the radius of its circle is r and 
the measure of its central angle is O if : 


1r-12cm..02 150° 
9 r=8 cm. › 0: 2.0218 
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Unit 3 


A circular segment where the radius length of its circle is 10 cm. and the length of its arc is 





— CIID 





26.19 cm. Find its area. 


— Solution r= 





r 10 


.. The area of the circular segment 


= + r^ (94 — sin Ө) = 4 (10)? (2.6194 — sin 2.619%) = 105.99 cm? 


ЕА ЕхатрІе| 4% = 








-— 











Find the area of a minor circular segment whose chord is of length 12 cm. in a circle of 


radius length 10 cm. 
' Solution J 


Let AB represent the chord of the segment and M be the centre of the circle. 
Draw MC L AB › thus C is the midpoint of AB 

фе. AC=CB=6cm. 

From A AMC › we have: 


sin (Z AMC) = 0.6 ( / 2 
^. m (Z AMC) = 36° 52 Es o 


г. m (Z AMB) = 2 (36° 52 ) = 73° 44 

. дгай .. o AA Л = гаў 

7. O = 73° 44 х IR» = 1.2869 

'. The area of the circular segment ADB 


= > 1? (0*3 — sin Ө) = > (100) (1.28694 — sin 73° 44 ) = 16.35 cm? 


А Example| 5 e ———— —— 


Find the area of the minor circular segment in which the length of its chord is 24 cm. 
and its height is 6 cm. 


— — Solution ~ 





Let AB be the chord of the segment in the circle M and draw 

MC L AB cutting AB at D and the circle at C 

Thus,» CD is the height of the segment. 2 CD=6cm. 

;" MD 1 АВ г AD = DB = 12 cm. 
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— - Trigonometry 


‚> MC-MA-r ^. Мр =г-6 

-* A ADM in which m (4 ADM) = 90° „. (АМ)? = (Ар)? + (Мр)? 
^. 122144 + (г - 6)? nr ^2144 +r? — 12 r 4 36 
„ Lr = 180 sre 15 em. 

; sin (4 AMD) = AD =2 =4 <. m (Z AMD) = 53° 7 48 

гт (4 AMB) = 2 x 53° 7 48 = 106? 13 36 


,- 0d = 106° 13 36 x © = 1.85181 
180° 
1 


. The area of the minor circular segment = 7х r^ (0:80 _ sin Ө) 





= +x (15)? (1.8518 — sin 106° 15 36 ) 
= 100.125 cm. 
TRY TO SOLVE 


Find the area of the circular segment in which its height is 3 cm. and the radius 
length of its circle is 10 cm. 





Two congruent circles in which the radius length of each one is 6 cm. and one of them passes 
through the centre of the other. Find the area of the included part between them. 


Solution 








LI ў 








Let the two circles intersect at A and В 


г. AB divides the included part between the two circles 


into two equal circular segments in area. 
>‘. A AMN is an equilateral triangle in which : 
МА = ММ = АМ = б ст. 





» A BMN is an equilateral triangle in which : 
МВ =MN=NB=6cm. 





^. m (Z AMN) = m (4 BMN) = 60° ^. та (Z AMB) = m (Z ANB) = 120° 
.. grad _ o Л 2 
> 0 — 120? x 180° =3 


<. The area of the minor circular segment ANB =? (64 _ sin Ө) 


alua s 5 ol. 2 
=1x 6 (2л sin 120°) = 22.11 om’ 


7. The area of the included part between the two circles = 2 x 22.11 = 44.22 cm? 
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Lesson Seven 





NEN COTON The area of the triangle 


You have previously studied the area of the triangle and known that : 


First \ The area of the triangle = i the length of the base x corresponding height 


i.e.| Inany triangle ABC »if AD 1 BC , then: 


A 


C D B E D B E B D 


The area of A ABC = 5 BC x AD 


The area of the triangle = i the product of the lengths of two sides 


Second | 
| x sine of the included angle between them. 


‘ie. | In any triangle ABC . 
The area of A ABC = Я AB x AC x sin A A 


AB x BC x sin B 


_й 
2 
= + AC x BC x sin С 


Trigonometry. ~~ 7 
Calculate the area of the triangle ABC in each of the following cases : 
1 AC = 10 cm. and the length of the perpendicular drawn from B to AC equals 7 cm. 
9 AB = 12cm.» BC = 15 em. and m (Z B) = 90? 


З AB - 11 cm. » BC = 10 cm. and m (Z B) = 47? approximating the result to the nearest 
hundredth. 


4 AB=25cm. » ВС = 17 cm. and AC = 26 cm. 














— Solution , — — — — — —— 





1 The area of the triangle ABC = 4 AC x BD 


E 
= > х10х7 


2 D 
= 35 сп -4—— — — 10 cm. 





2 The area of the triangle ABC = + BC x AB 


_ 1 
= > х 15х12 


= 90 cm* 


E 
o 
C4 
== 


3 The area of the triangle ABC = + AB х BC х sin В 
= 1+ x11 x 10 x sin 47° 





2 
= 40.22 cm? 
4 Draw AD L BC , let BD = X cm. 
» thus DC = (17 – X) cm. 
In AABD: ' m(Z ADB) = 90° -. (AD) = (АВ)? - (Вр)? 
^ (Ар)? = 625 – X? (1) 
In A АРС: >. m (Z ADC) = 90° г. (АР)? = (AC)* - (DC) b ao, 
- (АР)? = 676 — (17 - X? (2) hee 
From (1) and (2) » we get that : 625 — X? = 676 — (5 =)" 
г. 625 — x2 = 676 — 289 + 34 X- x” 7. ЗА Х = 238 г. Х=7 сш. 


Substituting in (1): 
„. (AD) = 625 — 49 = 576 ^. AD = 24 cm. 


7. The area of the triangle ABC = 4 BC x AD = i x 17 x 24 = 204 cm? 
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Unit 3 : 


Hero's formula for calculating the area of the triangle | 





If we symbolized the perimeter of the triangle ABC (the sum of the side lengths of the 


triangle) by 2 S › then the area of the triangle ABC = S (SC AB) ($ - BC) (S - AC) 


Check the solution of the previous example by using Hero's formula. 


( TRY TO SOLVE | 
Calculate the area of the triangle ABC in each of the following cases approximating 
the result to the nearest hundredth : 

1 The triangle ABC is equilateral and its side length is 6 cm. 
9 AB = 12cm. » ВС = 15cm. and m (/ B) = 62? 


Second * The area of the convex quadrilateral 


In the opposite figure : 


ABCD is a quadrilateral in which its diagonals AC and BD 
intersect at M and include between them an angle of measure 0 


if AE L BD , CF L BD 
» then the area of the quadrilateral ABCD = the area of A ABD + the area of ABCD 
=4BDxAE++4BDxCF 





C 


2 2 
- + BD (AE + CF) 
> In AAEM : m(Z AEM) = 90° г. sin Ө = ар. '. AE = AM sin Ө 
‚їп A CFM : m (4 СЕМ) = 90° + sin Ө = T 2. CF=CM sin Ө 
.. The area of the quadrilateral ABCD = H BD (AM sin 0 + CM sin 0) 
= $ BD sin Ө (AM + CM) 
= 5 BD sin @ x AC = 4 BD x AC x sin Ө 


= The area of the quadrilateral = > the product of the lengths of its diagonals | 


x sine of the included angle between them. 


Remark 


If we used Z AMD of measure (180° — 0) that is the supplementary angle of 
Z AMB of measure Ө › then the area of the quadrilateral ABCD does not change 
because sin (180° — 0) = sin 9 
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Trigonometry 


xample 


Find the area of the quadrilateral in which the lengths of its diagonals аге 10 cm. › 
12 cm. and the measure of the included angle between them is 62° 


— ST 


The area of the quadrilateral = > the product of the lengths of its diagonals 


x sine of the included angle between them 


= i x 10 x 12 x sin 62° = 52.98 cm? 


| Remark 


We can use the previous law for calculating the areas of some special quadrilaterals as : 


ET square : | 





In the opposite figure : MEN 
ABCD is a square ^ AC = BD , AC L BD 
7. The area of the square ABCD = 4 x AC x BD x sin 90? 
| =} хАСхАС х1 =-у (АС)? 
| | = | 
| i | The area of the square = > the square of its diagonal length | " P 


For example : 
The area of the square whose diagonal length is 6 cm. = i x (6)? = 18 cm? 


Е Rhombus : | А 





Inthe opposite figure: | 
ABCD is a rhombus “ AC L BD " ч 
<. The area of the rhombus ABCD = > x AC x BD x sin 90° 
= lxACxBD 
2 е 


zt | The area of the rhombus = i the product of its diagonal lengths | 


























For example : 





The area of the rhombus whose diagonal lengths are 6 cm. and 8 cm. = i x 6 x 8 = 24 cm? 
TRY TO SOLVE 
Find : 


1 The area of the square whose diagonal length is 8 cm. 
2 The area of the rhombus whose diagonal lengths are 12 cm. and 16 cm. 


3 The area of the quadrilateral whose diagonal lengths are 6 cm. » 8 cm. and the measure of 
the included angle between them is 120° 
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Remark 
In the quadrilateral ABCD ; if its two diagonals intersect at M »then p A 
| Area (A ABM) x Area (A DCM) 


| = Area (A ADM) x Area (A BCM) 





| roo! 
Area (A ABM) x Area (A DCM) 
| = [3 (MA) (MB) sin Ө] x [4 (MD) (MC) sin Ө] 
= [+ (MA) (MD) sin (180° — Ө)| x [5 (MB) (MC) sin (180° — Ө)| 


= Area (A ADM) x Area (А ВСМ) 


The area of the regular polygon 


e The regular polygon : It is a polygon in which all interior angles are equal in measure 


and all sides are equal in length. 
The measure of the vertex angle of a regular polygon in which the number of its sides is 


| —2) x 180° 
n sides = TR 


For example : 
The measure of the vertex angle of the regular hexagon 


‚ (6—2) x 180° 
we oC 


* We can divide the regular polygon whose the number of its sides 


= 120° 


is n sides into a number n of the congruent isosceles triangles and 
2л 


the measure of the vertex angle of each of them = TD 
For example : 
The regular pentagon is divided into 5 congruent triangles » 


each one of them is 1sosceles and the measure of its vertex 





angle is 2л = 725 
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Unit 3 n 








—— > Trigonometry — — | 


The area of the regular polygon : 
In the opposite figure : 
A regular polygon in which the number of its sides is 


n sides and the length of its side = X length unit. 





Then the area of the polygon = the area of A AMB x n 
* A AMB is an isosceles triangle in which : MA = MB »m (Z AMB) = 2л 


n 
," MD LAB х mz. AMD) = = 
" = MD „ cot eu MD, | _1 T 
o’, cot (2 AMD) = -D 8 cot Aa “ MD= 5 Xcot— 
aX 
s'u the area of A AMB = + base eneth x height= т x AB x MD 
zl L D d dg 
= ххх Хсо = X" cot == 


.. The area of the polygon = (4 X? cot A) хп = 1 n X? cot a 





i.e. | ‚ Тһе area of the regular polygon whose the number of its sides is n sides and 
1 JU 


the length of its side is X = 4n X^ cot E. 
—— CIID 
Find the area of each of : 
1 a regular octagon of side length 7 cm. (to the nearest hundredth) 
2 aregular polygon whose the number of its sides is 12 sides and its side length = 10 cm. 
(to the nearest centimetre square) 


3 an equilateral triangle of side length 9 cm. (to the nearest thousandths) 





1 Solution j 


1 The area of the regular octagon = 4 n X? cot E = i x 8 x 72 x cot = = 236.59 cm? 


2 The area of the polygon of 12 sides = i n X? cot a + x 12 x 102 x cot © Г = 1120 cm? 


3 The area of the equilateral triangle = + n X? cot = i x3x9^x cot Z = 35.074 cm? 


Another solution : 
The area of the triangle = 1 the product of two side lengths x sine of the included angle 


between them = i x 9 x9 x sin 60? = 35.074 cm? 
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Unit 3 ————— ÀÓ— U€Ó— 


' Remarks 


• The equilateral triangle is a regular trilateral » so we can use the law of calculating 
the area of the regular polygon to find its area as the previous example » then : 
The area of the equilateral triangle — 4 x 3x X? x cot x = 3. X? x cot 60° 

= E x2 x {з = 43 x^ 
4 3 4 


ге | The area of the equilateral triangle = id X? where X is the side length of 
the triangle. 
e Using the same way » we can find the area of the regular hexagon : 


The area of the regular hexagon = Ix 6x X? x cot Z = 3 X? x cot 30° = Aa 


le. | The area of the regular hexagon = 2B X? where X is its side length. 


( TRY TO SOLVE 


| 





Use the law of calculating the area of the regular polygon to find the area of each of : 





























1 an equilateral triangle of side length 15 cm. (approximating the result to the nearest 
hundredth) 


2 asquare of side length 6 cm. 


3 aregular pentagon of side length 12 cm. (approximating the result to the nearest 
thousandth) 























Second ANALYTIC 
GEOMETRY 


Vectors 


Straight line 











Lesson One :  Scalars , vectors and directed line segment. 
|LessonTwo :  Vectors. 
Lesson Three : Operations on vectors. 


Lesson Four : Applications on vectors. | 





Learning outcomes 





By the end of this unit, the student should be able to : 


* Recognize the scalar quantity » the vector quantity and the directed line segment 


and express it in terms of its two ends in the coordinate plane. 
e Recognize the position vector and put it in the polar form. 
* Find the norm of the vector and zero vector. 
* Recognize and solve exercises on equivalent vectors. 


* Recognize the unit vector and express the vector in terms of the fundamental unit 


vectors. 
* Recognize parallel and perpendicular vectors. 
e Multiply a vector by a real number. 


* Add two vectors using the triangle rule (Coordinates - Parallelogram rule) - Subtract 


two vectors. 


* Prove some geometric theorems using vectors. 


• Solve applications in the plane geometry on vectors. 
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Lesson One 


Scalars , vectors 
and directed line segment 


Scalar quantity and vector quantity j 


• The quantities which we deal with in our life are two kinds : 











1 Scalar quantity : 





It is a quantity determined completely by a real number which is the magnitude of 
this quantity. 
For example : Length - mass - time - temperature - volume - distance. 


9 Vector quantity : 


It is a quantity determined completely by a real number which is the magnitude of 


|. this quantity » and the direction. 


| For example : Force - displacement - velocity. 














* To show the difference between the scalar quantity and the vector quantity » we show 
- for example - the difference between distance as a scalar quantity and displacement 


as a vector quantity. 


1 Distance : Itis the length of the actual path covered during movement from a position 
to another » and it is a scalar quantity because it is determined completely by its 


magnitude only without direction. 


9 Displacement : It is the smallest distance between the starting point and the ending 
point » and in the direction from the starting point to the ending point. 


i.e. It is the distance covered in a certain direction » and it is a vector quantity 
because it is determined completely by its magnitude and its direction. 
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Vectors 


For example : 
In the opposite figure : North 


If a body moved from the point A a distance 12 m. east 


VEMM ы 
„ then changed its direction and moved 5 m. north and id 


stopped at the point C » then : 





the distance covered by the body during 
the movement = AB + BC = 12 + 5 = 17 m. 


and the displacement resulted during the movement is the length of AC in the direction 
from À to C 


та _ The displacement = (12)? + (5)? = 13 m. in the direction AC 


bt Direction 


* Each ray in the plane determines a certain direction. 


For example : 

In the opposite figure : 

e OA determines east direction. 

° OE determines north east direction. 


* ON determines the direction 30° north of west. 





* OM determines the direction 35° east of south. 


Notice that 


ce 
In the opposite figure : 


If AB and CD are parallel and each of them is not parallel 
to XY ,.ECAB,F€CD.,ZCXY , еп: 


e EA and BA have the same direction and are carried on one 


straight line. 





° EA and FC have the same direction and are carried on two 


parallel straight lines. 
* EA and EB are in opposite directions and carried on one straight line. 
«БА and FD are in opposite directions and carried on two parallel straight lines. 


* БА and ZX are in different directions and carried on two not parallel straight lines. 
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Unit 4 eee E 


Generally . 


| 1 The two rays which have the same direction or in opposite directions are carried on 
| one straight line or two parallel straight lines. 
| 


| 9 The two rays different in directions are not carried on one straight line or two parallel 
| straight lines. 











| TRY TO SOLVE І 
In the opposite figure : | 
x 














ECAB.FCCDandZC XY \ 


Show whether the two rays have the same • opposite or Y \ Чч iB 
i 


<> HÀ Soa \ of fa 
AB and CD are parallel and each of them is not parallel to XY › \ / / 
7, Е 
| F 
/ 
| 


different directions in each of the following : 


1 ABand DF 9 ABand XY 
3 CDandEB 4 ZY andZX 


5 CF and ZX 


The directed line segment 


* If we determined to the line segment ABa starting point A and an ending point B › then 
follow from that the line segment has a direction from A to B and is called a directed line 


segment and is denoted by the symbol AB » with noticing that : 











AB # BA because they are different in the starting point ‘ i. з 
А 

and the ending point » and this lead to their opposite in E 

the direction. N b 


* From the previous » we deduce that the directed line segment is determined by three 


elements : 
1 Starting point. 
2 Ending point. 


3 Direction from starting point to ending point. 
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Vectors . 


[1] The directed line segment : 


It is a line segment which has a starting point » an ending point and a direction. 


19 | The norm of the directed line segment "norm of АВ": 
It is the length of AB and is denoted by the symbol | AB | 
and notice that : || AB | = || BA | = AB 


(3 | Equivalent directed line segments : 


Two directed line segments are equivalent if : 
1. They have the same length "norm". 


2. They have the same direction. 


In the opposite figure : D E A 
ABCD is a parallelogram › its diagonals intersecting at M › 
and E is the midpoint of AD 


First | Determine the directed line segments (if existed) 


which are equivalent to : 
1 AB 9 DA 3 MB 
4 AM 5 AE 6 ME 


Second | Show why the following directed line segments are not equivalent : 
1 DM and DB 2 AD and CB 3 AM and CM 


— — ——À Solutien ,— — — — — — — 


First | 


1 DC 9 CB 3 DM 
4 MC 5 ED 6 None. 
Second | 


1 Because | DM || = || DB | 
2 Because AD and CB are in opposite direction. 


3 Because AM and CM are in opposite direction. 
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Unit 4 EE Aa —————————— 








TRY TO SOLVE ET ў 
In the opposite figure : 
If AD N BC = {М}, MA - MD and МВ = MC 
» then complete the following with "is equivalent to" or az 
"is not equivalent to" » showing the reason : ie 2 А / 
1 АМ =... MD because they are eee aN i. J 
O MB аа MC because they аге. B 
3 АВ... CD because they are ee 
BEEN еа: BC because they аге -+ | 

Remarks 


AB , CD can not be equivalent unless two parallel straight lines carrying them or 
one straight line as in the following figures : 


AB | E 
| TU a | AB CD 
| i эне A B E. D 
C D 


2 | If A» B » C and D are not collinear КЕ / 


= = рс/ зет 
and АВ is equivalent to РС, j / AB 
then ABCD is a parallelogram. C B 


(3 | From a point in the plane » for example C » we can 
draw a unique directed line segment CD equivalent 


to another line segment AB in the same plane. 





4 | There are an infinte number of directed line segments can be drawn in the plane and | 
each of them is equivalent to another directed line segment. 


———————@@@Ш0Е3. 


In an orthogonal coordinate plane » determine the points А (-2 » 1) B (1 53) C (2 › 2) 
and D (1 »— 1) » then draw CE and DL each of them is equivalent to AB 
Find the coordinates of each of : E and L 
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* Use the compasses to determine the length of EC = the 
length of AB or by calculating the number of horizontal 
and vertical squares » 


then we get that : E = (5 » 4) 


— Vectors EN 


t Solution , 





To draw CE equivalent to AB ; then CE and AB should have 


the same direction and the same norm. 


e Draw CÉ // AB (the slope of CE = the slope of AB = 2) 








* Similarly » draw DL » we get that : L= (4 › 1) 
Another Solution : 


'- The translation preserves parallelism and lengths of line segments. 
.. The point C is the image of the point A by the translation [(2 52) – (- 2 » D] = (4 51) 
and to draw CE equivalent to AB » we get that : CE is the image of AB by the 


translation (4 » 1) 


7. The point E is the image of the point B by the translation (4 › 1) 
<. The point E = (1-4 3 1) = (5 › 4) 


Similarly » we can find the coordinates of the point L 





at all bookstores 







in 
eBiology •Рһуѕісѕ 
eChemistry 


For 1st бес. 
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Lesson [WO Vectors 





\ The position vector 


We know that each point A in the orthogonal coordinates 
plane is determined by a unique ordered pair (X » y) » so it has 
a unique position with respect to the origin point O which is 


determined by the directed line segment OA and it is called ће х — 
position vector of the point A and is written as OA = (X » y) 


arm Definition : 


The position vector of a given point A with respect to the origin point O is the directed 








line segment OA which its starting point is the origin point O and the given point A is 


its ending point. 


In the opposite figure : 

* OA is the position vector of the point (A) with respect to 
the origin point O and is written as OA = (3 52) 

* OB is the position vector of the point (B) with respect to 


the origin point O and is written as OB = (3,4) 





' Remark 
. All position vectors have the same starting point (О) » then we denote the position 
| vector OA by the symbol A 


In the previous figure : 
We write A=(3 52) » В= (3 54) 


— _Vectors 


| The norm of the vector | norm of the vector 


It is the length of the line segment that represents the vector. 


If A =(X » y) 
> then | A | = the length of OA and if we used the law of the 
distance between two points to find the length of OA › then : 


The length of OA z^(x-0P + (у – 0)? 
ГА = {х?+у?| 


For example : 





« If A =(3 5-4) 
» then | А | = 1|(3)° + (— 4)? = 5 length units. 


“If B=(-3 5343 ) 


, then | B | =,/(— 3)? + G13} =6 length units. 


IfC 2 -3 »K) and | C || 2 33/2 


, then] C3? + K?2 342 


9+ К2= 18 


| The unit vector — unit vector 


It is a vector whose norm is unity. 


For example : 


—— 


A= (2 4 4) is a unit vector because 
[А | = (3) + (4) = | length unit. 


| The zero vector | zero vector 


It is a vector whose norm equals zero and denoted by Oor0 » where О = (0 » 0) and it 
has no direction. 
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Unit 4 | 


(. ) Check your understanding 
1 If A=(6 5-8) ofind : || A | 




















9 Is the vector A= ( — ,> ) a unit vector ? and why ? 

















3 If (k ' =3) is a unit vector » then find the value of k 





The polar form of the position vector 





If the position vector OA makes an angle of 
measure 0 with the positive direction of X-axis 


» then the polar form of the position vector 


ОА = (loA1. e) 


For example : 

If OA makes an angle of measure 30° 
with the positive direction of X-axis and 
| А | = 6 length units » then the polar 
form of the vector OA = (6 » 30°) 


те. Ол = (6,2) 


“Remark 

If the position vector of the point A (X » y) 

is in the polar form ОА = ( | ОА | з ө) » then 
х= | ОА | соз Ө 

‚у= [ОА | sin Ө where tan Ө = — 
and the cartesian form of the vector OA is 


ОА = (ПОА | cos Ө ‚|| ОА | sin ө) 




















=- == = = 
=a 


=—||OAlsin§@ —» 


on 























Vectors 


If OA is the position vector of the point A with respect to the origin point » then find 
the coordinates of the point A in each of the following : 

OA — о DA — o OA — 4 Л, 
1 ОА = (1043 » 60°) 2 OA = (612 , 135°) 3 OA=(8 4%) 
Solution 


€ 











1 х= 103 соѕ 60° 2513 »y=1013sin60°=15 ~. A-(st3 » 15) 

9 x=642 cos 135° =- sy =612 sin 135°=6 =. A= (—6 56) 

3 Х=8 06470-4 sy =8sin 4 =_ 473  A=(-4 5-443 ) 
CAND 


If OA is the position vector of the point A with respect to the origin point » then 





find the polar form of the vector OA in each of the following : 


1 ОА = (4 ,41үз) 2 ОА = (533 .- 5) pn 


_ Solution , — — 


1 ОА = (4,473) (180 - 6) 


















К | (180 + Ө) (360 - 8) 
. [ОА || = 104) + (473 ) = 8 length units. | 
X»0.Y«0 


| AwD «D 


stan Ө= 413. „үз 


> '. the measure of the acute angle whose tan is^ 3 is tan ! (Үз) = 60° 
9. X>O0s5y>0 ^. 8=60° 


^. OA = (8 , 60°) 


2 OA=(513 ›-5) 


—— 2 
ПОА |=, (ss ) € C5? = 10 length units. 


| 543 3 

› '. the measure of the acute angle whose tan is -L is tan`! ( =L. ) = 30° 
43 (E 

‚> X>0 sy <0 7. Ө = 360° — 30° = 330? 


г. OA = (10 5 330°) 
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Unit 4 | 


( TRY TO SOLVE AW 2:61 Pas 
1 Ifthe position vector OA = (5 42 4 225°) » then find the coordinates of the point A 
9 Write in the polar form the position vector OA = (- 1213 › 12) 


Equivalent vectors 











Every vector А = (X » у) can be represented by an infinite number of equivalent directed 
line segments » where each of them is equivalent to the position vector of the point 
А = (Ху) 


In the opposite figure : 
A = (3 » 4) is a position vector of the point A 





er —BüáÀ LÀ, C 
» BC = DE = -- = OA because A 
ZA mE — A ME 
| BC ||=||DE||=--=||0A |=173?+ 4 A/ | 15 
т 
= 5 length units. Bf aiye! 
——— —м —— | 
» BC » DE s+ » ОА are in the same direction F 
» so each of BC › DE › + consider ЗА Е 
. ; € x | 4 + х 
а geometrical representation of the vector А T[ 7-4 5340 ҮГҮТҮ. 
—" = a mE" — D ==- 
.е.| BC=DE=.=0A=(3,4) 2 3 niis 


* From the previous » we notice that the 


vectors are related by the ordered pairs. 





i.e. ‚ The elements of R x R (IR?) » SO we can deduce the definition of the vectors with 


the mathematical concept or the algebraic concept as the following : 


Definition : 


The vectors are the elements of the set R? with addition and multiplication by a real 
number defined on it » and denoted by one of the symbols A » B » C >... 
































Where IR^ = the set of the ordered pairs of the cartesian product R x IR 
= Tx sy) d uc Sy ER} 
ҒА =(Х +y) ER? » B=(X, ,у,) ER? 
, then A + B = (X, +X, уу + Yo) 

















For example : If A=(355) » В= (2,1) 
‚Шеп A+ B=(34+255+41)=(5 96) 






































— Vectors 


N Properties of г addition on | vectors 





1 Closure property : For every A BER , then A + В B ER? 

2 Commutative property : For every A»B>sthnA+B=B+A 

3 Associative property : For every A э В, С, then А + (В+ С) = = (А + В) + C= A+ B+ C 

4 Identity element property : For every A A there exists the zero vector O = (0 » 0) where 
А+О=О+А=А 

5 Additive inverse property : For every A (X » >y) there exists (— A)- (— X »— y)where 
А + (— А) = (— А) + (A) = О (zero vector) 
the vector (— A) i is called the additive inverse of A 


n ъъ ъъ ы аА. ым э ыымһь 


6 Elimination property : For every А›В›СА+В=А+С›шШеп B=C 


If A = (Xy) ER? kER > thenk A - k (X »y) = (k X »k y) 
For example : If A = (2 ,—5) 
, then 3 A = 3 (2 ,—5) = (6 , 15) 


DN Properties of multiplying a vector by a real number 





1 Distributive property : 
First | : For every A Bk ER sthenk(A+B)=kA+kB 
Second |: For every À sk; » k, ER » then (К, £k) A =k, A+ k, A 
2 Associative property : For every A »k, к, ER » then (К, k,) A =k; (k, A) 
3 Elimination property : For every A ‚В „КЄК ifk A -kB » then A-B 
If А = (3 9-1) 5 B=(2 95) 9 C=(-4 9 2)» find each of the following vectors : 
12A-3B 2 l4A*2B-O) 
3 20-3 (C + A) Where О is the zero vector 
0 4 Solution pp 
12A -3Bz20»—10D-3055) 
s (6 os ED) op G6 n 15) e Oo see Їй) 
9 + (4A+2B-C)=2A+B- i e 
08 2-1) +025) 4 (-4 52) 
=(6 s-2)4@ 53) +0251) 4052) 
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Unit 4 


690-3:(C 4 A)22(0 50) -3 (G4 22) € G »— 1] 





-(050)-3(-151)2(0.0) - (35-3) = (3 »—3) 


emp, 
If A-(6»D s B=(192) sfind:|A-2B| 


Solution »- 
-А-2В= (6,1) -2(1,2) =(6 9 1)—(2 94) =(4 5-3) 


ЛА -2Вв1=7ў16+9 2425 = 5 length units. 























TRY TO SOLVE 





ІЃА = (3 »—1) > В = (2 »— 5) = (—5 5) » then write in the polar form 


9 
the vector M , where M = A- A B-C 





Equality of two vectors Е 
For апу two vectors A= (X, »yp? B- (X, » y») 
» then A = B if and only if X, =X, » y, =y, 








— C&D 
If A = (2,3) s B=(335) 


9 express C = (12 » 1) in terms of A and B 


1 Solution js 





Let C=k A4 ( B where k | CR 
„С=к(@›—3)+(3,›5)=(2Кк›—3К)+(34›5 8 


=(2k+3¢,-3k4+5h 
ж (ера ya: 5f eU EST) 


“2k +3 {= 12 (Multiplying by 3) 


~ 6k+9l=36 (1) 
»—3 k +5 {= 1 (Multiplying by 2) г. -6к+101=2 (2) 
Adding (1) and (2): «. 19 {= 38 t=2 


Substituting in (1): ..6k=18 ..k=3 
Саза Р 
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Vectors 


The fundamental unit vectors į jj 





If O is the origin point of an orthogonal coordinate plane » then: 


1 The fundamental unit vector i = (1 » 0) is the position vector of 
the point (1 » 0) » its norm is the unity and its direction is the 
positive direction of the X-axis 


2 The fundamental unit vector j = (0 » 1) is the position vector 
of the point (0 » 1) » its norm is the unity and its direction is 
the positive direction of the y-axis 


* Note that : |i I ES Н = |. 





Expressing the vector in terms of the fundamental unit vectors 





If A is a vector in the plane where A= (X » y) 
» then it is possible to express A in terms of the 
fundamental unit vectors as follows : 
A = (X sy) =(X +0) + (0 у) (from definition of addition) 
=X (150) y (0 › 1) (from definition of multiplying 
by a real number) 





. A=Xi+ y j 
and this rule is used directly to express the ordered pair representing A in terms of the 
fundamental unit vectors 1 » j 
For example : А = (2,3) =21+3ј » В=(-5,1) =-51+] 


Express each of the following vectors іп terms of the fundamental unit vectors • 
then find its norm : 








1 A=(-8 56) 9 L=(0 5-2) 3 M=(2 50) my C=2 5-6) 
| Solution y 
1 pw — 8i + 6] ы | А | -^ C 8)? + (6) = 10 length units. 
9L=-2j » | L [| = (07+ C2? =2 length units. 
= а. — 2 
3 M- ži x | М || = (3) + (0? = > length units. 


4 C = 2i- 6i = | С | = (2) +(-6)* = 2 10 length units. 
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Unit 4 SS 

( TRY TO SOLVE HEP EE 
Express each of the following vectors in terms of the fundamental unit vectors » then find | 
its norm : 


1 A=(7>-24) 2D=(-6;0) ML=0.-12)  WE-C12;-190 


— — —J&ump —— 


Write each of the following vectors in its polar and cartesian forms » then 




















express it in terms of the fundamental unit vectors : 

1 Aforce of magnitude 12 newtons acts in the direction North East. 

2 Auniform speed of a car covers 8 metres per second in the direction 30° North of West. 
3 The displacement of a body a distance 24 metres in the North direction. 

4. A force of magnitude 4 kg.wt. in the direction 30° East of South. 





| Solution Ја 


North 


1 Let the position vector of the force = A 


‘ The direction North East bisects the angle between the North 


о 


and the East. “Ө, = — = 45? "t 
* The polar form of A = (12 » 45°) 
* The cartesian form of 2s (12 cos 45° » 12 sin 45?) = (6 2 » 6*2 ) 


*A-6 21+6{2 j 





2 Let the position vector of the speed = B 
Ө, = 180° — 30° = 150° 
* The polar form of B = (8 » 150°) 
* The cartesian form of B= (8 cos 150° » 8 sin 150°) 
= (- 473 »4) 


North 





*Bz-443 i+4j 
3 Let the position vector of the displacement = C 
7. Ө, = 90° 
* The polar form of C = (24 , 90°) 
* The cartesian form of C = (24 cos 90? › 24 sin 90°) 


= (0 » 24) 


West 





South 


* C= 24 j 
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Vectors 


4 Let the position vector of the force = D 
7. Ө, = 270° + 30° = 300° 


North 


* The polar form of D = (4 5 300°) 
* The cartesian form of D = (4 cos 300° „4 sin 300°) 


=(2,-243) 


= a - South P 
*D=2i-243 j 


( TRY TO SOLVE 





Write each of the following vectors in the polar and cartesian forms » then express it 
in terms of the fundamental unit vectors : 





1 A force of magnitude 63 newtons acts in the East direction. 
9 The displacement of a body a distance 3 metres in the South direction. 


3 Auniform speed of a car covers 50 metres per second in the direction North West. 


Parallel and perpendicular vectors 


| =— — 


For every non zero vectors A » B where A = (X, у), B= (X, 9 yz) 


11 A/B 9rALB 





» then tan 0, x tan 0,—--1 


„215432 ш— 1 
Xv 36 





X, yo— X, y, =0 and vice versa. 6 XiX, +Ууу у, = 0 and vice versa. 


For example :1£A = (3.4) »B=(8 »-6) »C=(9 512) 
, then A L B because [3 x8+4x(-6)=0] 
‚ A // C because [3x 12-4x9=0] 


Remark 

ж в A 4 ES Е Е | 

Note that : зи slope of A 3 А А = (Ху) | 
» the slope of В = = = = » the slope of C = b = 4 » then the slope SEN = 5 
.. The slope of A =the slope of C —— = - | 
„АЛС » the slope of A x the slope of B=-1 ~ALB 
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Unit 4 жЕ = ЕС 


— GED 


If A =(—293) 3 B- (— 4 » m) s find the value of m in each of the following : 


1 А/В 9ALB 

—— — ‚ Solution ;- —— 
1 A/B 210-3 (4) =0 Imen 
2 -ALB *(-2)(-4)+3m=0 ~3m=-8 





— — — —J&Unnp, — 


Draw an orthogonal coordinate plane where O is the origin point » then represent on 


it each of the following : 


1 The vector A= (1 » 3) by a directed line segment whose starting point is (1 » 2) 
9 The vector B = (4 5 – 2) by a directed line segment whose starting point is (— 1 » 1) 


* Then find the ending point in each case 
——— — —4 Solution , — — — — — — 


1 To represent the vector А = (1 93) 


* Start from the point (1 » 2) »then move to the right one 
unit in the positive direction of the X-axis. 

* Then move upwards 3 units in the positive direction of 
the y-axis. 


'. The ending point = (2 » 5) 


2 To represent the vector B- (4 »—2) 





* Start from the point (— 1 » 1) » then move to the right 4 units in the positive direction 


of the X-axis. 
* Then move downwards 2 units in the negative direction of the y-axis 
7. The ending point = (3 »— 1) 
' Remark 
| If M is a non zero vector »k #0 » then M // k M and | kM | =|К |. | M | 
| where the direction of k M is the same direction of M for every k > 0 


and the direction of k M is the opposite direction of M for every k < 0 











For example :> M 2M are parallel and in the same directions. 


“М, -— M are parallel and in the opposite directions. 
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If A is a non-zero vector. Find the value of K in each of the following cases : 








1 КА 1-1-2 2 |2 КА |-|-3А| 
i e 
1 ~ KlAl-I-24] a KlAls21A1 Ku? 


2--|2KAl=|-3a] 
21КА 1=3 1А | 
В, 


Represent the vector M = (1 52) » then draw from the points 
В (—4 9-3) s C(290) s D(@1 91) the directed line segments 
which are equivalent to 3 M 9 -3 M .— M respectively. 
o — — Solution И ———— 
1 Represent the vector М = (1 » 2) starting from the 
point (0 » 0) 
2 Represent the vector 3 M-3 (1 »2) = (3 » 6) starting from 
the point B (— 4 »— 3) 
3 Represent the vector — а М =- 3 (1 »2)= (-3 ,»— 3) 
starting from the point C = (2 › 0) 


4 Represent the vector — M = (— 1 » — 2) starting from the point 
р= (1,1) 


The opposite lattice represents congruent parallelograms. L/ 

Express each of the following directed line segments in terms Nf M 

of the vectors M and М: — 
^ 

1 AB 9 CB 3 CE 

4 BC 5 BA 6 KC 

7 DL 8 DE 9 LA 


Vectors 
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Solution 








14M 2 -3N 3 -M 

43N 5 -4M 62N 

7 -3M 8 -2N 9 -5N 
Remark 


If A and B are non zero vectors »,A=kB ‚К #0 » then А/В 











For example : If A =(3 22) › В=(15›10) 


a Bas Goes A ©. АВ 


( TRY TO SOLVE 
In the opposite figure : 





Some vectors in the orthogonal coordinate plane. 


Write each of the following vectors in terms of 
the fundamental unit vectors : 


1A 9 B 
3C 4D 
5E 

















Lesson [hree Operations on vectors 


First \ Adding vectors geometrically 


b The first method : Trianlge rule "Shai relation" 


If AB represents the vector M › BC represents the vector N » where 


C 
the point B (the ending point of the first vector M ) is the starting p 
= = = ae > 
point of the vector N , then AC represents the vector M + N A 
N 
i.e. L AB+BC= AC 
A M D 


i.e.| The displacement AB followed by another displacement 


BC is equivalent to a unique displacement AC 





If a ship moved from the position (A) in the given directions till it reached the position (B) 
Draw the path of the trip with a suitable drawing scale using your geometric tools » then 
find from the drawing the magnitude and the direction of the ship's displacement (AB) 


if the directions are : 
1 Adistance 600 metres towards East » then a distance 800 metres towards North. 


2 A distance 20 km. towards West » then a distance 30 km. in the direction 60° North West. 
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| Solution = 
1 Let the drawing scale be every 200 metres in fact 
: North 
are represented by 1 cm. in the drawing. 


г. 600 metres are represented by 3 cm. » 


800 metres are represented by 4 cm. 


From the drawing and by measuring we find that 
AB - 5 cm. 


'. The norm of the displacement = 5 x 200 





= 1000 metres. 
East 
and the direction of the displacement 0 = 53° | 
(using the protractor) or 0 = tan! (4) zz 53° South 


. The ship is at a distance 1000 metres apart from the 
position A in the direction 53° North East. 


2 Let the drawing scale be each 10 km. in fact are 


North 
represented by 1 cm. in drawing 


'. 20 km. are represented by 2 cm. and 30 km. 
are represented by 3 cm. 


From drawing and by measuring we find that 
AB = 4.4 cm. 


'. The norm of the displacement = 4.4 x 10 = 44 km. 





and the direction of the displacement 0 ~ 37? (using the protractor) 
„. The ship is at a distance 44 km. from the position А in the direction 37° North West. 


TRY TO SOLVE 


If a car moved from the position A in the given directions till it arrived the position B › 


draw the path of the trip using a suitable drawing scale using your geometric tools ; 


from the drawing : find the norm and the directions of the displacement of the car 
(AB ) if the directions are : 


1 Adistance 1200 metres in East » then a distance 1600 metres in North. 
9 A distance 25 km. in East » then 30 km. in the direction 60? North East. 


2 A distance 50 km. in West » then a distance 40 km. in the direction Eastern North. 
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. Vectors 


| important notes | 


|1 | Any two vectors M and N could be added 
(finding their resultant) by constructing two 
consecutive vectors equivalent to the two 


vectors M and N as in the opposite figure. 





(2 | Shal rule of adding two vectors is true if the points A » 
P and C belong to the same straight line 








In the three opposite figures : АВ + BC = АС me. *1 
ALA | а PT 
| 3 | | АБ — BA |, where AB 4 BA = О (Zero vector) Cc. A в 
(4| In any triangle АВС: C 
AB«BC«CA-O. É | 
» because (AB + ВС) + СА = АС + CA- 0 | 
So » we can generalize this to any polygon. À В 
For example : р 
In the pentagon ABCDE › we get : 
AB+BC+CD+DE+EA=6 | : 
А В 


5 | In any quadrilateral ABCD : 


AB + BC « CD- AD | 





» because (AB 4 BC) + CD =AG4 CD = AD 


So » we can generalize this to any polygon. ү 

For example : 
In the pentagon ABCDE › we get : E B 
AB + BC + CD + DE = AE 
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unit Ф a oal 


— — Gump 


In the opposite figure : | 





4 vectors A 5 B j C 9 D. Represent graphically vector R ZN 
whereR=A+B+C+D | E 
4 Solution 


Draw the vector A as it is » then from its end point draw a vector 

equivalent to B , from its end point draw a vector equivalent to С 
» from its end point draw a vector equivalent to D then draw from B Ж 
the starting point of A to the ending point of D the vector R which “= 
is the resultant of these vectors. 


=ч! Ехатріе 3 gj — — ———— 
In any quadrilateral ABCD * prove that : AC - BC- AD- BD 


| Solution к —————— 





AC - BC = (AD + DC) - (BD + DC) 


-= AD + DC = BD - DC = AD - BD 
Another Solution : 


——M 000 ыыы e—a ш. шь _ lm. 





,RH.S.- AD - BD = AD + DB = AB (2) 


From (1) and (2) : .. The two sides are equal. 


— ———J«Sump — — 


ABCD is a quadrilateral in which 2 BC =3 AD » prove that : 





1 ABCD is a trapezium. 9 AC+BD= = AD 








, Solution , 
1 s BC = 3 D :. BC // AD 


»BC=3 AD ‘Le. BC#AD 





.. The quadrilateral ABCD is a trapezium. 
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2 ЛАРС: AC - AD + DC (1) E. 
In A DBC : BD = BC + CD (2) — p- 
. To prove that the quadrilateral is 
Adding (1) and (2) : -a trapezium » we prove that there 


———— = рь ыш ‚ exist two opposite sides parallel 


^ AC + BD = AD + BC + DC + Ср and not equal in length. 


= AD + BC + DC - DC 
=AD+BC=AD+3 Ар= 2 AD 


ЕСЫ, 


ABC is a triangle s D C BC » where 3 BD = 4 DC 
Prove that : 3 AB +4 AC =7 AD 








| Solution ; 
A 
> AB + BD = AD 
—.3 AB +3 BD =3 AD (1) 
^ AC +CD = AD 4 4 3 
-4AC+4CD=4 AD (2) 


Adding (1) and (2) : 

-.3AB+4AC+3 BD+4CD=7 AD 
3 AB+4AC+3 BD-4DC=7 AD 
but 3 BD = 4 DC 
-.3AB+4AC=7AD 





— — am 


I4M-3XY 24 ZY+7 YX 
» prove that : M=ZX 

— — — — —4À Solution , 
4M -AZY «7 YX «3 XY -AZY +7 YX -3YX 


NEN -4ZY -AYX -A(ZY + YX) -AZX 
М=7Х 
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Unit 4 


| TRY TO SOLVE m " apes 
1 ABCD is a quadrilateral. If AB- 2 DC » prove that : AD - BC = $ DC 





9 If5 N -4 BA =9 AB + 5 BC , prove that : N = AC 
b The second method : The parallelogram rule 


If AB represents the vector M and AD represents the vector N 


where the two vectors M and N have the same starting point A D anana 
e To find M + N › complete the parallelogram ABCD Р / An^ 
and draw its diagonal AC Pad / 
EY Rs A z— B 

» then AC represents the vector M + N M 

Le. AB + AD = AC this because AB + AD = AB + BC = AC 

Notice that : ADis equivalent to BC 
In the opposite figure : ^ —-------- 722 
If M is the point of intersection of the two diagonals of the Wow d 

=== ъ= ! M , 
parallelogram » then AC = 2 AM JAAN ; 
A B 


thus it will be AB + AD 22 AM 


We can get the same result if we notice that : AB + BM- AM ,Ар + DM = AM 
Adding we find that: AB + AD + BM + DM = 2 AM 

, ' BM =MD =- DM 

г. AB + AD -DM + ОМ =2 AM 


-. AB+AD=2 AM ‚ so we can deduce the following notice. 





Notice that A 
e—— 
In th ite figure : go 
n a opposite figure 2 M: ч М. 
If AD is a median in А АВС Pd М. 
‚Шеп AB + AC =2 AD C D 


cov 





























== Vectors 


ABCD is a parallelogram » M is a certain point in its plane » E is the point of intersection of 
its diagonals AC and BD Prove that : MA + MB + MC + MD =4 ME 





_ Solution р 
, but МА + МС =2 МЕ 

» where Е is the midpoint of AC 

» МВ + MD = 2 ME » where E is the midpoint of BD 


B MA + MB + MC + MD -2 ME +2 МЕ -4ME 





Subtracting two vectors geometrically 


If AB represents the vector M » AC represents the vector N 


» then CB represents the vector М-М 


NÉS o o Lex N | 
i.e.| AB- AC- CB 





» then AB- OB – OA » Where OB and OA are the two 
position vectors of the point B and A respectively 
г АВ = B — A 

For example : 

ГА = (553) » Bz(-254) 





„then AB= B—A =(-2 >4)-(5 93) =(-7 91) 
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= S ани 


As applying the previous rules of adding and subtracting vectors on two directed line 
segments » we should notice that : 


AD + Өс 


1 In the case of adding › the starting point of the second directed segment is the ending ` 
point of the first directed segment. : 








9 In the case of subtracting » the starting point is the same for the two directed segments. ` 


m o-ow- - mom =ош — B 


©з, —  —— 


ABCD is a parallelogram in whichA2(2.—2) › B=(4;~—2) » C=(2;3) 
Find the co-ordinates of the point D 





| Solution) — — — — — — —— 


'^ ABCD is a parallelogram 

> AD = BC 

5 D-A-C-B 
TDENTCOBESUScOS05955205-5) 2075 
^. The point D is (0 » 3) 
(TRY TO SOLVE 


If ABCD is a parallelogram in whichA=(X% 51) » Bz(552) » Cz(-35- 4) 
»D=(2 > y)» find the values of X and y 


———À 
ABCD is a trapezium in which: A = (1.1) » Bz(3.3) » Czs(S5.-1) » Dz(-5.k) 
1 If AB // DC » find : the value of k 
О Prove that: СВ L AB 
3 Find the area of the trapezium ABCD 
— Solution , 
e ABB Aud һө = ый 
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‚ОС=С-=(5›,—1)—-(—5 ›К)=(10,—1-К) 


i AB // DC 
“4 1-k)-2x10=0 
“ -4-4k= 20 7 k=-6 (First req.) 
," CB=B-C=(3 53)-(5 5-1) =(-294) » AB- (452) 
г. СВ АВ because -2x44+4x2=0 (Second req.) 
» | АВ | 24 16 - 4 = 20 = 2^[5 length unit ears) 
‚2 k=-6 ^. DC =(10 › 5) 


А | DC | = 100+25= 51/5 length unit. A 
a | СВ | = 4+16= 2^[ 5 length unit. ко) 
.. The area of the trapezium ABCD 


JAB|+]DC] ,—, 2454545 ord 
= ————————— x | СВ | = 2454545 x 245 = 35 square unit. (Third req.) 
2 
( TRY TO SOLVE 
ABC is a triangle in which: A= (3 52) » B=(2>,—1)andC=(-4 › 1) 
1 Prove that : AB 1 BC 
9 Find : The area of A ABC 


' Remark 
In the opposite figure : 





If A and B represent two adjacent sides of parallelogram 
» then (A + B) » (A — B) represent the diagonals of 
the parallelogram and hence lA-Bl-l1A-Bl 


if the figure is a rectangle 
| iel ALB 
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Lesson FOUT Applications on vectors 








Geometric applications ` 


We know that if AB = k DC sk#ž0 ; then AB and DC are: 


* carried by the same straight line 


е. А,В,С »Dare collinear. 


or 


e carried by two parallel straight lines 


е.) AB//DC 


AB // DC „|АВ{= IKII DCI and vise versa. 





For example : 
If ABCD is a quadrilateral in which AB=-3CD > then AB // CD ,AB=3CD 


Thus we can use vectors to prove some theorems and geometric relations as follows : 


Using vectors » prove that if two opposite sides in any quadrilateral are parallel and 
equal in length » then the other two opposite sides аге parallel and equal in length also. 


i.e. L The quadrilateral is a parallelogram. 
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Vectors 


Solution rsl 





` 


Given In the figure ABCD : 
AB // DC . AB = DC 

КТР. | BC// AD ,BC=AD 

Const. Draw AC 

Prof | ~ AB=DC,AB/DC ~ AB//DC 
In A ABC: AC=AB+BC (addition definition) 
In AADC: AC=AD+DC (addition definition) 
-- AB = DC . BC = AD 
Thus BC // AD , BC = AD 
<. The figure ABCD is a parallelogram. (Q.E.D.) 


Using vectors » prove that the line segment drawn between the two midpoints of two 
Sides in a triangle is parallel to the third side and its length is equal to half of this side 
length. 


—————————À Solution | —— 


Given In A ABC: D is the midpoint of AB Š 
, E is the midpoint of AC 
КТР. | DE//BC,DE- 4 BC 
Proof ' D is the midpoint of AB 
> AD= 1 AB, AD = 4 AB 
^ Eis the midpoint of AC 
. AE=4AC,AE=4 AC 
In A ABC : BC = BA + AC (addition definition) (1) 
In А АРЕ: DE = DA + AE (addition definition) 
= 1 ВА + 4 AC- 1 (BA + АС) (2) 
From (1) and (2) we deduce that : DE = 4 BC 
7 DE// BC ,| DE] - 2 |BC| 
<. The length of DE- i the length of BC 


To = 2 BC QED) 
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= GIDD — 


Using vectors » prove that the two diagonals of the parallelogram bisect each other. 
= = Solution pr—_ 


Given | ABCD is a parallelogram 


R.T.P. The two diagonals AC and BD bisect each other R : T 
Const. Let M be the midpoint of BD › then draw E P sd 

the two vectors AM » MC ". sal aN | 
Proof In A ABM : AM = AB + BM Coo B 


In A CDM : MC = MD + DC 
u BM = MD (by construction) 
AB=DC (Properties of parallelogram) 
2 AM» MC 
- AM з MC have the same direction and they have the common point (M) 
2 AyM „С are collinear »|| AM | 2 MC | 
^. M is the midpoint of AC . M is ће midpoint of BD (by construction) 
` The two diagonals AC and BD bisect each other. (Q.E.D.) 


— — emmm 


In the opposite figure : EN 
ABCD is a trapezium in which : AD // ВС, А 
<an М pet E 
BC=3AD,AD=M,AB=N wt / | 
—À» —" —— ш ыы: еа РА М 
1 Express » in terms of M and N » each of ВС › AC » Вр » DC Д ғ, 
9 If X EDB where DX = + XB j C 


3 
» prove that : The points A » X » C are collinear, 


^ Solution , 
1 - AD// BC › BC=3AD 
BC =3AD=3M 
, AC =AB+BC=N+3M , BD=BA+AD=-N+M=M-_N 


,DC=DA+AB+BC=—-M+N+3M=N+2M 
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_ — Vectors 


2 DX=4 XB г ХВ =3Хр m m 
; X€BD - XB=3 DX Е 
In A BCX : ` 
' XC = XB+ BC =3 DX +3 AD=3 (DX + AD) 1 4 
=3 (Ар + DX) =3 AX 
à XC: AX have the same direction and have the common point X 
*. A» X › С are collinear 
D X A 


In the opposite figure : 
ABCD is a parallelogram » X C AD » Y GBC such that AX = CY 


Using vectors > prove that : XY » BD bisect each other. Да Ы 


КА = (2 51) s В= (155) » С= (6 9-3) аге the vertices of a triangle 


» find by using vectors the coordinates of the point of intersection of its medians. 


— i SON ———— ————— — " 


9 


• Draw ће median AD in A ABC , M is the point of intersection 


of its medians. 


‘ The point of intersection of the medians of the triangle 


divides each of them by the ratio 2 : 1 from the vertex. е = в 
J AM - 2 AD B AD = 3 AM (1) 
In AABC : AD is a median x AB + AC- 2 AD (2) 
From (1) and (2): AB + AC =2( 3 АМ) 
> AB+AC=3 AM n~ В-А+С-А=3(М-А) 
n~ B+C-2A=3M-3A  B+C-2A+3A=3M 
D 3M=A+B+C 2 М= І (A+B+C) 


. М= 4 (2+1+6,1+5-3)= 4 (9,3) =(3,1) 


.. The point of intersection of the medians of the triangle is (3 » 1) 


(VV Et) fout V ou - oto, - мазе! 161 





Unit 4 — 


‘ Important remarks to solve the problems of the quadrilateral shapes 








* To prove that the figure is a parallelogram › we prove one of the following properties : 


1 | Each two opposite sides are parallel. 
19 Each two opposite sides are equal in length. 
3 | Two opposite sides are parallel and equal in length. 


4 The two diagonals bisect each other. 


To prove that the quadrilateral ABCD is a parallelogram » we prove that BC // AD 
» ВС = AD i.G.| we prove that BC = AD 


+ To prove that the quadrilateral is a rectangle, rhombus or square: then we should 


prove first that the quadrilateral is a parallelogram as previous: then : 


For example : 
e To prove that the parallelogram is a rectangle we prove one of the following properties: 
4 | Two adjacent sides are perpendicular. 
| m 
| For example : AB 1 BC 
(9 | The two diagonals are equal in length. 


AC |=||BD| 








For example : 





e To prove that the parallelogram is a rhombus we prove one of the following properties: 
| Two adjacent sides are equal in length. 
АВ=ВС 








For example : 
10 | The two diagonals are perpendicular. 


For example : AC L BD 


| © To prove that the parallelogram is a square we prove one of the properties of the 


| rectangle and one of the properties of the rhombus together. 


ШШ,  — 


ABCD is a quadrilateral in whichA-(0.1) » В=(4.5) › C=(1,8) » Dz(-3.4) 
Using vectors » prove that : The quadrilateral ABCD is a rectangle : then find its 





perimeter and its area. 
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/ Solution 





С AB=B-A=(455)-@51)=(4 54) 

; DC-C-D-(158)- (-354) = (4 94) 

~ АВ= DC <. The figure 15 a parallelogram (1) 
; 9 BG 50 ВБА 68) ыз 8 33) 

г. АВ 1 BC because [Ax -344x3 20] (2) 
From (1) and (2) we deduce that the figure ABCD is a rectangle 


« | ABI =9(4 + (4? =4 42 
,] BC l| C33 +B" = 3 42 
.. The perimeter of the rectangle = 2 (4 2+3 42 ) = 1442 length unit. 


» the area of the rectangle = 4 42 x 3 42; — 24 square unit. 





ABCD is a quadrilateral in which A= (5 3) › B-(3.-2) » С=(-2,-4) » D=(051) 


Using vectors » prove that : The figure is a rhombus : then find its area. 


— — — —3À Solution , 


кы 


ы AB- B-A- Q5-2)-(553)- - 25-5) 

Е O.- 0 9-4) (09) = 95) 

^. AB = DC 

.. The figure is a parallelogram (1) 
s AC = CsA rd (583077) 

BD = Db =0 41) 6-23 58) 


"P AC 1 BD because [-7x-34 (7) х3 = 0] (2) 
From (1) and (2): '. The figure is a rhombus 


PAC =C7?+C7=7 {2 oi BDIl=1C3"+Gy =3 42 


.. The area of the rhombus = = the product of lengths of the two diagonals 


х 7 {2х3 V2 = 21 square unit. 


SS) ee) 
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( TRY TOSOLVE_ 
ABCD is a quadrilateral in which : 











A=(-154) » B=(1;1) » Cz(-15-2) » Dz(-3»1) 


| Using vectors » prove that : The figure is a rhombus » then find its perimeter and its area. 


Physical applications | 





ЕМ The resultant force 


e The force : is a vector passes through a given point and acts along a straight line. 


e The force : is represented by a directed line segment and it is drawn by a suitable 


drawing scale. 





For example : 


1 А force of magnitude Е, = 10 Newton acts . 1 Consider e a unit vector in the 


in the East direction. East direction. 


9 Choose a suitable drawing scale 





F,=10e "Each 5 Newton is represented 
=, . , ing by 1 cm". 
F, is represented by a directed line segment on crawile x - | 
: e ra rcr o Emm 0077 ae 
of length 2 cm. — ape 
e. 

9 Aforce of magnitude 15 Newtons towards West. x F, =10 
5 еи ЕЕ. M — 
F,z-15e i 
—»- е 
F, is represented by a directed line segment of length 3 cm. F, =15 


Friction force : 





It is a mysterious force » its effect appears only 


when we try to move a body on a rough plane. 


This force acts always in the opposite direction 





of motion. 


e If the impetus force is greater than the friction force » then the body will move. 


e If the impetus force is less than the friction force » then the body will still at rest. 






The resultant force (Е) m Е 
The forces acting оп an object are subjected to the processes of adding vectors. 
The result of this operation is known as the resultant force acting on the object where 


















































Vectors 


For example : 


1 If the force F, of magnitude 8 newton acted towards East » then another force F, of 


magnitude 4 newtons acted towards East also. 


e Let e be a unit vector in the East direction 


a b 5 a e 

"Бу = ве, Е, =4е Ес 
eee у " Е =8е E-4e 

z= The resultant force F = F) +F, =8e+4e=12e — E pl 


i.e. | F= 12 Newton acting towards East. 


2 As trying to move a body under the effect of a force F, of magnitude 12 newtons and 


the magnitude of the force of friction is 7 Newton. 
e Let e be a unit vector in the direction of motion 


7. The impetus force of the body F, -12e T 





› the friction force F, = 7e E--7e Е =12е 
d LES LE = = x ae: hk 
<. The resultant force F = F +F,=12e-7e=5e 
1.6. F= 5 newton and acts in the direction of motion. 
. Remark 
Forces are measured in dyne » newton » gm.wt. » kg.wt. | 


The forces Е, =51+2ј з F,--2i47j , F, 23i- j act ona particle 


Calculate the magnitude and the direction of the resultant of these forces 


(given that the forces are measured in newton) 








F 


Solution j 


'" The resultant of the forces F = F, + E, + F, 


.F25-243)i* 47-1) j=6i+8j 





.. The magnitude of the resultant = | F | =] (6) + (8)? = 10 Newton. 


» the direction of the resultant Ө = tan! ( ё ) z= 53° 
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Write in terms of the unit vector e the resultant of the forces shown in each of the following : 


emm 





— 


— е 
е 
——ь- 


400 dyne 
14 kg.wt 30 kg.wt ee eee 
m | 470 dyne 
Fig. (1) Fig. (2) 











65 newton 4^ V. 
| 120 kg.wt 
Fig. (3) Fig. (4) 
— 1 Solution — ————— 
Fig.(1):30e-14e- 16e Fig. (2): 470 e +400 e=870e 
Fig. (3): 65e-68e=—3e Fig. (4): 1200e-75e=45e 


/ Remarks 








| If the two forces are equal in magnitude and act along the same line of action in two 
opposite directions » then the resultant force F = 0 


mE 


(2 | If the resultant of a system of forces meeting in one point = О 
» this means that this system of forces are in equilibrium. 


If F, - (5 »—3) › F,-ai-2j 5 Е, =(-7 » b) act on a particle. 
» find the values of a and b if : 


1 The resultant of these forces = i — 4} 9 The system of these forces is in equilibrium. 





— ‘Solution — 
F=F,+F,+F,=(6i-3+@i-2j)+(-7it+b j)=(+a—7it(-3-2+h)j 
1 -F-i-4j 
лаъ) 1-1-4 j 
75 +а-7= 1] a= 3 
,—-3-2+b=-—4 b=] 
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2 + The system is in equilibrium n~ F=0 


A533 еб 8-2 beb 


“9 +а-7 = 0 “а= 2 
—-3-2 +6 = 0 “~ b=5 
(TRYTOSOLVE __ 


If the forces F, = 51+ 19] , F, = 61-3] , F,--4i4 8 j act on a particle 
» calculate the magnitude and the direction of the resultant of these forces 


(given that forces are measure in dyne). 


FA, The relative velocity 


* The train passenger may imagine that his train moves 
backwards when he sees from the window another train start 
motion in the same direction » but at last he discovers that his 
train still at rest when he sees again from the other side to the 


station building which is fixed at its position. 


e When the driver of a car sees another car in front of him moving 
with speed less in magnitude than the speed of his car. It seems 


to him that the other car is moving back. 


e When the driver of a car sees another car moves in his direction 





» it seems to him that it moves slowly while when he sees 
another car moves in the opposite direction » it seems to him 


that it moves with great speed. 


b, The relative velocity vector _ 


If У, is the actual velocity vector of ће body A and Vs is the actual velocity vector 
of the body В › then 


1 V, A 1$ the relative velocity vector of the body B with respect to the body A 
NBA Б VA 


It is the velocity that seems the body B moves with it » if we consider that the body 
A is at rest. 
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9 V Ap is the relative velocity vector of the body A with respect to the body B 
МАК Age YB 


‘It is the velocity that seems the body A moves with it » if we consider that the body 
B is at rest. 


GN — 


—— ———“ 








А саг A moves on a straight road with velocity 80 km Ли. and a car B moves on the same road 


with velocity 60 km /hr. Find the velocity of the car A with respect to the car B if : 
1 The two cars move in the same direction. | 


9 The two cars move in opposite directions. 


————————À4 Solution , 








Let e be a unit vector in the direction of motion of the car A 20e 60е 


1 The two cars move in the same direction. 





У, =80е, Ур = 60е 


2 The two cars move in opposite directions. 


==. 


„У, 28065 Vy 2-606 





==. 


„Улв=Ўл-Ув=80е-(—60е)=140е 
і.е. The driver of the car B feels that the car A moves with velocity 140 Кт Л. 


— — — Amm — 


A motorcycle (A) moves with velocity 50 km/h. its rider feels that a car B moving in 
the opposite direction with velocity 110 km/h. with respect to him. 


Find the actual velocity of the car. 
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Solution r 


Assuming that e is a unit vector in the direction of the motion of the motorcycle (A) 
ze У, =50е » Vg, == ПОе 


Ур = У-У 2 - ПОе= У 50е 





2 Vg --110e +50e=-60e 


i.e. |. The car B moves with velocity 60 km./h. in the opposite direction of the motion of 
the motorcycle (A) 


(TRYTOSOLVE >  — 
А car moves on a straigh road with velocity 80 km/h. If a motorcycle moves on the same 


road with velocity 30 km./h. Find the relative velocity of the motorcycle with respect 
to the car in each of the following cases : 





1 The motorcycle moves in the same direction of the car. 


9 'The motorcycle moves in the opposite direction of the car. 
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Unit Lessons 





Lesson One : Division of a line segment. 
Lesson Two : Equation of the straight Line. 
Lesson Three : Measure of the angle between two straight Lines. 


| Lesson Four : The length of the perpendicular from a point to | 
a straight line. | 


Lesson Five : General equation of the straight line passing through 
the point of intersection of two lines 








Learning outcomes 





By the end of this unit, the student should be able to : 


* Find the coordinates of the division point of a line segment internally or externally if 


the ratio of the division is known. 


e Find the ratio by which the line segment is divided internally or externally if the 


coordinates of the division point are known. 
e Recognize the different forms of the equation of the straight line. 
e Find the vector equation» parametric equations and cartesian equation of the straight line. 
e Find the general form of the equation of the straight line. 
e Find the equation of the straight line in terms of the intercepted parts of the two axes. 
e Find the measure of the acute angle between two straight lines. 
e Find the length of the perpendicular drawn from a point to a straight line. 


e Find the general equation of a straight line passing through the point of intersection of 


two straight lines. 





















































o И ~ 
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Lesson One — Division of a line segment 





- If AB is a directed line segment C- AB ; then any point C C AB divides AB into two 
directed line segments AC , CB » where AB = AC + CB 
If the point C divides AB by a given ratio m, : m, and гу э г, ‚т are the vectors which 


are represented by the directed line segments OA 5 ОВ , ОС where О is ће origin point. 


115 m4 
mi ma L----0- | 
Bm -Сә=-<<„А С гс B =. А Bec А „2з С 
| / E . m, | JU A ma P. 
yg da | / f ж 
се — / Р a — == f_ = с и T2 Р, ft 
10 uu n E A бе Fn "2 "a e 
y^ ^ \ F / Fa 
PA / 7 
Ó O О 
Fig. (1) Fig. (2) Fig. (3) 
АС _ т iz se 
Then —— = —— ту ХАС =m, x CB 
CB m 
jdn; (СА) =m, (B-C) шю, (т—-гу)=ш„(т›-[Г) 
“1 (m + т) =m, r +m, r, 
— m,r-cm;r чар 
‚ r=_! ! 2 2 which is called the vector form 
m, + m, 
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= = Straight line —— —  —— 


| Remarks 


If C CAB › then C divides AB internally » then AC and CB have the same 
direction and the two values m, and m, are positive. 


a 


• m, 0 8 1 
Le om ^ [Fig. (1)] 


I9 |С C AB CE AB , then C divides AB externally » then AC and CB have two 
opposite directions and one of the two values m, and m, is positive and the other 
is negative. 


~ | 2 : . 
һе. | — <0 › in this case we have two cases : 
Ж 


First : | m, |> |m,|> then C CAB CE AB [Fig. (2)] 
Second : | m, |«|m, | > then CC BA ; C AB [Fig. (3)] 





== AC - m 
з) ЛАСІ рр Tel acum 
үбү 7 CB my, 


* If we assume that A = (X, »y,) »B=(X, (y) »C=(X » y) 


TL m, r +m, f» 
І m, +m, 
m,(X, »у,) +, (0 әу) (т X,+m,X,, m, y, + m» y) 
Me (X У) HH, °° 2, 
7. (Хэу) = ( р Rai a з Ар mS ) which 15 called the cartesian form 
m,+m, m, +m, 


ae fm), gl 
x. РА LET \ 4 РД 


• We can use the opposite figure to facilitate finding the У; Li 
* AN * i? 
cartesian form. d X i B 
X, N my 4 У, 
Cup — —-— 


If A-(1:—4) » В= (656) » find the coordinates of the point C which divides AB 
internally by the ratio 3 : 2 








‚ Solution j 
Notice that SUN 
= m ==ъ 
^ C divides AB internally = = = 3 C divides AB 
T = 1 ES E 
== m, r; + m, Г, Fa гу=А(1 »—4)» г, =В (6 » б) 
ds m, +m, 
. 7 209-4 * 3(6 56) -( 2х1+3х6. 2x-4+3x6 )=(4 ,2) 
2+ 3 5 5 
`.С=(4›2) 
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Unit 5 


Another Solution : (Using vectors) 





i, 2 3 
'- C divides AB internally by the ratio 3 : 2 asinis t iced 
AC 3 — AA B С А 
M анаа “2AC=3 CB и 
CB 2 3C (6,9 y) (15-4) 


7202-1 5у+4) = 3 (6-Х56-у) 

0 Х-2 ,2у+8) = (18-3 Х,18-3 у) 

7.2 Х-2= 18-3 X then Х= 4 

,2у+8= 18 - Зу › ћепу= 2 

7С = (4 52) 

— ED 

If = (2.—3) , В = (1.- D) , find the coordinates of the point C which divides BA 
externally by the ratio 4 : 3 


— — — —4 Solution 











О — m, _4 Notice that = 
' С divides ВА externally ~. am ТЕ *s 
& m | TENER a 

~ пу гу Г, соме ВА 

L7 m +m, nrnzeB(l;-1»r,AQ;-3) 
es 3(1 »-1) C4) 2 »—5) -( 3x1-4x2 DTE b ,— 9) 

3+ (- 4) si =] 

Ace 6 »—9) 


Notice that : We consider the ratio of division 


m,:m,=—4: З and if we consider it 4 : 3 » we will get the same result. 





= Sil „уа .— 
r= -3( »—1)*4Q :—3) =(5,—9) 
=) +4 
Another Solution : (Using vectors) 
' C divides BA externally by the ratio 4 : 3 prc S ca 
, BC 4 MOT mnm B C = 
КАС B ..3ВС=4АС (6,6) (х,у) (1,—4) 


~3(X-lsyt+l=4(X-2 sy +3) 
~3X-353y+3)=4X-8 4y +12) 
„3 Х-З= 4х 8 , Шеп Х= 5 
‚3у+3=4у + 12 , ћепу= – 9 

= С=(5,—9) 
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——————2::—.— Straight line 


— CI 


IfA=(35-1) » B=(5 ,2)and C E AB such that 2 AC 23 CB 
> find the coordinates of C if: 








1 The division is internally. 2 The division is externally. 
— Solution ,— 
m 
e2ACZ3CB 446-23 .|2[-.3 
CB 2 m, 2 ; А 
1 If the division is i 15 _3 gai ey, мены. 
e division is internally » then => ————-———% 
oe =e m 2 B C A 
ua Hp TAE 2 (3 5-1) +3 (5 »2) -(21 4) 
duis m+m, — 243 “5° 5 
a Ca E = 
2s -( 5” 5) 
m 
2 If the division is externally » then — = 3-3. 
- «= w -2 и 
- ЖТ ШЫЛ _2(35-1)+3(5 52) с р 
Г —————— E RR = 9 8 d»- 
m, + m, —2+3 ( : ) 2 
"С = (9 › 8) 


Notice that : |m,|»|m,|» thus C EAB C AB 


Another Solution : (Using the cartesian form of the point of division) 


c-( m, X, +m, X, m, y, * m, y, ) 


m,+m, m,+m, Ж 
3 № CN. Ж 1 
1 А = (3 » — 1) 9 В = (5 » 2) , m,:m, 23:2 Y ш Мы 
| с=( 2x343x5 2х-1+3х2 ) = (2! 4) й Nav М 
. = тсс 988 — a 9 ^ 2) 
2+3 2+3 5 5 = 
9 A=(3 ; — 1) , В = (5 » 2) 5 m,:m,=3:-2 3 On "x 
LR / 
= —2х-1+3х2 ^ 
„C= ( ee: E Sg cee E ) = (9 58) A = Y 
-2+3 =2F3 iili. É М 


(TRYTOSOLVE |.  — — — 
Az(152) > В=(8›— 5) Find the coordinates of C which divides AB 
by the ratio 4: 3 if: 


1 The division is internally. 9 The division is externally. 
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Notice that 
222 


If C is the midpoint of AB where A = (X; 2y) 9B = (X, >y,) >thenm, = m, = т 


mry+mr, m (r +f) 


x T= н: ^ш 
r m+ m 2m B. Ja m 
- n+ (02,72) O91) 

" pa! 2 the vector form P 

л 
X, +X + | 
2 (Х›у) = аса 2105, the cartesian form. 
y 2 ? 2 





СЮ 


If = (-1,4) › Bz(5.-2); find the coordinates of the two points C and D which 
divide AB into three equal parts in length. 





-4 Solution , — —— 
— m yc ne 

' C divides AB internally by the ratio — = 1. "up Ur ин 

- 2(-1»4)*(55-2) " s B D € 
“P= (1 2) 

2+ 1 

“ C=(1 52) 

; "^ Dis the midpoint of CB 

— +- "S 
7 po. US SOM e » 0) 

2 2 

7.0 = (3, 0) 


We сап get the coordinates of D also regarding that it divides AB internally by the ratio 


m,:m,=2: 1 

«шан EM 
ABCD is a parallelogram in whichA2(5.2) » В = (0,3) » Cz(-2»5- D 
Find the coordinates of the vertex D 











== et Solution —= 
Let D = (X » y) 
‘ The two diagonals in the parallelogram bisect each other 


. The midpoint of AC = the midpoint of BD 








ge R 2 X= 
2 2 
2-1 3+y 
= —_—— Soy == 2 S D= 52 
=; ; y (3 »—2) 
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Straight line 

















' Remarks 





* To prove that the points A » B and C are collinear » then we prove that : 
either AB =k AC , К+ 0 (using vectors) 
or the slope of AB - the slope of AC (using the slope). 


| 


or AB = BC + AC (using the distance between two points where AB is the longest length). 


* If C divides AB by the ratio m, : m, then the division is : 


: = m 
(1 | internally if at. is positive. (9 | externally if = is negative. 
| 1 1 


Prove that the рош(5А=(1›,-3) » B=(—2;,-9) , С=(5»5) are collinear › then find : 
1 The ratio by which the point C divides AB 


2 The ratio by which the point A divides BC 


Бенаво, 


 AB=B-A=(-2 5-9)-(1 »-3)=(-3 »-6) =-3(1 2) 


; AC2C- A -(555)- (15-3) = (4 98) =4 (1 52) ^ AC=-4 AB 
^ А » B › Саге collinear » B » C are in different sides of the point A 
AC pL. cse dns 
Ld] = 4 » and we deduce that : ae al M. 
| AB | е ш е 


1 C divides AB by the ratio 4 : 7 externally. 
2 A divides BC by the ratio 3 : 4 internally. 


Another Solution : (Using the slope) 








M The slope of AB = ete = 2 
‚ the slope of AC = EE =2 


“А ‚В 5C are collinear 


1 LetC=(5 , 5) divide AB by the ratio m, : m, 


| 15 “3 
m,—2m, K AEN Pi 
М Àez- 5 “m,-2m,=5m,+5m з „ WE 
m+ m, 1 2 1 2 IN. + 7 X. 
il m, 4 . РА Ny, oa РА М 
"n 4m =-7m, i. = -7 (negative) -2 (m 0 
1 


г. C divides AB by the ratio 4 : 7 externally 
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9 LetA = (1 »—3) divide BC by the ratio m, : m, Е 


-2 10 + 5 Қ: = 
E ==] -2m +5 0, =m +0, у + 





m, tm, 


3 А | In, _3 uu й | "Y | М 5 
“ 3m,=4m, ^а 74 (positive) (my) 


г. A divides BC by the ratio 3 : 4 internally. 


Third Solution : (Using the distance between two points) 


с AB=V (14+ 2)? +(-3 +9) = 35 length unit. 
‚ВС =) 2-5) +(-9- 5) = 745 length unit. 
» CA=V (1-5) +C 3-5) = 445 length unit. 


ВС = АВ + СА pP EM 


== 345 С. 
А.В » Care collinear ; СЄ AB ‚Ав 315 3 C A B 


AC 445 ^ 


г. C divides AB by the ratio 4 : 7 externally and A divides BC by the ratio 3 : 4 internally. 


" GUB. ——— 


Find the ratio by which AB is divided at the two points of intersection with the coordinate 
axes if = (4 ,—3) » B=(-3 , 5) » then find the coordinates of the points of division. 























1 Solution I ——— 


First] : Let C (X » 0) be the point of intersection of AB with the X-axis 


m, X 5+m, x 3) 





0= m+n, “ 0=5m, -3m 
m 
“ 5m =3 щу D—2:2 


-. AB is divided at the point of its intersection 
with the X-axis by the ratio 3 : 5 internally. 


X= m X +m, Х, 
en m +m, 
_5х4+3х-3 _ 11 


| 0 345 8 
+. C (the point of division) = = s0) 
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Straight line 


Second | : Let D (0 » y) be the point of intersection of AB with the y-axis 


m,x—3+m, x4 
O= mrm 0=-3m,+4m, 
_ 08S. & 
.3m,-4m, "ee B 


-. AB is divided at the point of its intersection 
with the y-axis by the ratio 4 : 3 internally 


„y= m; y; + m, y, 
m,+m, 
Е 3х-3+4х 5 _11 


3+4 07 
| ; T 11 
. D (the point of division) = (0 5 





( TRY TO SOLVE | | | 
If = (253) ,В = (~ 2 » 1) find the ratio by which AB is divided at its intersection point 
with the X-axis » then find the coordinates of the point of division. 


Gump 


If Az (2,1 ,В = (1,5), С = (6 ›—3) are the vertices of a triangle , 
find the coordinates of the point of intersection of its medians. 








— — — — — AGERE 





The point of intersection of the medians of the triangle divides each of them internally by the 
ratio 2 : 1 from the vertex. 


Let D be the midpoint of BC 


É2(— en) 


» E (the point of intersection of the medians) divides 


A 











AD internally by the ratio 2 : 1 


2x 4 41x2 
E — € 2 ^ | 
2+ 1 \ P d ЧА. РА е 
+ ) 
ieee RE A AN 
2+1 1^ NY w 
AES (Susi 
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/ Remark 


If ABC is a triangle whose vertices are A= (X, »y,) 
»B=(X, ›у,) C = (ЖХ, »y3) and the point M is the 


| point of intersection of its medians » then 


m 


AQXG,Y1) 





7 


X, +X, +X, yi +у, +y} ) 
3 3 


C(X4,Y43) D В (X5,Y5) 





The previous example can be solved as follows : 








a, nh эу (3t 22-*)-0.0 


Notice the difference 


em 


If C C AB and: 

4 AC 22 CB › then C divides AB internally. 

[9] AC =—2CB › then C divides AB externally. 

\З|АС =2 CB : then C divides AB internally or externally. 
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Lesson TWO Equation of the straight line 


You studied in the previous years that : 

• The general form of the equation of the straight lineis aX+by+c=0 
where a » b sc are real numbers » a and b are not equal to zero together. This equation is 
represented by a straight line. 


For example : 
The relations : X4'[3y-26 ‚ Y=3 >» X-4=0 
represent straight lines » but the relations : y Hx =4 5 X+ : =5 


do not represent straight lines. 





[А The slope of the straight line 


1 If the straight line L passes through the two points (Ху yp > (2, »у,) 
Difference between у coordinates у, -у | 
Difference between X coordinates X,-X, 





» then m (the slope of the straight line) — 


For example : 
The straight line which passes through the two points (1 » 3) › (4 » 2) 


| 2-3 1 
» its slope equals MA 





2 If the equation of the straight line is in the forma X+by+c=0 


— The coefficient of X 


seme STO pe QUIUIUSECRUE REMIT SES ese 


For example : 
The straight line whose equation is: 5 X +2 у +7 = 0 »its slope = = 
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3 If the equation of the straight line is in the form y = m X + с 
» then its slope = m and intercepts from y-axis a part of length = the absolute value of 
the number c » and it passes through the point (0 » с) 


For example : 
The straight line whose equation is : у= 3 X — 5 » its slope = 3 and intercepts from the 
negative part of y-axis 5 length units and it passes through the point (0 » — 5) 


4 If 0 is the measure of the positive angle » which the straight line makes with the 
positive direction of X-axis » then the slope of the straight line — tan 0 


For example : 
If the measure of the positive angle which the straight line makes with the positive 
direction of X-axis = 45°, then the slope of the straight line = tan 45° = 1 


So » we notice that the slope of the straight line changes as the measure of the 
angle 0 changes as follows : 




















(1) acute (2) obtuse | 
: | 
If the slope is positive If the slope is negative 
ИЕ. 
N 
м, 
N 1 
x | М \ х 
О “i 
y 
(3) zero | (4) right 
If the slope = 0 | If the slope is undefined 
L 
L 
x» _ | Ж | C i „Хх 
o| | O 
y | p 


5 The slope of X-axis and the slope of any horizontal straight line (parallel to X-axis) 
are equal to zero. 
6 The slope of y-axis and the slope of any vertical straight line (parallel to y-axis) are 
undefined. 
• If the slope of AB - The slope of BC ; then the points A » B and C are collinear. 
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DUL relation between the two parallel straight lines and the perpendicular straight lines 
If L , and L, are two straight lines of slopes m , and m , respectively » then : 
1 L,//L,€» m =m, 
1.6. The two parallel straight lines have equal slopes and vice versa. 
2L,lL,e m,xm,=-1 
(unless one of them is parallel to one of the two coordinate axes) 


1.6. The product of the slopes of any two perpendicular straight lines = — 1 and 
vice versa. 

For example : 

If the straight line L , passes through the two points (3 » 5) » (- 3 »- 1) 


» then its slope т | == 1 


and the straight line L, » whose equation is 3 Х—3 y + 5 =0 its slope m, = Е =1, 





where the straight line L , makes with the positive direction of X-axis a positive angle 
of measure 135° 


-. Its slope m, = tan 135° = – 1 


"m,-m, “LVL, 
"m,xm,4-l1x-1--1 hc eee ee 
.m,xm,=1x-1l=-1 “LLL, 


e Any two different points in the plane one and only one straight line passes through them 
» and from any point outside this straight line we can draw another unique straight line 
parallel to it. 


* To determine the equation of any straight line » then we should know two information : 
about this straight line. 
1.6. We know two given points on it or a point on it and its slope or something like this as 
will be shown in the following explaination. 






Definition of the direction vector of any straight line : 





Every non-zero vector can be represented by a directed line segment on a straight line is 
called a direction vector of this straight line. 


In the opposite figure : 


Each of XY 9 YZ з ZX 9 YX is a direction vector to the ee X 


УЗЕ Ү 
straight line Г, Lum 


eIfuzO 5u// the straight line L » then u is a direction vector to the straight line L 
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e If u = (a » b) is a direction vector to a straight line » then ku is a direction vector to 





the same straight line » where k CIR 


For example : 
If u = (3 , 4) is a direction vector of a straight line » then each of the vectors (6 › 8) » 
(—3 .—4) » (1.5 »2) » (15 » 20) » ... is a direction vector of this straight line. 


Notice : 
E d 
If u = (a » b) is a direction vector of a straight line » then the slope of this 


b 
straight line = — and vice versa. 


For example : 
If (2 »— 3) is a direction vector of a straight line » then the slope of this straight line = 22 


and the straight line whose slope = = » ther the vector и = (7 » — 4) is a direction vector 


to it. 





PN The different forms of the equation of the straight line 


• If Lis a straight line passing through the point A » u is a direction vector to it and 
assuming that a point B lies on the straight line L » and Aa and r are the two vectors 
represented by the two directed line enue OA and OB respectively. 


» There exist a number К ER” such that AB=r—A=ku D» в 
т=А+К u «This form is called the vector equation — T р / 
of the straight line » =/ | Ё. 
where К is а real number called a parameter and at each value of | 
the parameter k we can find a point on the straight line. / / 
O 


e Assuming that B = (X sy) »A- (X, »y ) »u — (a » b) 
'. The equation of the straight line is (X » y) = (X, »y ) +k (a »b) 
.X=X,+ka >. y=y,+kb «This form is called the parametric equations of the 
straight line » 


X-X] yc» w— и 
= К 1 = К eliminating К from the two equations : 














ay ? b 
‚Х-Х, у-у, 01 B 
а ~ b X-X, ^ а 
>. The slope (m) =— 
^s en 


=m «This form is called the cartesian equation of the straight line » 





шугу» 
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Straight line 


We can summarize the previous in the following: . 


The straight line L which passes through the point A= (X , » y ,) 


and the vector u = (a » b) is a direction vector to it » then: 
e The vector equation is | r=A+ku | 
ie.| (oy S (Ху) +k (a ob) 


e The two parametric equations are x =X,+ka » y=y,+kb 





e The cartesian equation is 








Find the different forms of the equation of the straight line which passes through 
the point A = (3 » 2) and u = (- 2 » 1) is a direction vector of it. 


___—.,, Solution — 


e The vector equation of the straight line is: r = А +k u 


2150.52) ee Dis 1) 


i.e. | (X sy) = (3-2) +К C251) 


e The two parametric equations of the straight line are : sensi © 


Х=3—-2К 5 y=-2+k 
“ (— 2 »1)1s a direction 


e The cartesian equation is : , ; 
d vector of the straight line. 





y + 2 = 1 ! 3 
x3 2 |. «. The slope of the straight — 


A a : line = — 


7. The general formis: X+2y+1=0 
Another solution to get the cartesian equation 
Eliminating k from the two parametric equations 


‚ Х-3 у+2 
= ый 1 


e. Х+2у+1=0 
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— ——— CoD 


Find the different forms of the equation of the straight line which passes through 


the point (– 2 » 1) and its slope = — 4 





| Solution à 


~ The slope = – E 


.. The vector u = (5 » — 4) is a direction vector of this straight line. 
* The vector equation is : r- (-251)+k(5 5-4) 

Le. (Xsy)=C2:1)+k6 5-4) 
• The two parametric equations are: Х=- 2+5 К 5 y=1—4k 


yh eu 


XD” © 
.. The general form 15:4 Х+5у+3 = 0 





• The cartesian equation is : 


( TRY TO SOLVE МЕ Е 


Find the equation of the straight line which passes through the point (1 » 4) апа 


makes with the positive direction of X-axis an angle of measure zs 





N The equation of the straight line given two points lying on itP=(X, sy,) »>N=(X, »у,) 
Let the vector u = PN = N - P be a direction vector of the straight line 


.. The vector equation 15 т=Р+ k (М – Р) 
D m AT 
» ' the slope (m) = Б CE 
substituting by the slope in the cartesian form 
| | , X DT = s [| 
г. The cartesian form is =x = ko 





Find the different forms of the equation of the straight line which passes through 


the two points : P= (3.—1) ,N=(-2 › 4) 


| Solution j 








—_ 


u-N-P- (—2 »4)-(3 ,- 1) = (5 › 5) is a direction vector of the required straight line. 


BA u = 1 u = + (—5 55) = (~ 1 » 1) is a direction vector also of the required straight line. 


1 
^. The slope of the straight line = — = 1 
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.. The vector equation isr=P+ku as r- (3 5-1)+k@€l1 21) 

de.] (Х›уу)у=(3,-1)+К(—1›,1) 

.. The two parametric equations are: Х=3 - К » y=-1+k 

=—1 

de] у+1=-х+3 7. The general form is : y - X- 220 





; T" ia 
.. The cartesian equation is : > 


Remarks 


|1 | The equation of the straight line which passes through the origin point O (0 » 0) is : 


* The vector equation is P —k i » Where u is the direction vector of the straight line. 
* The cartesian equation is y =m X » where m is the slope of the straight line. 

2 | The direction vector of the straight line passing through the origin point and the 
point (X, »y )isu = (X, »y,) 

(3| The straight line which is parallel to X-axis and passes through the point (X , » y ,) 
The vector i = (1 »0) 1s a direction vector to it. 

its vector equation is : T= (Хуу) k(l >0) | 
pee У 0 "S 


its cartesian equation 15 : EX. xu I.e. |. узу 


,4 | The straight line which is parallel to y-axis and passes through the point (X  » y j) 
The vector j = (0 » 1) is a direction vector to it. 





its vector equation is: r = (X, »y ) + k (0 » 1) 





7 ' es С =.) 
its cartesian equation is : (undefined) Le.| X=X, 


1 
Гатри MAO 
[5| The equation of X-axis is y=0 or r=k(1 50) 


| (6| The equation of y-axis is x =0 or r-k (0 51) 


Find the vector form and the cartesian form of the equation of the straight line which 
passes through the origin point and the point P = (– 3 , 5) 


Solution ! 








‘ The straight line passes through the origin point 


'. The vector u = (— 3 » 5) is a direction vector to this straight line. 


» the slope of the straight line — “2 

.. The vector equation is : r ek u "rm k (3 »5) 
› the cartesian equation is: y = m X 

ny=-2 Х < 3y+5X=0 
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Unit 5 


N The perpendicular direction vector of a straight line 





e Ifu = (a » b) is a direction vector of a straight line » then any one of the family of vectors 
which are in the form k (b »— a) where k ER’ is the perpendicular direction vector to 


the vector u 


eIfN= (a » b) is a perpendicular to the straight line » then any one of the family of vectors 
which are in the form k (b » – a) where k ER” is a direction vector to this straight line. 


For example : 
If u = (4 » 5) 1s a direction vector of a straight line » then the perpendicular direction 
vector to itis (5 »—4) »(— 5 »4) »(— 10 98) » ecese 


— ———— CID 


Find the different forms of the equation of the straight line L » which passes through the 
point P (— 3 , 2) and is perpendicular to the vector N = (1 , 4) 











— — Байат, 


= N = (1 » 4) 1s perpendicular to the straight line L 
К u = (4 »— 1) is a direction vector to the straight line L 


.. The vector equation is r = P +k u 





n T=(=332)+k(4»-1) ‘The. (Х›у)=(—3,2)+К(4›,-1) 
7. The two parametric equations are: X=-3+4k » yz2-k 

; m uo к! Ux NH TEN 

". The cartesian equation is : 7 =| Le. 4y-8--Xx-3 


.. The general form is: X-4y- 5 = 0 





• The vector N = (a » b) = (coefficient of X › coefficient of y) 
is the perpendicular direction vector to the straight line. 


e The vector u = (b »— a) is the direction vector to this straight line. 















































For example : 
With respect to the straight line whose equation is : 2 X +3 y - 7 = 0 » we get the vector 
N = (2 »3) is the perpendicular direction vector to it. 


the vector u = (3 »-— 2) is the direction vector to the straight line. 
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Straight line 


— — — Smp, — —— 


Find the vector form of the equation of the straight line: 3 X-2y + 12 = 0 





—— Solution | 
'' The straight line: 3 X-2y 41220 
^. The vector N = (3 » — 2) 1s the perpendicular direction vector of this straight line. 
<. The vector u = (2 » 3) is the direction vector of this straight line. 


To get the vector form of the equation of this straight line we should search for getting 
a point on the straight line » this can be carried out by taking X or y any value > then 
we get the corresponding value of y or X 


taking X = 0 we find that : - 2 y+ 12 = 0 
.y=6 ^. The straight line passes through the point (0 » 6) 


.'. Its vector equation is r- (0.6) - k (2 › 3) 


TRY TO SOLVE 


Find the vector form and the cartesian form of the equation of the straight line L which 





passes through the point (— 4 » 1) and the vector (— 3 » 6) is a perpendicular vector to it. 





A The equation of the straight line given its slope and the intercepted part from y- 


'- The straight line has a slope m and intersects the y-axis at the point (0 » с) 


і.е.) intercepts from y-axis a part of length = the absolute value of the number c › 
= 2 ШЕ" 





then by substituting in the cartesian form we find that 4 


Хх 
i.e. | y=mX+c 


The equation of the straight line given the two intercepted parts from 


the two coordinate axes 





Let the straight line intersect X-axis at the point (a » 0) » and y-axis at the point (0 » b) 
if _ _ 
.. The slope of the straight line m = A = A 


substituting in the cartesian form 


.y-9 -b = 
" X-aà а “ay=—-bX+ab 


7. bX+ay=ab «dividing by a b» 


X y _ 
uo wc 
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Unit 5 — | mu 


GIN — 


Find the general form of the equation of each of the following : 





























1 The straight line L , whose slope = 3 » and intercepts from the negative part of y-axis 
a part = 7 length units. 

2 The straight line L which intercepts from the positive part of X-axis 4 length units › 
and from the negative part of y-axis 3 length units. 


‚ Solution , 
1 The equation of the straight line L, is: у= т Х+с náyz3x-7 
2 The equation of the straight line L, is : a + =] Я D + EC = | 


Ге. зх-4у-12=0 


( TRY TO SOLVE тири a 
Find the lengths of the two intercepted parts from the two coordinate axes by the 

















straight line: 3 X-8y —24 20 


Remarks 


* The equation a X + b y +c = 0 » where a and b not equal to zero together is called 


the general form of the straight line. 
1\Ifa=0>b#0 ,thenby+c=0 
ie.) y= zs » Which is the equation of a straight line parallel to X-axis and 
passes through the point (o э x) 
929|Ifaz0»bz0;thenaX4cz20 
ie. X= - » Which is the equation of a straight line parallel to y-axis and 
passes through the point (= ‚0 ) 
| 


3|Ifcz0 »thenaX+b y 2 0 » which is the equation of a straight line passing 
through the origin point. 


* To find the point of intersection of the straight line with X-axis » put y 2 0 


* To find the point of intersection of the straight line with y-axis » put X = 0 
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Straight line 


_ ТРЭ, — 
Find the measure of the positive angle which the straight line : 3 X + 2 у + 6 = 0 makes 
with the positive direction of X-axis » then find the points of its intersection with the 


coordinate axes. 





——————————34 Solution , 


— The coefficient of X 


‘ The slope of the straight line = "The caeffcient of. 


^. tan Ө = E 

'; The slope is negative. .. The angle is obtuse. 
~ The measure of the acute angle whose tangent = 5 is 56° 19 

г. Ө = 180° — 56° 19 = 123° 41 

To find the point of intersection with y-axis » put X = 0 

7.3 (0) + 2у+6=0 "у= - 3 

.. The point of intersection is (0 » — 3) 

To find the point of intersection with X-axis » put y = 0 


2.3Х+2х0+6б=0 “ Х=-2 


.. The point of intersection is (— 2 » 0) 


Another solution to find the points of intersection with coordinate axes : 


“3X+2y+6=0 ~3X+2y=-6 
vidi Жа җа 
dividing by — 6 mc pecca 


. The straight line cuts X-axis at the point (— 2 » 0) and cuts y-axis at the point (0 » – 3) 


Prove that : The points А = (4 , - 3) , В = (-6»7) and C = (5 , – 4) are collinear. 

















Й Solution , 
~ The slope of AB = Таа. = – 1 
6-4 
<> -4-7 
„Ше slope of ВС = 546 =—1 


.. The points А » B and C are collinear, 
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Unit 5 — | _ 


Another solution : 


The equation of AC is: 























y + 3 NIIT cm B" 
X-4 973-4 1 е. у+Х-1=0 








The point В = (— 6 » 7) satisfies the equation 


^B CAC “А » B and С are collinear. 


„Са, —— —— 


Find the general equation of each of the following straight lines : 


1 The straight line L , which passes through the point (3 »— 1) » and its slope = — i 


2 The straight line L , which passes through the point (4 үз) » and makes with the 


positive direction of X-axis a positive angle of measure 120° 


3 The straight line L , which passes through the point (– 2 »— 5) » and the vector u = (3,1) 
is the direction vector of it. 

4 The straight line L , which passes through the point (4 » — 2) » and is perpendicular to the 
vector N -(-155) 

5 The straight line L ; which passes through the point (— 3 » 7) » and is parallel to X-axis. 

6 The straight line L , which passes through the two points (4 » — 2) » (5 › 3) 

7 The straight line L ; which passes through the point (1 » 2) » and is parallel to the straight 
lne2X-3y-6z0 

8 The straight line L ; which passes through the point (2 » 3) » and is perpendicular to the 


straight line whose slope = 3 


2 
= | Solution , 


1 The equation of the straight line L , із: 





у: --i һе.| 3х+4у-5=0 


2 `; The slope of the straight line L , = tan 120° = — үз 


.. The equation of the straight line L , is: = E = — {з е.| y+ 43x E үз 





3 +: The slope of the straight line Т. = 3 


| ! о Э _ 1 : PTT 
. The equation of the straight line L4 15: 7 = 3 е. x-3y-1320 
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Straight line 


4. -- The vector u = (5 » 1) is a direction vector of the straight line L , 








. 16 slope = i 
2 —À 

-. The equation of the straight line L , is : 7 "im + l.e.| X-Sy-14=0 
5 The equation of the straight line L ; is y 2 7 i.e. ‚ у-7=0 
6. . , 3+2 

. The slope of the straight line Т. = Ee 5 

| | | , "Ric z = 

-. The equation of the straight line L, is: Wu ^ 5 һе. 5x-y-22-0 


7 -. The slope of the given straight line = > 
г. The slope of the required straight line = = 
NM y-2 — 
7. Its equation is: =т= = Le. 3y+2X-8=0 
8 .. The slope of the given straight line = = 


.. The slope of the required straight line = = 


. ЭИ. 0 _—— _ 
г. Its equation ї8:-—=— < Le.| 2X-5y-1920 


ABC is a triangle › its vertices are = (—1 55) ,B=(4 5~2) ,;C=(-3 50) 
Find the equation of the straight line passing through the vertex A perpendicular to BC 











| Solution J 
З ВС= С-В = (3,0) (4-2) = (7,2) L 
'' The vector BC = (— 7 » 2) is perpendicular to the straight line L A 
. The vector u = (2 » 7) is a direction vector of the straight line L 
.. The slope of the straight line L = 4 Я 
~ The straight line passes through the point A = (— 1 » 5) B 
‚ ' | e. у-—5 _ 7 
.. The equation of the straight line is : ты = 5 
А ТХ+7 = 2 у – 10 е. | 7X-2y+17=0 
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. Unit 5 Se 


— 2.) — 


Find the equation of the straight line passing through the point (1 » 3) and its slope is 
negative and it makes with the coordinate axes a triangle of area 6 square units. 


‚ Solution ,— — —— 

















Assume that the straight line cuts X-axis at (a » 0) and y-axis at (0 » b) 


7. Its equation is on the form : x 4 = 


^ (1 »3) on the straight line 





1 ^. b+3a=ab (1) 
„Ше area of the triangle = 6 square units 

. 5 ab=6 sab=12 (2) 
Substituting from (2) in (1) : 

70+ 3а = 12 ^. 0= 12- За E 
Substituting in (2) : -..a(12-3a)212 

SADA Baral г. 3 а2— 12а+ 12 =0 

n а2-4а+4=0 "(а 2)? = 0 

iar » then b = 6 

^. The equation of the straight line is : 

++i de. зх+у=6 








GU, 


A aaa 





Find the projection of the point A (5 , 0) on the straight line L: 2 X + y = 5 » then find the 
image of the point A by reflection in the same straight line. 








— Solution 

Let B is the projection of the point A on L y 
» `7 the equation of the straight line Lis2X+y=5 (1) PT 
.. The slope of L = —2 "S The slope of AB- i б "ni iiu AG,0) m 
E The equation of AB is = 5 = i | ~ B 

ie.| x-2y-5 (2) лы 
By solving the two equations (1) and (2) \ 
~X=3,y=-1 "В (3-1) | 


ie.) The projection of the point A on the line 2 Х+у = 5 is the point B (3 »— 1) 
° To find A (c » d) is the image of A (5 › 0) by reflection in line L 








"NM | E {ste Od) | 
'. B is midpoint of AA ( 2e du )=G »— 1) 
tes lieder fp Aves (1 »— 2) 
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ond c en “out 
ЕА he : 


ч 


JS 


Measure of the angle 
between two straight lines 


Lesson Ihree 





* Generally » if two straight lines intersect » then there will be two angles (each of them 
supplements the other) » they are either two right angles or one of them is an acute angle 


and the other is an obtuse angle. 


* [f Ө 15 the measure of the included angle between the 


two straight lines L} апа L, whose slopes are m, and m, ; then 


tan 0 = where Ө © [0 , z] 





a 
1+m,m, 





» m, = tan 0, and m, = tan Ө, 
With noticing the following : 
1 If the tangent is positive » then we obtain an acute angle. 


2 If the tangent 1s zero » then the measure of the included angle is zero 


» then m, = m, and the two straight lines are parallel or coincident. 


3 If the tangent is undefined » then the measure of the included angle is 90? 


s then m,m, = – 1 and the two straight lines are orthogonal (perpendicular). 


4 The measure of the obtuse angle = the measure of the supplementary angle of the acute 


angle. 


195 





Unit 5 а Y 





Find the measure of the acute angle between the two straight lines : 
L,:X-2y+5=0 » L,:2X+4y-7=0 


À Solution a 


n hA od | EET 
id A Сар үзеннен JA. 














| | : 

tan = m, —- ih 2^2 |. |. 4 . The slope of the straight line: | 
кешш, 1+(3)G) : | a X+ b y + c = 0 equals — 

ES Ө = 53° 8 ва РЎ ааа Eeo gei 


| Cno | ) . 
Find the measure of the acute angle between the two straight lines : 


Li:r2(Q53)4k(453) > L,:r2(569*EK(7,-1) 

















— Solution - 
3 — 1 
m, = 4 » m, = EE 
а a i 
mi felg = 

” 0 = 45° 
( TRY TO SOLVE 

Find the measure of the acute angle between the two straight lines : | 

Ly:X+5y=3 » Lur2(Q53)*k(4;1) 


If the measure of the angle between the two straight lines 


L,:X-2y+1=0 >» L,:X+ky+2=0 equals 45° ; find the value of k 


| Solution | 

m 2l m == ›@ = 45° 
1 1 1.1 
~. tan 45° =| 2 c «1212 ч 
beige be: 
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Straight line . 





1,1 

Я = Eug T either 4 += 1- 
2k 

DLE k=3 

or +51 


Find the measures of the angles of A ABC whose vertices are A= (6 5 5) , В = (6 , 1) 
and С = (3 » 1) 





бый — — —— 





' The slope of AB = ER = = (undefined) 

> AB // y-axis (1) 

~ The slope of BC » 1—L- 9 = zero 

| 6-3 3 

-. BC // X-axis (2) 

-' The slope of AC = 221 = 4 (3) 

6-3 3 
From (1) and (2): “.m(Z B) = 90? 

7. 2 А апа Z C are acute angles 

4 
| з - Zero 4 
From (2) and (3) : ^ tan C = |= 3 
1 + zero x = 


^. та (Z С) = 53° 8 
г. m (4 A) = 180° — (53° 8 + 90°) = 36° 52 


^ Remark 


To determine the type of the triangle ABC according to the measures of its angles 
(where AC represents the length of the greatest side in the triangle) : 


4 | If (АС)? > (АВ)? + (ВС)? » then the triangle is an obtuse-angled triangle at B 
(2) If (AC = (АВ)? + (BC)? ; then the triangle is a right-angled triangle at B 


| (3) If (АС)? < (АВ)? + (ВС)? ; then the triangle is an acute-angled triangle. 
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Unit 5 Ls X cL 


Gp 


Find the measures of the angles of the triangle whose vertices are A= (4 › 3) » Bz (-1 > 1) 
and С = (— 6 » 4) » then find its area. 





———À ‘Solution — 


“ АВ = 4 (4-1? + (3-1)? = {29 9 length units. 
‚ВС = | (—1 + 6)*+(1-4)° =1 34 length units. 
„АС «^| (4 + 6)? +3 - 4 = 101 length units. 


^. (ACY > (АВ)? + (ВС)? 





7. A ABC is an obtuse-angled triangle at B 


'. Z A and Z C are acute RAS 














P _ EL. no. 1-4. 3 
| The slope of AB = In =< › the slope of BC = 7 = z 
B =ї 
and the slope of AC = e 
2,1 
^. tan À = 2:10 -# ^. m(Z A) = 28° 
1.2. 48 
50 
-3,1 
tan C =| mg x mz 0) 057° 
1+ 50 
-m(Z В) = 180° — (28° + 25°) = 127° 
» the area of the triangle = > x the product of two side lengths 
x sine of the included angle between them 
= lx ABx AC xsinA= + x29 x 101 x sin 28° 
= 12.7 square units. 
( TRY TO SOLVE 


Find the measures of the angles of the triangle whose vertices are : 


A-2(253).Bz(-153)» С= (255) 















































Lesson FOUr The length of the perpendicular 
from a point to a straight line 





* The length of the perpendicular (L) drawn from the point (X, » y) (Х,У) 
to the straight line whose equation is : a X - b y - c 20 15 


determined by the relation : 





[a X, c by, +с| 


—— 
Va? +b? 


The length of the perpendicular (L) = 


ахур 
У+о 
=) 


Important Remarks 























(1) If the length of the perpendicular drawn from the point (X, » y) to the straight line 
aX+by+c=0 equals zero › then the point lies on the straight line. 

19 | The length of the perpendicular drawn from the origin point (0 » 0) 
Ic | 


|3 | The length of the perpendicular drawn from the point (X, » y,) to X-axis = | y, | 


to the straight line : a X +b y + c = 0 equals 


4| The length of the perpendicular drawn from the point (X, » y,) to y-axis = | X, | 


[5 | If (X, » yj) and (X, » y,) are two points in the Cartesian plane which contains the 
straight line : a X + b y + c = 0 and the two expressions a X, + b y, +c 
anda X,+by,+c 
have the same sign » then the two points (X, » y,) and (X, » y;) are on the same side 


of the straight line » and if they have different signs » then the two points are in two 





different sides of the straight line. 
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Unit 5 2 m 


— — eD 
Find the length of the perpendicular from the point (3 › 5) to the straight line : 

| r-(-1.2 *k(4.-—3) 
— Solution , 

















' The straight line r =(— 1 »2)+k (4 »— 3) passes through the point (— 1 » 2) 
and its slope = —- 


4 
: 3-2 -3 . = 
^. The cartesian form is : y 1 = 1 7. 4у-8=-3 Х-3 
.. The general formis: 3 Х+4у-– 5 = 0 
[3 (3) *4(5- 5 | 


'. The length of the perpendicular = — 4.8 length units. 


A (3. - (4? 
(TRY TO SOLVE . | | | se 


Find the length of the perpendicular from the point (— 2 » 3) to the straight line : 
T=(1 5 З) G4 3) 











Find the length of the perpendicular drawn from the point A = (2 » 4) to the straight line 


passing through the point B = (— 2 » 0) and its slope = = 


d Solution _ жк— 
‘ The equation of the straight line passing through the point B = (— 2 » 0) and its slope = 2 


pe NNI] iel 5X-6y+10=0 
xo 6 - 
. The length of the perpendicular drawn from A to the straight line 


= 15 x2-6x4+ 10] = em length units. 


{25 + 36 461 


—————— Am. 
If the length of the perpendicular drawn from the point (7 » c) to the straight line : 








6 X- 8 y + 17 = 0 equals 3.5 length units ; find the value of c 





4 Solution , 
ш 35216x7-8xc*17] + 35— =з 
136 + 64 
7. 35 = |59 – 8 с | 7. 59 8 с = 35 ог 59 – 8 с = – 35 
^ -8ce2-240r-8c 2 – 94 у с=3огс= 27 
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Straight line 


The length of the perpendicular from the point (2 › 5) to a straight line equals 3 units 
and the vector (3 » 4) is the direction vector of it. Find the equation of this straight line. 


_—==“ Solution b 
'' The vector (3 » 4) is the direction vector of the straight line. 
2. The vector (4 » — 3) is perpendicular vector to the straight line. 
.. The equation of the straight line is: 4 X-3 y+c=0 
» ' the length of the perpendicular on it from the point (2 » 5) = 3 length units. 
‚ 14х2-3х5+с| _ 


3 ^. 18-15 +с|=3 х 5 
416 +9 
E 1671815 ^Ac-72rx15 
.c=74+15=22 or c=7-15=-8 
-. The equation of the straight line is: 4 X-3 y+22=0 o 4X-3y-8=0 


ABC is a triangle whose vertices are = (1 55) , В = (5 »—3) and C = (1 » 0) Find its area. 





— _ Solution M 
Let BC (one of the sides of the triangle) be the base of the triangle » then we find the 
height which is the length of the perpendicular drawn from A to the straight line BC 
and we find also the length of BC »then we calculate the area of the triangle as follows : 


ВС = 1-5 + (0 + 3) = 4 16 +9 = 5 length units. 


ilis equation of BC ds а зы i.e. | 3X+4y-3=0 
X-5 1-5 -4 x 
7. The length of the perpendicular from A to BC 


— 13х1+4х5-3| = 13+20-31 = 20 =4 length units. 


{9 +16 5 : 
<. The area of the triangle ABC = 3 x 5 x 4 = 10 square units. 
[TRYSOSOLVE 5. 7. 1 5 МЕД ЫЙЫ ш mora 
If the points A= (C3 50) В = (3 2) » Cz (- 1 55) represent vertices of a triangle » find : 
1 The length of BC 9 The equation of the straight line BC 








3 The length of the perpendicular from A to BC 
4 The area of A ABC 
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Example 
Gain 


Unit 5 
a 8 P 


Find the area of the circle whose centre is M (1 , 2) and the straight line whose 
equation L:6X+8 y—2=0is a tangent to it. (Л = 3.14) 
Solution r - 

The length of the perpendicular drawn from the centre M (1 » 2) to the tangent L 
 l6x1«8x2-2| 20 

62482 10 
'' The radius length = the length of the perpendicular drawn from the centre to the tangent L 
^ r= 2 length units. 





= 2 length units. 


<. The area of the circle = nr? = 3.14 x 4 = 12.56 sqaure units. 


Gp. 


Prove that the two points : А = (3 » 1) and B = (- 3 , 2) lie on two different sides of the 
straight line L : 3 X — 4 y + 6 = 0 and at equal distances from it. 








A Solution , 

~ The length of the perpendicular from A to the straight line L 
pS) Ооо оо оой, 

49 +16 5 5 
» the length of the perpendicular from B to the straight line L 

E — дъ А __ | 

.195(-3)74w 2-6] _ aia "m 2.2 length units. 

A9 +16 5 5 


.. A and B are equidistant from the straight line L 


‘ The expression 3 X — 4 y + 6 has two different signs as substituting by the coordinates 
of each of A and B 


^. The two points А and B lie on different sides of the straight line L 


— ——— ФЭ, 


Prove that the two straight lines L, and L, are parallel and find the distance between 
them in each of the following : 














1 L,:X-2y+11=05L,:2X-4y+7=0 
9 L,:r=(2 5-5) +k 0-4) ,1,:г=(1,4) +k 658) 








Solution ! 


a 


1 :- The slope of L = d = i and the slope of L, = =2 EL 


4 2 


. The two slopes are equal. .. The two straight lines are parallel. 
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c = Straight line 


e Putting X = 1 (for example) in the equation of L, | Remark 








“y= “ (13 6) EL, To find the distance between L, 
-. The distance between the two straight lines and L, » determine a point lying 
- the length of the perpendicular from the on one of them » then find the 
point (1 ої, е |2х1-4х6+7 | length of the perpendicular drawn 
~ ү 4+ 16 | from it to the other straight line. | 
_ 5 375 ———— 
"oL 40 length units. 


{ж os 2? 


9 The vector u = (3 »— 4) is the direction vector of the straight line L} 
» the vector u = (— 6 » 8) is the direction vector of the straight line L, 
"1 (C689 05-45-21 
ALL, >. the point N = (2 » - 5) EL, 
"T б а : ‚тү .X-1_y-4 
9 L,:X=1-6k sy=4+8k "159126 = g 
 L,:4X+3y—-16=0 
'. The distance between the two straight lines = the length of the perpendicular from 


the point (2 »—5) to L, = Lini ашы ас ыш ср 4.6 length units. 


V16+9 


Prove that the point (4 › 6) lies on one of the two angle bisectors of the angle between the 
two straight lines: L:9 X-13y -820 , L:X=5+3k » y=k+3 





————— Solution | - - 
The point lies on one of the two angle bisector of the angle between the two straight lines 
L and L if it on equal distance from the two straight lines. 


The distance of the point (4 » 6) from the straight line L = I9 795-199. Ges 


u | 81 169 
15857B- bI. Jao! =10lengthunit. (1) 
{250 54/10 








. СС ЕУ Ye ге.) Е 
» the equation of L 1s : аша ТЕЕ Le. X-3y+4=0 
'. The distance of the point (4 » 6) from the straight line L= eee eA 
| m 10 | \ 1 + 9 
= ——- = 10 length unit (2) 
10 
from (1) and (2): 


. The point (4 » 6) lies on one of the two angle bisector of the angle between the two straight 
lines L and L 
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General equation of the straight line passing 
| through the point of intersection of two lines 





Lesson Five 


If the two straight lines L} : a, X +b, y c c; 20 andL,:a,X+b,y+c, = 0 intersect at 
a point » then the general equation of all straight lines which pass through the point of 
their intersection is : 


m(a,X+b,y+e,)+£(a,X+b,y+c,) 20 (1) 
where m ER ,/€mR 

* When m = 0 » we get the equation of L, 

e When / 20 ме get the equation of L, 


s When m z0 ›{ 50 ме get the general equation of any line passing through the point of 
intersection of L, and L, other than L, and L, 


» in this case equation (1) can be written as: 





Find the equation of the straight line which passes through the point of intersection of the 
two straight lines : 


2X+3y=18 and5 Х—2 y—7=0 and passes through the point (5 »3) 
































— Solution , 
The general equation of the straight line which passes through the point of intersection of the two 
given straight lines except them 15:2 Х+ 3y -18-k(5 X-2y- 7)z0 (1) 

‘s The point (5 » 3) lies on this straight line. 

~. It satisfies its equation. 

^ 10+9-18+k(25-6-7)=0 


Straight line 


n 1+ł2k=0 k= 

Substituting in (1) : 

^. The equation of the required straight lineis: 2 X+3y-— 18 + E (5 Х-2у-7) =0 
«multiplying Бу 12» 

24 Х+ 36у 216-5 Х+2у+7 = 0 
е. 19 +38 у –209=0 de.| x+2y-11=0 

Another Solution : 


We find the intersection point of the two straight lines: 2 X - 3y = 18 and 5 X-2y 27 by 
solving the two equations algebraically that by multiplying the first equation by 2 and the 
second equation by 3 


^. The two equations will be: 4 X+ бу = 36 and 15 X-6y=21 
Then by adding ". IDX=57 
^ X = 3 and substituting in any of the two equations. 
.y=4 <. The point of intersection is (3 » 4) 
Then we find the equation of the straight line passing through the two points (3 » 4) 


and (5 » 3) as we studied before. 


( TRY TO SOLVE 


Find the equation of the straight line which passes through the point of intersection of the 


—— ——— 


two straight lines : 


2X+3y=9+4X+5 у = 15 and passes through the point (5 »— 4) 


Find the equation of the straight line passing through the point of intersection of the two 
straight lines: 3 X + 2 y = 10 and 5 X -3 y — 4 = 0 and it is perpendicular to the straight 
line:2X+7y-4=0 








i 
j 


Solution | 


The general equation of the straight line passing through the point of intersection of the two 
straight lines except them is : 


зХ+2у- 10 +к(5 Х-Зу-– 4) = 0 (1) 
‘ The slope of the straight line : 2X+Ty-4=0is— 


.. The slope of the required straight line is i 


2 
And from (1): . 3 X 2y - 104-5k X-3ky-4k-0 
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Unit 5 


~X345k+y(2-3k)-10-4k=0 





345k 

+. Its slope = 212 1. 3251 

2-3k 2 2-3k 
6+10k=—-144+21k , k= 20 


Substituting in (1) : 
.. The equation of the required straight line is: 3 X 4 2y — 10 + 2 (5X-3y-4)z2z0 
i.e. | 33 X+ 22 y - 110 + 100 X -60y - 80 = 0 


е.) 133 X-38y- 190 20 ie.| 7X-2y-10-0 
— — — umb - 


Prove that the two straight lines : 
4X-3y+7=0>,r=(2 >5)+k (—4 , 3) are intersecting orthogonally › 


then find their point of intersection. 


1 Solution | 
" NL 3 
dac c Rr ^ 
_ 4 3з а= 


7. The two straight lines are intersecting orthogonally. 


e To find the point of intersection of the two straight lines » we find the general equation of 


the second straight line at first. 


'- The second straight line passes through the point (2 » 5) and its slope = E 
-5 -3 


.. The cartesian equation is : ы 
X-2 4 


.. The general equation is : 3 X + 4 y — 26 =0 





• Solving the two equations simultaneously : 
4X-3y+7=0 (1) 
3 Х+4у-– 26 = 0 (2) 
Multiplying the equation (1) x 4: 
^ 16X-12y+28=0 (3) 
Multiplying the equation (2) x 3: 

79 Х+ 12у-– 78 = 0 (4) 
Adding (3) and (4) : 

^25 Х- 50 = 0 ~X=2 
Substituting in (1) : “y= 


7. The point of intersection is (2 » 5) 
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Exercise Опе : Organizing data in matrices. 
Exercise Two : Adding and subtracting matrices. 
Exercise Three : Multiplying matrices. 

Exercise Four : Determinants. 


-xercise Five : Multiplicative inverse of a matrix. 


Exercise 


One Y 


| yourself 
NEN First \ Multiple choice questions 


© Choose the correct answer from those given : 
( 1 ) The matrix (3 2 1) of order ·--::-:---.--... 











(а)2х1 (b) 1 x3 (c) 3 x2 (d)3 х1 
1 5 
(2)If: A=] 3 2 | > then a,, +а = e ө 
-1 7 
(a) 8 (b) 12 (c) zero (d) 10 
"——Ó ics 1 _{4 7 Е 
Wmas, D. сеа епа ср 
(а) 5 (b) 4 (60 (d) 3 
( 4) If Ais a matrix of order 2 x 3 » then the number of elements in matrix A is ····-·-: кузн 
(а) 4 (b) 9 (c) 6 (d) 5 
( 5 ) If B is a matrix of order 3 x 1 » then B' is a matrix of order ·-·--:---.--.--. 
(a)3 x1 (b) 3 x3 (с) 1x1 (d) 1x3 
( 6 ) If O is a zero matrix of order 2 x 2 » then the number of its elements = eres 
(a) zero (b) @ (c) 2 (d) 4 
( 7 ) If Ais a matrix of order 3 x 4 › then the row contains ·-----------:-:: elements. 
(a) 3 (b) 4 (c) 7 (d) 12 
( 8) If Ais a matrix of order 3 x 2 » then the matrix 2 A is of order +--+... 
(a) 6 x 4 (b) 3 x4 (c) 6 x 2 (d)3x2 


citas |. P , | PBA then ajs + Ba = Sina 
(a) 4 (b) 9 (c) 14 (d) 10 
посл 3 NLIS ккк алекке 
4 -7 6 
4 4 
4 6 —2 
o| | 66 -7 
8 — 14 12 2 6 
4 8 2 8 
(c) 6 -14 (|2  —14 
=% 12 —] 11 
t ] — 1 
(11) If [ X HE 1 «then: Ху =. — 
— 1 6 5 2 y 
(a) — 15 (b) – 2 (c) 2 (d) 15 
(12) If [ C *) stnen x+y EXE iene EUR 
X -2 7 у+1 
(a) 7 (b) - 3 (c) 4 (d) 10 
| ; i 
азн х |-и | ten 7 x 1S А ткеннен matrix. 
-1 y 0 3 0 7 
(а) unit (b) zero 
(c) diagonal (d) skew symmetric 


aoma-(? pi , в= |2“ a |pA=B'sthen:d+e= Т BD 


-= 3e 
(a) zero (b) 12 (c)-2 (d)- 1 
| 12 -2X -3 4 
15) If =—4 » then : = саване вна 
— v ei "m s) mae {ху 
(a) 1 (b) 2 (c) 3 (d) 4 


(16) If the matrix A=] ! 2X-4 jis symmetric » then X = «e 
—2 3 


(a) 1 (b) 3 (c) 2 (d) –2 


Matrices 


(Vit Ve [ei \/ (onla) ol - t.20,- walsd| 9 





Unit 1 = 





4 1 x-i 
(17) ПА = | 1 3 5|isasymmetric matrix »then: X = eresse 
-1 5 6 
(а) — | (b) zero (c) 4 (d) 6 
as (x? 3 j- 2 then x= Ыг уа 
] X44 1 2 
(a) + 2 (6) 2 (c) - 2 (d) zero 
as m(x У )= 31 where Tis a unit matrix ‚ШепХ+у+>»+{= IE 
Z 
(a) 2 (b) 3 (c) 6 (d) 12 
4 m 2 


(20) If the matrix: A2| y-X 5 7 |15 symmetric » then m = =e 
y X-1 1] 


(a) 4 (b) - 6 (c) 10 (d) - 8 
21 y-5 3X|. | К 
(21) IfA = x 0 7, |18 askew symmetric » then X + y + Z = se 
у-7 -4 0 
(a) 3 (b) 2 (c) -2 (d) 7 
(22) If A is a matrix of order 2 x 2 where a; —-j-21sthenA zs 
si- 10 =1 -3 1 3 0 
а Ь @ d 
e^] bi of > ofi 4 of 


(23) If A is a matrix and а, = Ху for each XC (1 2| 5» yE{1.2>3} 


«then matrix A = os 





5 1 4 1 
@) | к И (b) | 2 ; (c) | ° d (d)| 2 
4 5 6 3 6 2 4 6 4 


PN 


(24) If Ais a matrix of order 2 x 2 and ayy = T > then a}; хау, ха, ха = 


(s (b) 2 (c) 1 (a) 4 
(25) If the order of the matrix A is 3 x 2 and: aà} —2 9a,, —3 9 a3) — 4 а 
а) =a, +3 > a3, =—-9> ау = i а, › then the matrix А = ···-::::-:.. 

2 -9 2 1 
р = 9 -3 
2 -3 
2 3 -9 
©з 6 (d) | | 
-9 1 -3 6 1 
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Matrices 


(26) If Ais a row matrix and ay, = 5 sthen X2. 
(a) 5 (b) 5z (c) 2 (d) 1 

(27) If Ais a skew symmetric matrix of order 3 x 3 5 then a,, + à55 433 =o 
(a) 3 (b) 2 (c) 1 (d) zero 

(28) If A is a matrix of order m x n where m « n and the number of its elements equals 3 and 
the matrix B of order n x 2 » then the number of elements of matrix B equals -e 
(a) 2 (b) 3 (c) 6 (d) 9 

(29) If A is a matrix in the order 3 x 2 and the sum of elements of matrix A equals X » 
then sum of elements of matrix 2 A equals зеен 
(a) X (D 2X (c) 6 X (d) 12:20 

(30) If Ais a symmetric matrix which of the following could be a rule to identify the 


elements of A ? 


(a) a; = 2i-j (b) a; =i+j (c) a; 2 i! (d)a,=3i+2j 
(31) If the matrix : A= | 0 es | is askew symmetric » then X E eeeerer 
Ма 0 
(а) {= 1 52} (b) 10 »-1} (c) {1 »-2] (d) 10 > 1j 
(32) If A is a diagonal matrix of order 3 x 3 and any = 5 for every X = y » then «ee 
(a) A=I (D А = 51 (c) A250 (d) A=O 
(33) If Ais a symmetric matrix and skew symmetric in the same time» then 7e 
(a) A=] (b) A=O 
(c) Ais a diagonal matrix. (d) Ais a row matrix. 


(34) If A is a skew symmetric matrix of order 3 x 3 and a,, = 4 which of the following 


statements 1s true ? 


(1) à4, 2-4 (2) a4, = 0 (3) a,3 + ag, = 0 
(a) (1) only. (b) (1) » (2) only. 
(c) (2) » (3) only. (d) (1) » (2) and (3) are true. 
asi; x- [T7 4 «4 i 
3 b-2 2 4-a 
and : 2 X = Y! , then a + 2 b = «e 
(a) 4 (b) 8 (c) 10 (d) 12 
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Unit 1 E 


(36) If: A= ud - | Е |" 7 w 60° l А апа A = В 
tan“ 60° cot 45° p + ѕес“ 45° n+cos* 90° 

> then m + р- 1 E 

(а) 2 (b) 10 (c) – 2 (d) 1 
2; 

5 0 -1 | 
g:a-( =? п > B=|4 3 2| and C= -4 
-3 0 1 6 7 8 

L 
5 | 


( 1 ) Mention the order of each matrix. 


( 2 ) Write each of the following elements : аз уу »€44 9831 9 B33 s C4, 


F3 1 Write the type and the order of each of the following matrices : 


3 
Е н (2) (1 3 5 7| (3)] 4 
0 2 s 
у) | 59 [ts 
0 0 0 3 0 1 
15 —12 10 
EJ WA=| 20 -10 7 |>find:-5A 
- 4 5 








4 Find the transpose of each of the following matrices showing the order of the resulted matrix: 


0 -145 
amf 2 Е (2)| 1 (3342 3 
zi 2 -4 7 
2 4 6 
com ‘| (5) ca(1 -2 6) (6)13 6 9 
2-1 | 4 8 12 


В c: Write all the following elements of matrices : 


( 1) Az (a) , к= 2 " j=l 52 53 
(2)B=(b,) > i215253 , j=l 
(3)C=@) ^» 1=1›,2 ; ja 


(J S 1fA- (ау) foreach X » y € (15253) » write the matrix A » given that : 
ayy = y - X » then find A’ 
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Matrices 


п Form the matrix А = (а;) of order 3 x 2 where aj = 1-j+2 


» then find the matrix C where C = A‘ , mention its order and find c i if123] 


О со Find the value of each of a and bit: 4 -1 |+; H TER 
2a—-1 3b+1 3 7 


Bau А }-(3 f g | FPA the value of each of : X andy 
y+ 


3 3y4+12/ \3 
« 15 33» 
Qux? S b E: | find the value of each of: x and y 
3 ~y 3 4y-10 


«30 92» 


3 2 
D| à i> je, ^ -1) fina the value of each of : X sy z and l 

-] z-y y 8 
«+49-1599 52» 


Minir(3x x+y x-z)=(-9 4 -10) 
» find the values of : X » y and z «-39797» 





"m 3 -5 | [a-2 2b4l — 
а-3 3d-2] | c 16 “33И 
(2) a zw a md = 55550510 
0 2a+c} |2b-d 10 СИ 
(3) a+b a—b Е 9 =3 -—— Жыл 
atb+c a-b+2d] V7 5 5 


1 
3 
cot 60° cos 30? tan 60° 
(D: FP 
(m 60° csc 60? sin Е {з > X 2y 
І зу 
| 1 1 


» then find the value of each of : X » y and z «lozoE» 


15 Show which of the following matrices is symmetric and which is skew symmetric : 


0 1 =] 1 ] e 
(1) -1 O 3 (2| 1 3 5 
1 -3 0 -1 5 6 
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G 2, й" 
l1 -1 d | р к | 
(3)| -1 2 6 (4)| 5 5 
4 6 5 1 1 0 
2 
2 2y 3y+X 
16 If A is a symmetric matrix where A = z*1 -1 2+3 
24+3X 8 0 
› then find the value of each of : X » y and z «3.55395» 
0 -2X —5\ 
EB is a skew symmetric matrix where B=| ^ +6 0 32 
Зу+ Хх 6 0 
» then find the value of : XYZ «—4» 





| = Third \ Problems that measure high standard levels of thinking 


9 Choose the correct answer from those given : 


ашу ЫР b) and if ad - be = 1 »then x € I 
x x C d 


1 1 1 1 
(a) 115-4 œ) [-1,- 1] o1] a) [-1. 1] 
( 2.3 If land m are the two roots of the equation X ^ 3X-1202andif 


[Um MIB P | sino ad be emen — 


2 


m m C 
(a) 18 (b) 1 (a) 2 (d) 4 
a b с в Р 
( 3) If| d e f lisaskew symmetric » then BPO OTT usd 
d+X+y+z 
x у Z 
(a) 1 (b) zero (с)—1 (а) е 


( 4 ) If the matrix (a, y) of order 3 x 2 where ayy =X + 2 y and the sum of the first row 


elements = k2 „{һеп К = ee 


(а) 2 (b) -2 (c) 242 (d) +212 
(5 ) If Ais a matrix of order m x n and At of order (2 m — D х (n- 1) s then M +=... 
(a) 3 (b)4 (c) 5 (d) 6 
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1+1 1—1 а b 
( 6) It = andabcd=1 » then X = e 
d 














sin X ] e 
JU JU JU JU 
(a) = 6) 2 (© 2 d) 5 
x? -y! 6 3 2 
( 7 ) If = 3 s then X yz zii 
Суу 12 1 4 
(a) 3 (6) —3 (c) - 2 (d) 2 
/ sin (=) sin (zero) 
(8 ) If the matrix = k 
COS (=) cos (zero) 
2 
which of the following statements is true ? 
(1) A is a unit matrix. (2) Ais asymmetric matrix. 
(3) A is a square matrix. 
(a) (1) only. (b) (1) » (2) only. 
(c) (2) » (3) only. (d) (1) » (2) and (3) are true. 
Х+у f X 
( 9 ) If Ais a matrix of order 3 x 3 where ay -{ Жы = 
i 6 for X=y 
» then the sum of the elements of the main diagonal equals зеен 
(a) 1 (b) 6 (c) 12 (d) 18 
(10) If A= | is askew symmetric » then 2 e + 3 f= e 
(a)e (b) X * y (c) Ё+ y (d) X 
y* 3 25 b 
(11) If MAE | ten te value of $ = ROTAN 
Х+у 3? a 5 
(а) 2 (b) 2 (c) 15 (d) 5 







@ life applications 


П Sports : The coach of a team of the basketball in the school recorded the scores of three 


players in the classes league as follows : 


Samir : played 10 games  » 20 shots 7 5 scores. 
Hazem : played 16 ратеѕ › 35 shots ә 8 scores. 
Karim : played 18 games  » 41 shots › 10 scores. 


( | ) Arrange these data in a matrix such that the players are 
arranged ascendingly according to their number of scores. 


( 2 ) Determine the order of the matrix. What is the value of a,, ? 


Matrices 
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2 fan Energy : It is possible to measure 


EJ c Industry : 


16 





No. of kilowatt/hour 


the energy in kilowatt/hour> the ш 


| | Consumption 
| | | Production 


opposite graph shows the production 25 
and consumption of energy of some 20 
countries. Write a matrix representing 15 


the data in the opposite graph. 10 





Country A CountryB Country C 


The opposite table shows the number of general national factories of food and leather 
industry in three different cities in Egypt. 











А Сі Food industry | Leather indust 
( 1 ) Organize the data in a matrix. ty | Food industry | Leather industry 
. 6 October 44 68 
( 2 ) Add the elements in each column > - — — u 
what's your interpretation of the | 
14 





results obtained ? lois umadan | 


( 3 ) Add the elements in each row › are the 
results you obtained possible to help us with 


an extra data ? Explain your answer. 





Exercise 


Adding and subtracting matrices 
Two j " 





v 
Test 
From the school book yourself 


ШЕУ Multiple choice questions 


© Choose the correct answer from those given : 


( 1) If O is the zero matrix of order 2 x 3 во, А a) = 
4 0-3 -4 0 3 
a) I b) О C) 
ad es 1 of 25 1 
—4 
(2) ЕА =[{ 8 » B=| -4 | ЊепА + B =... 
=5 5 


2 =? 
(a)| -4 (b)| 4 
0 0 
eo? Je Je — | 
2 1 – 2 О 


ЭКО 
О 1 0 1 4 1 
| Ша 2) 6 ир s 
| 4 3] \2 —6 
(a) O (| M o 4 (a) I 
Q 1 Q 1 
зихар * )=0 sthen x - SEES 
5 ej 
(a) O (b) I o[? Е о 2 <, 
9 ы =5 3 


(TP Ve Деб \/ (уы) одл, маје! 17 





e «И o| ] 4 e 
—4 О 0 1 = 


á o4 E ee ee ee OR а 





2 -2 


arx (^ 
4 


| = 0 » then the matrix X = seese. 
Zero 


M | e 5) e| ] 


e 7 = (>) = of? Я e 
4 zero 2 zero —4 0 —2 zero 


mm 
© 
р 
P enn 
3 
— > 
hr cm 
4 
М 
и 
у - 
| 
Pm 
С» m 
m C 
М 


o? j e[^ а of А e 
-ð 1 -4 0 1 0 = 
X | = 3 === ail "Pere 
пш =( 4) ten x+y = 
(a) 1 (b) 4 (c) 5 (d) 3 
пр? ‘fi a, 77 sthen x ey ek- — 
8 5) Xe 6 2X u 
(a) —3 (b) - 6 (c) 1 (d) - 8 
ози HU JH Ж j- yates 
2 3 We d \2 =i c d 
(| 2) of! ? of! | e! 
0 -2 D 3 2 2 — 
LE х9 jJ? ае х+у=. ae dl cu 
5 -3 5 0 0 1 
(а) 4 (b) 3 (c) 2 (d) - 2 
0 0 1 3 
(14) If X » y and z are real numbers and X| 2 |+y| 1 |+z{ 0 /=| 7 
ə then X y z = e 1 — 1 0 5 





(a) 12 (b) 4 (8) -12 (d) 3 
18 


Matrices 


asa 3 4 i 9 }=0 site x ey - баага Eaa 


ua dd X+y у+2 
(a) -2 (b) -1 (c) 0 (d) -4 
(16) For any matrix A s А + (—-À)2 e 
1 0 
(а)А (b). A (c) O (d) $ | | 
(A7)IFA+A‘'=O s then Aisa e matrix. 
(a) row (b) column 
(c) symmetric (d) skew symmetric 
(18) If A is a skew symmetric matrix » then A+ Al = «s 
(a) 2A (b) 2A! (c) O (d) zero 
t 
(19) (X!) х= 
(a) O (b) X (c)2 X (d) zero 
(20) If the matrices A and B are of the same order m x n » then the matrix 
А – 2 В is of order ·---·-.·-....--: 
(а) m x 1 (b) 1 xn (c)n xm (d)mxn 
(21) If A and B are two matrices of the order 3 x 2 » then the matrix (5 A + 3 В)! 
160] ordet 9» 
(а) 3x2 (b) 5 x 3 (c) 2x3 (d) 3 x3 
22-Х jas? 2 cst у 
-y y+ 3 5 -3 -2 
and A-2 B=3C ,then Xy = eesse 
(а) - 6 (b) -2 (c) 6 (d) 9 
aswansi | | >then2 (A+B = Өзөн 
2 6 1 0 2 0 1 3 
а b C d 
e^ PM of; | of H of |) 
(24) ra-[' B. | sre! = „Шеп the matrix В = «es 
-1 2 1 sA 
2 — 1 2 4 2 ] 2 0 
b d 
of а) o(?, ы ol M ol; M 





unit 1 


Second \ Essay questions. 
_4—_ = 7 
B curs Ы ‘| a-[? "ana c=( | 
3-7 8 4 


» find each of the following “if possible" : ( 1 ) A+B (2)A4C 


Bura-( 3 уве 3 аас 9 4 
2 1 4 6 -2 4 


» find each of the following : ( 1 ) B-C (2)A-*2B-C 


B cura -(? 1j s-( * ) ana c=( l F) 
3 5 6 -2 0 3 


> find the matrix : 2 A-3B+4C 











=i} ый 








5 | -2 -4 
Mmowrx=|3 ol» Yslo -2ladZ-|-3 2 
0 4 4 -3 6 0 





» then find the matrix : 3 X-Y+Z 


нл 2d MELLE T D) scheck that :4 (A+B)=4A+48 
-2 5 -3 i -1 3 


Gira-( 7 and =( 2 ; recitat 
2 5 3 


(1)(A+B)'=A'+B' | (2) (А-В) 3 A'- B! 
(3)A-B#B-A (4)-(A+B) = (A) + CB) 


Dua-(7 2 в={) $ and c: (7 | лаа: 
3 5 2 4 3 4 
ТО (А+О) (2)2A-B+2C 
(3)А-2В+2 (В +С) (4)А+2В' С! 


-7 0 -5 "E. 
@шкҥл-( аав - 0 7 | > then find the result of each of the 





following operations “if possible" » give reasons in case of impossible solution : 
(1)A+B (2)A+B' (3) А+ B 


—4 2 
Dra- 6 ч: | —3 | » prove that the matrix A is the additive inverse of 2 B 
6 








Matrices 


0 -6 8 -1 3 5 b -3 


find the value of each of : X ,y ,z ,aandb 


Defi eg Dé M si) 


2 -4 2 


«391913 5-4 5-1» 


find the value of each of : X and y «493» 


e Find the value of each of a » b » c and d which satisfies the equation : 
3 a d с 3 
2 P =3 sA 
» Е $ S) e a | «16. – 35, 4,6» 
13 Find the value of each of X › y › z and Í that satisfies that : 
[1 3 а Ч 1 1 
X| + +5 =O 
F 4 (2 d $ ;] „ж? «-1,2,-2,1» 
Qu(2x-i 8 | _(x+3 MEA 73») +2(-х Sy), 
Z 6 -2z 4 3 k | -6 2k 
find the value of each of : X » y »z and k 


«-4» 15-35 г» 
1 0 2 $ 3 6 
 ҥА=|2 1 -3| and (A+B)=|_1 5  &l»find thematrix B 
4 5 =] 4 0 3 
4 8 -6 2 -6 2 
Dara=|2 -4 8l adB=|4 -10 0l; 
6 12 0 > @ ome 
then find the matrix X where: X =2A-—3B 
2 -1 0 7 =1 В 
Шкл=-| 2 3 з | and B=(4 12 5l 
4 5 2 10 21 3 


find the matrix X such that: 2A+B-X=O 


Dira-( ? |) ana ве 
-3 5 


Р ; | » find the matrix X such that: 2 A — X = B! 


(E) Solve the matrix equation : 4 x«( С -2х+{? " 
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Gira» (7! А J and B=(7 "s ; |, find the matrix X such that : 


-2 -6 
(1)Xt=A'+B' (2)2(K'+A)=4B  (3)5X'-2(A-B)-0 
à ed -4 1 
H)fA-|3 ol ad B=|1 -2l: 
= 2 -1 0 


find the matrix X such that : 2B - X 23 X'- A 





= tir IN Problems that measure high standard levels of thinking 


EÈ Choose the correct answer from those given : 


( 1 ) If is a square matrix » then the matrix (A + AD is eee matrix. 

(a) symmetric (b) skew symmetric (c) zero (d) diagonal 
( 2) If Ais a square matrix » then the matrix (A — AD is eee 

(a) symmetric. (b) skew symmetric. 

(c) zero matrix. (d) diagonal matrix. 
(3)IfA'+B'=A+B then ee 

(a) Ais symmetric. (b) B is symmetric. 

(c) (A + B) is symmetric. (d) (A + B) is skew symmetric. 


( 4) If Aisa matrix of order 3 x 3 where a; — 2 i — j » B is a matrix of order 3 x З where 


=! „«{һепА+В= ees 


1 1 1] 1 2 3 б 1 2 2 wl 3 
(212 2 2| 2 3 4 ()!-1 0 1 (@ 10 1 -2 
3 3 3 3 4 5 —2-1 O 4 -3 0 


(5 ) IfA is a matrix of order 2 x 2 and А + Ай =I » then the sum of the elements of A is =+- 


(a) 4 (b) 2 (c) 1 (d) zero 
( 6 ) If A and B are two matrices of order 2 x 2 and (A + B) is a symmetric 
9 then Алар НЕ 
55 = By, 
(a) zero (b) – 1 (c) 1 (9) 2 
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Matrices 


E Check the following identity :(* а Шр Js о або | 
c d 0 0 0 0 1 0 0 1 


„2 
» then write the matrix s 5 | in the form of sum of 4 matrices where each of them 


(one of its elements is one and all other elements are zeroes ) multiplied by a real number. 





Buxev-(! 3 | and + 3 2 find the two matrices X and Y 


—= = 


Вх * > аа схо © Г ) меп fid the value of ze +f+m+n 
c m n 


« Zero » 
ia- ш z and B'=( -° 2)» 
=>: 2 0 1 
then find the matrix X that satisfies the relation: 3 A-2 B'+2X=B-X' 
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Exercise 


Three 


| First \ Multiple choice questions 





Multiplying matrices 





v 
Test 
(11 From the school book yourself 





9 Choose the correct answer from those given : 

( |) If Ais a matrix of order m x n and B is a matrix of order r x l 

» then AB is defined if ee 

(a mar (b)n=r (с) п ={ (d) та = ё 
( 2 ) If Ais a matrix of order 3 x 1 and B is a matrix of order 1 x 3 

» then AB is a matrix of order © 

(a)3 x1 (b) 1x1 (c)3 x3 (d)1 x3 
( 33 If Ais a matrix of order 2 x 3 and AB 15 defined as a matrix of order 2 x 1 

s then B is a matrix of order -e 

(а)3х2 (Б) 2 x 1 (c)3x1 (d)2 x2 
( 4 ) If Ais a matrix of order 2 x З and Bt is a matrix of order 1 x 3 

» then AB is a matrix of order зе 

(a)3x1 (0) 2 x 1 (009 x2 (d) 1 x3 
( 5) If Ais a matrix of order 1 x 3 and Bl is a matrix of order 1 x 3 » then which of the 


following operation we can do it ? 


(a) A+B (b) В'+ А" (с) AB! (d) AB 
e ale ‚| = — 
1 0/40 2 
0 0 2 0 0 2 l 2 
b d 
e 9) of i of А of al 


24 


_ Matrices 
(b)| 0 (c) | 5 | (d) not possible 


(a) ( 20 29 -8) o|- (c)( 0) (d) not possible 
-8 


зих=[3),у=(-з 5 ) > then Y X = E 


– 9 -9 15 
e^ (b)(-9 10) of, » (d) (1) 
(10) If A and B are two matrices » where AB = | ) Е „Шеп B' AS = wees 
@(5 B e M o(; 1) of s) 
4 5 -1 5 4 3 -1 3 
А < * аав =(2 5 ) > then (ВА) = sss 
e| 6 A (6 24] (o(-4) (d) (4) 
—4 —10 15 -10 
(12) If I is the identity matrix »then I” = «e where n is a positive integer. 
(a) It (b) I? 
(с) |? (d) All the previous 


aawa? 1 | sthen A=. T аа 
о (2 Е e i и (c) Ord (d) О, x2 


(14) a=] И 4 y then RT 


(a) A (D 2A (c) 4A (d) 8 A 


(E: eY оа \/ (ogla) а yall] 25 
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0 
y 
(a) 3 (b) 5 (c) 7 


(15) If A «(2 3) B=(* 


9 = — 
(16) If[ ^ 3 \(° af E athen k = зе... 
4 L/\-3 1 I7 k 


(a) 7 (b)-7 (c) 9 
LL die 7) -(7 8 | sthen : x+y = ARRA 
4 5/43 у 11 18 
(a) - 3 (b) 3 (c) – 2 
a 4E OP Ne ae 
(18) ra=] ) s then A^ —A =: 
(a) I (b) O (c) 3 I 
3 0 0 | 
(491£X2|0 3 © | sthen X? + 3X = оз... 
0 0 3 
(a) 121 (b) 181 (c)9X 
(3 L/\-3 X 
(a) 3 (b) 4 (c) -3 


(21) If X is a matrix such tax [| |+ | „Шеп X 


0 1 1 0! | 
) b) 
e(t „у 4 1 el) 


| кй <i 
eami $ Жї ој 2) меху 
4 5 1y 3] M9 -2 


(a)5 . (b) 3 (c) -5 


a trA- (5 0 Jn ( 3 4 
4 1 0, | 


and AB ex | s вел X = —— Á— 


6 4 12 7 0 
b | 
e a ofi 5] of’, 


| :'AxB -(9 6 then: X+y= ыи 


(4) 9 


(d) — 9 


(d) — 1 


(d) 5I 


(d) 12 X 


(d) - 4 


«(1 1) 


(d) —3 


Matrices 


(24) ега (2) m 2] ‚С=(3 1) ie Gee 


2 0 
10 —18 -21 -7 6 -6 | 
b 
(a) » ps ( (5 d ot. d (d) not possible 
esm" alt HL d (where i? = — 1) 
—i 1/\0 1 
(а) | Bi (b) , | (с) | | a] (d) not possible 
(26) | Ө cos8 | (5m Ó cos E "HN 
—cos@ ѕіп Ө/\соѕ Ө –ѕіп Ө 


1 0 -] 0 
I b)-I d 
(a) (b) of M ol | 


1 Find the matrix of the product in each of the following (if it is possible) » showing the 
order of the resultant matrix : 


2 -1\/1 0 2. 3/1 © 3 
1 2 
e$ a, S] e$ i) 1v 
_ a 
| 4 0 2 = =) 
3 | 4(1 2 3 
( (4 | jJ | TH ld 
2 -1 = 
| I 4 e E || 
д 2 100 2 2/\3 4 
0 1 
(9 1 | ] af? ale Е 
12 olo , -1 5/\0 0 
5 
e| h = JU | (sje 2 -1) 
їй 25-3102» А А 
5 8 —4\/3 2 5 
anle 9 з: 4 | an ($ JU at 4 





j and B = | et 35 | » then find each of the following : 





(2)BA (3)(A+B)A 


gia-( 71 )аав 27 ? fina: AB ‚ВА >A” , B? , A'B ‚ AB! 
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Qux-(7 Jive 2 2 (fina sx? v? 
3 3 3 3 | 








Ii 2 j -2 5 e7 

ӘгА=|1 5  ejandB-|10 -5 5 |,ргоуе аё: AB = 101 
-1 3 4 -8 5-3 
4 1 165 

(PJIfA=|-1 о and B =| |» check that : САВ) = B'A! 





Dua-(* i , в=[ 7 › |ас=(! * prove that : A B C) - AB + AC 








3 +2 
(Jua-|o 2 ‚в={; аас А i) > 
5 7 5 2-1 
-] 4 
check each of the following : 
(1) (AB) С=А (ВС) (2) BI=IB=B 


Qua-() Jane cas ву >) па: (A'B) 


— l1 -1- —1\ - [-1 -2 =1 
 ҤА=|2 -3 4 san 6 12 6]|»showthat: ABzO » while BAzO 
3 -2 3 5 10 5 























Фиа=( ‘| ZH аас |9 ) еһе that: (ABC) = CIA’ 
4 0 2 3 


(Duas P - М » then prove that : A? -5 А + 221= О 





(E) Find the value of each of X , y and z that satisfies : 


К MI 2 PEL ; к 
1 y/\2 -1 4 5 0 5 V mn 
Dra-(; Jane =(? з), 

0 1 x y 


find the value of each of X and у that satisfies : АВ = ВА «052» 


ive [) ч » find the value of each of X and y that satisfies: M^ ХМ +уІ= О 
«493» 
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Matrices 


(Qi -( 5 4 > в={ : аас 


9 0 7 





1 0 
-1 4|» 
20 8 


find the matrix X that satisfies the relation : 2 Xt = A? + (BC)! 


Third, Problems that measure high standard levels of thinking 


1) Choose the correct answer from those given : 
(1)IfA isa matrix and B = АА! » then B is «+--+ 





(a) symmetric. (b) skew symmetric. (c) unit matrix I (d) zero matrix O 
( 2) If each of A »B is a symmetric matrix » then the matrix (ABA) is «+--+... matrix. 
(a) symmetric (b) skew symmetric (c) diagonal (d) triangular 
(3)1fX d oN | =| il | > then XX! + ҮҮ! = «een 
sin Ө — cos Ө 
0 0 0 1 1 0 0 0 
б) lo) Mor} So] 
0 0 1 0 O0 1 ] O0 
(4)IfA- А ‚апа A? =| ° sthenat б +с+а= eccere 


C 
(a) 19 (b) 27 (c) 29 (d) 36 


(5)! » m are two roots of the equation X^—3 Х+1 = 0 


en 7 SE "| dus as 


6 3 7 9 1 3 2 6 
b d 
©) e(12] offi) е2 6) 


( 6 ) If neither of the two matrices A nor B is a row or a column matrix and the number of 
elements of the matrix A = 10 and the number of elements of the matrix B = 6 and 
AB exists » then the number of the elements of (AB) equals + 


(a) 60 (b) 16 (c) 15 (d) 6 
( 7 ) If A and B are two square matrices of the same order 
| > then (A+ B) =A7+2AB 4B? if eee 
(a) AB = BA (D A=-B (с) А = В! (d) 2A-—B 


cona | k | ten ate ss 
0 1 
1 nk n nk n К" ] К" 
b d 
JN Е ыа Е e | e à Е 
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atas È i | sn EN мел" = I 


| 
І by { і | (о $ - 
(a) e à | (с) | (d) 
(10) If AB = О 5 then О ОА О 


(а)33А=ОогВ=О (b) A=O and B=O 


(c) it is not necessary that А = О or B = О (d) no thing of the previous. 


S| l l Jana a*=( * 5 ) then x= — 
[1 32 92 


(a) 3 (b) 4 (c) 5 (d) 6 


(12) If : A is a matrix of order 2 x 2 and A? = 3A «21; A? mA + (I 
» then the value of m + perm 


(a) 20 (b) 17 (c) 11 (d) 6 


(13) If A 1s a square matrix of the order 2 x 2 АХ! 4l 4 | 


MET e med 
e) э нб) GI 


LL TY | hena® - n— 
3 -4 


"uM уз К (i J o2m( | 
(a) » | (b) wi (c) (d) А 


(15) it: Ac (es sin 4 » then А2! = TT RENE 
sin Ө — cos 


(a) A (b) A? (c) 2019 A? (d) 2019 I 


@ҥв'+с= | | Jand A-( Jr 
: 3 0 


2 3 
find the matrix X that satisfies : X = (AB + AC) 





gix-[: „| find a and bit: X^ «X70 


©) If X » Y and Z are three square non-zero matrices and Z = Y'X'+ XY » 


prove that : Z is a symmetric matrix. 
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1) 


Matrices 


Өх = i > prove that : X 20! =] 


¢© Life applications 





& Tourism : A hotel in the tourist town of Hurghada consumes the following quantities of 


meat » vegetables and fruits in kilograms for lunch and dinner meals as in the following table : 









200 100 


uo | ю 


If the average of the price of one kilogram of meat was 65 pounds : the average of the 





price of one kilogram of vegetables was 4 pounds and the average of the price of one 
kilogram of fruits was 5 pounds. Find using multiplication of matrices the total cost of 


the two meals. « 14150 » 8620 » 


2 Tourism : A tourist company has 3 hotels in Hurghada» the following table shows 
the number of different rooms in each hotel. If the daily fare of 1- bedroom is 


250 pounds» 2-bedroom is 450 pounds and the suite is 600 pounds. 


( 1 ) Write a matrix representing the number of different rooms in the three hotels » then 





write a matrix of prices of rooms. 


( 2 ) Write a matrix representing the daily income for the company. Assuming that all the 


rooms have been occupied. 


( 3) What is the daily income for the company » assuming that all the rooms have been 


occupied ? « 154 100 » 
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Exercise 


Four 


- | First Multiple choice questions 


® Choose the correct answer from those given : 
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Determinants 


Ц From the school book 


( 1 ) The value of the determinant : А à — 
3 
(a) 29 (6) 1 (c)-1 (d) 11 
(2 ) The value of the determinant :| | 2 7 f — M 
4 
(a) – 8 (b) 8 (с) zero (d) 10 
z Ü 0 
( 3) The value of the determinant :| {| 3 Qjequals сс 
4 2 8 
(a) 10 (b) 30 (c) 15 (d) 5 
0 0 - 
(4)Ifthe matixA- |0 4 2 | s then | A | = eee 
2 3 —5 
(a) 8 (b) - 8 (c) 20 (d) — 20 
0 42 3 
(5 ) The value of the determinant :| 2 18 = 7 |S 
0 28 3 
(a) zero (b) 84 (c) 48 (d) — 84 
1 -1 5 
(6)|0 -1 2|х 3 =! Жей: 
0 0 1] l-2 5 
(a) zero (b) 1 (c) - 1 (d) — 29 








v 
Test 
yourself 


Matrices 


ita=(? {| еа: arn EMEN 












































= 2|A| 
(a) 1 (b) 2 (c) 4 (d) 8 
( 8 ) If 2 | = 0 зеп: X = ee 
4 X 
(a) 4 (b) 3 (c) 2 (d) 1 
2 
(9) If | * ? [2 12 ; then: X= seamen 
| 3 X 
(a) 15 (b) 3 (c) 12 (d) 27 
1 0 0 
(100f£ |з 2X 5ļ|=11 ,then : X= eere íá 
6 1 4 
(а) 3 (b) 2 (c) 4 (d) 5 
(11) If X 12 — Z l s then: X=- NERA RR 
3 X 10 
(a) 2 (b) 5 (c) 6 (d) +6 
(12) If X -l, l 3 =? sthen : X = es 
2 x| |2 x 
(a) 3 or —2 (b) —3 or 2 (c) 3 or 2 (d) -30r-2 


(13) The solution set of the equation : 




















X O0 0 
5 3 0 = 6 is ижа ажа a леа l 
4 —-lox 
(a) {3} (b) 16} (с) {1 »- 1j (9) 16 ;- 6j 
2x 0 O0 
(14 |1 зх 0|=48 » then the value of X = er 
2 4 x 
(a) 2 (b) -2 (c) +2 (d) zero 
(15) The solution set of the equation : 
2 Е 
X 2 = zero in C 18 ses 
2 
(a) © (b) [-2 52} (c) {-2i »2i} (d) {-i >i} 


(o e NY e /,s sib \/ (сн) at- olal- yalsdl 33 
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(16) The solution set of the equation : 





2 | 
X+2 cie 





















































X X-3 
(a) 13 »-2} (b) {2 9-3} (с) {5 »- 2] (d) 12 5-5} 
] 2 -1 
(17) The possible value of a which makes the determinant| 3 а 1 | = 015... 
-1 4 -2 
(a) 5 (b) – 2 (с) 1 (4 3 
(15) ГА (3 5) В (2 50) 5C (-353) 
» then the area of the triangle ABC equals · - Square unit. 
(a) 28 (b) 14 (c) 7 (d) 2 
(19) i£ | ? bl- 6 anal К Ke) = 24 then: k See 
ё а Ь d 
(a) 4 (b) 5 (c) - 3 (d) - 4 
(20) If| * У 4 then: *- Y 4yl.. 
|z l l 4 al 
(a) 1 (b) 10 (c) 12 (d) 16 
(21) If} * MES IET. а+2 DHZ ia 
С d C d 
(a) 5 (b) 14 (c) - 9 (d) 19 
t 
apa PE erfi d 
|1 0| AQ Z 2 
o then X X y X Z = енене 
(a) 1 (bye 1 (c) 2 (d) 4 
(23) 1^ F1 ЕТТЕ ЕЕЕ amem 
3 k+1 
(а) 2 (b) 4 (c) 6 (d) 8 
2 =1 
(24)l0ííi 5 m 3/7 (mn where { 5 m з n are non — zero values » then : X =... 
0 0 n 
(a) 2 (b) -2 (c) 6 (d) fm 





























(25) Ifl ê “eo 5|° 20,18 T9 
5 b ? C ] С 
а 0 0 
a then = | b () = Еа 58 
2 5 C 
(a) + 10 (b) + 50 (c) + 100 


^ 
coras, в х) 9 IB|23 , |A+B|=5 


3 X 2 y 
y then X = оази 
(a) 3 (b) 15 (c) 9 
(27) If A is a square matrix such that | A | 2 2 » then | A! | = eee 
(a) zero (b) —2 (c) > 
(28) If А is a matrix of order 2 x 2 and|A|=7 > then | A? | ченине 
(a) 14 (b) 28 (c) 49 
(29) If A is a matrix of order 2 x 2 and | A |= 15 » then | 2 A | = +--+ 
(a) 15 (b) 30 (c) 60 
ШЫР 2 апав |= 12 then ABI re 
(a) — 24 (b) 24 (c) 48 
(31) 1t А? =|! ; then | A | = «заа 
(a) 8 (b) - 8 (c) 2 


(32) If A = — A‘ where A is a matrix of order 3 x 3 » then | A |= eee 


(a) – 1 (b) zero (c) 1 


(33) If A is a square matrix of order 2 x 2 and |2 A|=8 »then|3A|- 




















(a) 9 (b) 12 (c) 18 
(34) The system of equations a, X «bj у= с » aX+b,y=c, 
It ®1 Piles ELT Pil 10 
à $ co b 
А ay C1 = 15 then : (X y) = B eui. 
а, С, 
(а) (— 2 » 3) (b) (3 »—2) (c) (— 50 » 75) 


Matrices 


(d) + 20 


(d) 21 


(d) 2 


(d) 56 


om к 


(d) 120 


(d) 3 


(d) — 2 


s - o bom ш киш om dat 


(d) (75 »— 50) 
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(35) When solving the system of equations 2 + Зу-2= 1,3 Х+5у+22= 8 


Ax 
»X-2y-3zz-1 pene cs “ОО 





























(а) – 1 (0) 2 (с) – 2 (а) З 
(36) In the opposite figure AC isa tangent segment of the M 
circle M » AB is diameter of the circle then : x vy 
The value of the determinant Ki J S ` 
5 0 0 r Z o UNO | 
"a" ais 
2 X Z Р 
(а) 5 (b) 3 (c) Zero (d) 2 | 
| X-2 0 0 
(37) The solution set of the equation : 3 x-3  0|=50 iS emee 
4 -1 X 
(a) {0} (6) {3545-1} (0 {2 93} (d) 10 »2 53} 
x-2 0 0 
(38) The solution set of theequation| 1 1 О |=5 is snares 
2 3 Х+2 
(a) 12 »-2] (b) 13 »- 3} (с) {3 »2} (d) {1-1} 
sinO 0 0 
(39) 1] 2 ссө 0 [+929  c058|.g 
_соѕ Ө sin® 
| 3 
then X = s 
(a) 1 (b)- 1 (c) Zero (d) sin 8 
x 1 3 
(40) Tf} 0 2x 5 |=8 X > then the solution set of the equation 18. 
о 0 xX 
eQ.-2 — 91-22) @f} = ө (o, .1] 


tanO  cosO0 | 3. 
= аа 
cot Ө 





(451£0c lo ? z | » then the solution set of the equation : 
cos 8 


@) {7} et 17] et) 
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Matrices 


(42) If / , M are roots of the equations X 2_4 X— 10 20 › then the value of the 


determinant 


(a) – 17 


Del 1 
3 


bo BO" OH & OB O9 Po BOB OA OH 








(b) – 12 (d) - 6 


EJ Find the value of each of the following determinants : 











































































































1 2 (2)|5 0 
3 = T 7 = 1} 
2 
| (4)|* я 
o 1 
9 X 
a 
(5) atx 
bt+y b 
(7) 1 sec Ө 
ѕесӨ (ап? Ө 
©) Prove that : 
apx = I| [3 6X |3 13 
2 3x| |X 1 = = 
(2) csc @ соё Ө " 2 >93 i 
1 csc Ө 5 ==] 
EJ If X |- 3 » find the value of each of : 
Z 
_ 4 
(1)|2Х 5y (2)|%-y FY 
22 54 es 4 { 
4 Find the value of each of the following determinants : 
| 1 2 3 13 3 729. 
(1)@M|-1 4 4 (2) |30 7 5 
0 7 8 0 0 1 
| 2 3 3 () 0 
(3)4 5 6 (4)4 2 0 
7 8 9 5 T +1 
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2 3 -7 | О 1+1 
(500 -1 12 (6)10 1 | | (where 12 = — 1) 
0 0 0 [=i —1 1 
| lL -1 5 3 4 
E Prove that : О -1 Sirs : =— 1 
0 0 1| |77? ә 
(3 Solve each of the following equations : 
_ 2 
(1) 3X ч == | «—lor3» (2) x'-1 Х +1 zx) «—-lorOor2» 
2 Dax Kel Xal 
0 -1 x 0 9 
( 3) X 4 з |= 10 «8or-2» | (d) X 1 () = () «—-50r00or2» 
2 1 2 | X+3 3 














5) sin 20 sin 70 -2X-3 ый» 


| — cos 20? cos 70? 























3X 1 -1-2 3 
ED Find the value of X satisfying : is equal to three times| 2 1 5 
-3 2 -1 x 17 
« — 1, 
х + уз + 23 220 and Хух=4 7 
X 2 y | 
find the numerical value of the determinant: | у x Z 
Z y X | «8» 
(7 1: Find using determinants the area of the triangle : 
(1)А (2,4) » B(-25.4) » С(0 .-– 2) « 12 square units » 
(2)Х (3,3) » YC 452) » 7(1›,—4) « 234 square units » 
(3)X(C1>5-3) » Ү(2 4) › ZC3,;5) « 19 square units » 


1) Use determinants to prove that each of the following points are collinear : 


(1) UIB 55) 94 9-1) 96 9-7) 
(2) (3 92) (1,0) 9/5 9-2) 


ed 


11. LO Solve each of the following systems of linear equations by Cramer's гше: 


(1)2X-3y=5 9 3X+4y=-1 «19-1» 
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. Matrices 


(2)X+3y=5 » 2X+5y=8 «-152» 
(3)X+2y=0 » 2X-3ys51 «2051» 


(4)3Х=1-4у 9 5Х+12=7у «—] 51» 





12 Solve each of the following systems of linear equations by Cramer’s rule : 





J2X+y-2z=10 , 3X+2y4+2z=1 , 5 Х+4у+32=4 «1525-3» 
(2) Ш X+2y-3z=6 , 2X-y-4z=2 , 4X+3y-2z=14 «25250» 


(3) у+2Х+32=6 » 2X-y+z=-3 › Х-2у+22=-11 «3,9 =), 
(4)X+2y+3z=4 » 2X+5y=3 >» 3y+z=4 «-1 5151» 
(5)X-y=5 »z-y=8 » X+y+z=4 «25-355» 
(6)3X4+4z=7-2y » Syt+3z=4-X >» X=2y-z-1l «2515-1» 
(7)X+y=5-3z2z |» Y=Z > 2X-4z=-2 «lslol» 
(0) In the opposite figure : A 


ABC is a triangle » AD bisects / BAC 


5 0 0 
6 AB AC 
7 BD DC 


| Third \ Problems that measure high standard levels of thinking 


«0» 


Find the value of : 











ü Choose the correct answer from those given : 


(1) A= (ese sin) pa(oose ~1 where 8 c Jo Z] А |АхВ|= d 











1 1 sin Ө 1 
„ћеп Ө = e " 
JU JU JU JU 
= b) — — d) S 
(а) = (b^ © «2 
|3 + sin Ө 
on — | 1 = 0 „Шеп Ө = ·-::::::-::::.: 
sin 
JU JU JU 
JU b) — = d) — 
(a) (b) 3 (c) 3 (d) J 
snx 0 0 
( 3) The solution of the equation| cos X cscX 0 |=1 
sec X cot X tan X 
where X € [0 ; 360°[ балына 
(а) 45° ог 135° (b) 135° or 225° (c) 45° or 225° (d) 45° or 315° 
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Unit 1 


(4) The points А (C155) sB (2 32) ,С (3 , 1) аге vee 
(a) vertices of right-angled triangle whose area 5 square units. 
(b) vertices of an isosceles triangle whose area 10 square units. 
(c) vertices of an equilateral triangle whose area 9 square units. 


(d) collinear. 





























1 
(5) | К+ | |= 15 sthen k? + =з 
4- а 
k 
(a) 16 (b) 15 (c) 14 (d) 13 
( 6 ) If the area of the triangle whose vertices (k » 0) » (4 »0) » (0 » 2) are 4 square units » 
then К = e. Р 
(а) zero or – 8 (b) - 4 or 4 (c) zero or 8 (d) 8 or— 8 
.. (7) The system of equations a, X +b, y 2 c, »a, X+ b, y =c, have a unique solution 
ТИСКУ 
(a)| ^! 512g (b)| ^1 і |=0 
(с) |20 (а) 9% [0 
d4 р, C5 b, 








2 In the opposite figure : 
Find the area of the shaded 


region using determinants. 























«18» 
E) Using Cramer's rule ».solve the following equations-:- 
pa Кый , [2 zd s]? X| 22 
4 x+ {2 y 1 z «1,11» 
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Life applications 


п Ц Consumer : Fady bought 3 notebooks and 2 books 
for 85 pounds » Karim bought 2 notebooks and 4 books 
from the same kinds for 110 pounds. 

Use Cramar's rule to find the price of each of the 
notebook and the book. 





А An agricultural piece of land is on a shape of a triangle. 
If the measure of one of its angles is double the 
measure of the second angle and more than the measure 
of the third by 20° 
» find the measures of the three angles. 





« 80? » 40° 460? » 
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Matrices  . | 





Inverse Inverse 


I 





Fxercise 


Five 





Multiplicative inverse of a matrix 


v 
Test 
1 From the school book yourself 











Multiple choice questions 


@ Choose the correct answer from those given : 


( |) Which of the following matrices has no multiplicative inverse ? 


1 -] 4 2 6 4 0 
eii epi ei) н 9 
2 5 2 8 9 9 -2 1 
( 2. ) Which of the following matrices has a multiplicative inverse ? 
2 2 -3 3 3 3 0 
(фо) € o «(s o 
] 3 2 -3 3 3 —3 1 
( 5 ) If the matrix | x l | has no multiplicative inverse » then X = ==- 
6 3 
(a) —2 (b) zero (c) 2 (d) 3 
( 4 ) The value of X which makes the matrix | 6 2 | has no multiplicative 
inverse 1s -: ee 29-4 uu 
(a) - 8 (b) — 10 (c) 8 (d) 10 
( 5 ) If the matrix | X 8 | has no multiplicative inverse » then X = veses . 
2 X 
(a) 4 (b) - 4 (с) zero (d) +4 
( 6 ) The matrix | а 12 | has a multiplicative inverse аё 
3 a 
(a)a=6 (b)a=+6 
(c) aCiR- 16] (daCmR-16.5.-6j 
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——Є—————Є—Є—_—__— .. —-  » Matrices 


( 7 ) The matrix я +3 з) has no multiplicative inverse at X = eere 
2 х-3 
(a) 3 (b) +3 (c) 5 (d) +5 
( 8 ) The multiplicative inverse of the matrix | 2 ; emus — — 
REN 
(a) I of 3] o? 4 (d) | 7 Е 
3 2 -1 2 I 2 
orasi ‚| беп: = "—— 
5 3 
o 4 of? à o | of? Pn 
k 2 5 -3 1 -3 ~5 
пох enixe us un 
О —1/ 
(a) X (b) X' (c) I (d) 0 
шыр Jia" s (7 1) then x= s 
5 2 x 3 
(a) 3 (b) 3 (c) 5 (d) - 5 
a»Ax( = Jet then A= ee 
2 -1 
ШЕ >) of P ec А e Е 
wl 2 з 0 w2 3 2 -3 
(13) If the product of two matrices A x B =I and the matrix ^+ : 4 
» then the matrix B =............... 
os Ü of 4 of M (>? ў 
5 8 а 5 -5 2 3 8 
ao Xx (? "il 1) then X= RR 
—] 1 0 1 
l 0 
о (2 | of j o3; 4 оз, " 
0 1 1 2 1 2 1 2 
as uU use —— 
3 1/\-3 X 
(a) 1 (b) 2 (c) 3 (d) 4 
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Unit 1 


a6 Ax 








|] then: 3A= e 


(a) 1 | | ea 1 (c) i i) of Е 
41-2 1 1 1 1 1 1 1 
(17) itu ( jan % “tthe B= ы 
1 3 0 1 
e B ofi p o" М e к 
0 1 -4 1 4 1 —4 1 
(18) A= [^7 5 and a= A XB shen Pama 
e 4 (b) # j (c) ( ң (d) , " 
-4 1 -4 1 4 -1 4 4 
. 19) ITA = Ё 4 and. AxA 1 _ A? »then: XX y= es 
y — 
(а) 3 (b) 2 (c) -2 (d) - 5 
(20) ar х= х then X= OT EE NIS 
() 1, О X 
a (X j ex x) ex 1 (d) | x Я 
yx 0 y 0 0 y 
(21) A= [-1 -2 | and A? = —А-—›-Шеп: k = -= where k EZ 
\1 k. 
(a) 1 (b) — 1 (c) zero (d) 3. 
азн l IS =) stensa+b= s | 
-ts -1/]5] 46 
(a) 3 (b) 4 (c) 5 (d) 6 





(23) When the two equations a X--b ys 5 sc X+dy =- 1 have been solved э it found 


i o then X + yz 


(d)-3 


that the multiplicative of the matrix d D is i 
c d -3 
(a) 3 (b) zero (c) 9 
(24) If A = C 7 E „Аі + (Аў = X » then the matrix X =... 
(a) 4 A (b) 3I (c) 6I 
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(d) 101 








- л | i Matrices | . 
——À——M— UE 


(25) If A = 5 | | ‚А! +В! = A! , then the matrix B =... 
3 


«Ой C) s) etn 
3 ] 3 B 6 1 — 5 1 
ELLE ; аал) - (5) ten y- = Hench 
2 5 E NS, 
(a) 17 (b) — 17 (c) 7 (d)-7 
(27) ra=(° Е » then + (А + A7!) r-—— 


e. 4 of n) of 
0 1 0 1 1 


(а) 1 1 
1 1 


E Show the matrices which have multiplicative inverse and the matrices which have 


CO = 
c — ] 


not multiplicative inverse in the following 5 and find it if it is existed : 


amf? " Є 4 
1 1 1 1 





e 7 Wof 3 J where xy #0 
4 4 X -y | 





2 What are the real values of a which make each of the following matrices have 


a multiplicative inverse : 


com? n aa Е e»(3 4 | 

6 3 4 a 3 а—1 
5›| б э) e |J erit - 

a+3 2 1 —] 








Ө Find the real values of X which make the matrix |х a | have no multiplicative 
X 
inverse. : «+9» 
Ojira= ? 1\аав=[ 2 -! 5 
5 2 — 5 3 


prove that : the matrix B is the multiplicative inverse of the matrix A 
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Ga Ifx= | l | ‚ then prove that : X ! = 











0 2 i 
аваа асе эме е T Ss —— 
(3 LH If B= | X = "i prove that : B`!= | x | given that X y + О 
0 у 0 = 














@Ё If X = | 3 | | and Y = | d | | where a b £0 » prove that each of the matrices : 
0 0 


X » Y and XY has a multiplicative inverse and find it. 

















Өх 7 Jaa y=? à J then prove that 
0 1 











1 = 
(Dum xvy!sv'!x^! (2)(Х!у!=Х (arc Y) "e X 
[2 -1 о = gait 
CJ IA -= б » then prove that: (А) = (A ) 
3 
Dias (^ X and xy =7 » prove that: A &A 1=61 
у 





@ҥв={1 | Jani AB =1 5 find the matrix A 
1 











12 Find the matrix A in each of the following : 


(D &A[ "7 0| [1 0 (2)A – 2 2| [12 23 
3 1 0 1 4 3 8 13 
of 1 ro 3 10 
0 1 0 3 


Ө шил? jen (^ 72 ) find the matrix B 
1 0 7 





і (4ву!=1(2 О аад=( ' ‚| nen find Вг. 
D 5 0 

















15 Solve each system of the following linear equations using the matrices : 


(17 213 Х+2у=5 » 2X+y=3 (2)[Ц2Х-7у=3 » X-3y=2 





(3)3Х+2у-1=0 » X=3y-7| (4) ix-y--1 ‚ х+1у=5 


3 
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Matrices 








16 ЫП Use the matrices to find the two numbers whose sum equals 10 and the difference 


between them equals 4 «793» 





J Half the difference of two numbers is 2 » the sum of the greater number and double the 


smaller number is 13 » use matrices to find the two numbers. «793» 





18 Use the matrices to find the perimeter of the rectangle whose length increases the double 


of its width by 2 cm. and the double of its length increases its width by 13 cm. «22cm.» 





19 If 3 and — 1 are the roots of the equation : a X^ +b X— 3 = 0 , then use the matrices to 


find the values of the constants : a and b е Сад 








20 LO The curve whose equation is: y =a X? +b X passes through the two points (3 » 0) 


and (4 » 8) » use the matrices to find the constants a and b «29-6» 


Ё cà The straight line whose equation is : y + a X =c passes through the two points (1 » 5) 


and (2 » 1) » use the matrix to find the constants a and c «459» 





ШЕГІ Problems that measure high standard levels ої thinking 


9 Choose the correct answer from those given : 


( 1) If Ais a skew symmetric matrix of order 2 x 2 5 then Aq! ig ............. 


(a) Symmetric. (b) skew symmetric. (c) diagonal matrix. (d) not exist. 
(2) A=(™ ') AS ЗА! ,ћепХ+у= 

а) -3 (9) = 5 (с) ~ 7 (d) - 9 
( 3 ) If the matrix B is the multiplicative inverse of the matrix A > then -eee 

(a)A+B=O (b) AB =I (c) AB=O (d) A « — 
( 4) If A is a square matrix and A? =I , then A 1 =............... 

(a) O (b) A (c) 2A (d) A - I 
ихе | ar?) then x1 = — 

—tanO 1 
(a) cos? 0 X (b) cos? 0 X! (c) sec^ Ө X (d) sec? Ө X' 
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Unit 1 Ex. 


( 6) If X is a square matrix such that X 2+5Х+51=О then the multiplicative inverse of 


the matrix (X + I) equals зз 
(a) X -21 (b) X +31 (co) X +21 (d) X—-3I 
(7 ) If AA. -A* I2 O › then the multiplicative inverse of the matrix A is c7 
(a) A (D A-I (c) I-A (d)A+I 
( 8 ) If A and B are two matrices of order 2 x 2 » then which of the following always 
is true ? 
(1) If AB = О » ћепА= ОогВ = О (2) If AB =I , then A = B^! 
(3) If (A+ B? = A? +2 AB + B 
(a) 1 »2 only. (b) 1 »3 only. (c) 2 » 3 only. (d) 2 only. 





Life applications 





| (11 Book Fair : Hoda and Mariam went to Cairo international 
Book fair. Hoda bought 5 scientific books from a library and 4 
historical books. She paid 120 pounds. Mariam bought from the 
same library 5 scientific books and 10 historical books » she paid 





150 pounds. If the scientific books had the same price and also the 
historical books » use the matrices to find the 


price of each scientific book and each historical book. «20 »5» 








72" CO Consumer : Amal bought 8 kg of flour and 2 kg of butter for 140 pounds. Her friend 
Reem bought 4 kg of flour and 3 kg of butter for 170 pounds. Use the matrices to find the 














price of each of flour and butter. «5 950» 

















©) t3 Life : A driver of a motorcycle buys 24 litres of gasoline and 5 litres of oil for 56 
pounds to fill his motorcycle. While a driver of another motorcycle buys 18 litres of 
gasoline and 10 litres of oil for 67 pounds to fill his motorcycle » use matrices to find the 
price of each litre of gasoline and the price of each litre of oil » given that they use the 


same type of gasoline and oil. adii suis 
2 
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Exercise Six 


Exercise Seven 





Linear inequalities - Solving systems of linear 


inequalities graphically. 


Linear programming and optimization. 





Exercise Linear inequalities-Solving systems 
Six of linear inequalities graphically 
(1j From the school book yourself 





TEN Multiple choice questions 


@ Choose the correct answer from those given : 





( 1 ) The S.S. of the inequality : — 1 < — X < 1 in Ris enesenn 


(а) ]-1 » 1] (bR-]-1»1] 10,1; (b [71 11 
( 2.) The solution set of the inequality: 1 <2 X—1<5 in Ris eveen 
(а) ] 1531 (b) ] 153] œ E131 (d) [153] 
( 3 ) The quadrant represents the solution for the system of inequalities : 
y»0,X»0inRxRisthe ---------------: quadrant. 
(a) first (b) second (c) third (d) fourth 
( 4 ) The region representing the S.S. of the inequalities : y » 0 » X < 0 in IR x IR is the 
— quadrant. 
(a) 1" (b) 2"° (с) 3* (d) 4^ 
( 5 ) The point which belongs to the solution set of the two inequalities : 
X»05y«0is--—— 
(a) (0 »- 3) (b) (2 » 0) (с) (2 »- 3) (d) (2 ›3) 


( 6 ) The point which belongs to the S.S. of the two inequalities : X » 2 » y > 1 together 


P5 usd Dus 

(a) (1 »2) (b) (2 » 1) (c) (3 91) (d) (3 »2) 
( 7 ) The point lying in the solution region of the inequality : X + y <3 18 7 

(a) (1 » 3) (b) (2 »—3) (c) (2 »3) (d) (1 » 4) 
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= Linear programming 


( 8 ) The point «+--+ does not lie in the solution region of the inequality : 2 X - y > 5 
(a) (- 1,6) (b) (5 sel) (c) (1 » 4) (d) (2 » 4) 

( 9 ) The point (3 » 2) € the S.S. of the inequality : 3 X— y ve 1 
(а) < (b) x 
(с) > (d) (a) and (b) together 


(10) If the point (2 » 3) belongs to the solution set of the inequality : X + y xa»then «+. 
(a)a>5 (б) а> 5 (с)а< 5 (а) а> 0 

(11) If (1 » y) belongs to the region of solution of the inequality : Х+ 2 y «7 › ћеп «++ 
(a) y « 3 (b y>3 (c) y -3 (d)y>7 


(12) The two points : (3 » 5) » (1 » 5) belong to the solution set of the inequality 


(a) > (b) > (с) < (d) s 
(13) Which of the following points belongs to the solution set of the system : 

Х>0.,у>0,2Х+у>б? eee 

(a) 1,3) (b) (0 » 0) (c) (2 » 3) (d) (4 » — 2) 
(14) The point which does not belong to the solution set of the inequalities : 

XS 26720 22€ d: ЗИ 

(a) G » 1) (b) (2 » 2) (c) 3 »2) (d) (2 » 1) 
(15) The point which belongs to the solution set of the inequalities : 

NS Bus S T «36:4 A Баал 

(a) (6 »—2) (b) (1 »- 2) (c) (4 » 4) (d) 3 »—2) 
(16) The point which belongs to the solution set of the inequalities : 

3 А KCB eei TS mme 

(a) (1 »—4) (b) (2 » 1) (c) (1,2) (d) G »-1) 
(17) The point which belongs to the S.S. of the system of the inequalities X zO »yzO > 

X+2y2453X4+2y2z8inkxRis oe 

(а) (3 » 0) (b) (2 » 1) (c) (0 › 2) (d) (0 » 5) 
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"T. EF 


(18) Which of the following figures represents the S.S. of the inequality X+ y > 1 ? 





(19) Which of the following figures represents the solution set of the inequality : 
5-2X<3imnRxR? 


ы чаа, 
тыла ьа 


| 


Fe ge ыр, 


E 
A rie ч, 
9" hy 

ce паі. St 





л араан а í Vy 
set of the inequality -----------.-- VE EE EEE 
yy Se 222222 
(с)у22 | | 
(d)y>2 
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Linear programming 


(21) The opposite figure represents 


the solution set of 


the inequality -ee in R x IR 
(a)X+y<5 (b)2X+3y <6 
(c)3X+2y<6 (d)2X+3y<6 





(22) In the opposite figure the shaded 


region represents the solution 





for the inequality ее 
(a)X+y21 (6) Х+у<1 
(с) Х+у>1 (d) Х-у<1 

(23) The opposite figure represents the S.S. Ned | —— 
of the inequality -e in IR x IR TL 
(a)-2<5X<3 (0) -—2<X<3 YY YOY 
(c)-2<y <3 (д-2<у«<з ШЛА 


(24) Which of the following figures represents 
the solution set of the inequality : 
0xX«2inIR xR? 





(b) 
(25) Which of the following figures represents the solution set of the inequality : 


O<y<2inRxR? 





o3 





Unit 2 | 


(26) In the opposite figure : the shaded region 
represents the solution set of the system of 
the inequalities y 22» Х> 0 › ecese 
(a X*2y-6zx0 
(6) X+2y+6<0 
(c) Х+2у-6>0 
(d)X+2y+620 


(27) The shaded region in the opposite 
figure represents the solution set of 
the inequalities ·..---.-.--.... 
(a)X>1sy>2 
(0) 1<Х<3,2<у<4 
(с) 1=Х=3 ,25у54 
(d)X+y235X-ys7 


(28) The shaded region in the opposite 
figure represents the solution set of 
the inequalities зе 
(а) X»35y«2 
(b X23 5y22 
()X+1<4sy+1<3 
(9 Х+1>4,2у<4 


(29) The shaded region іп the opposite 
figure represents the solution set of 
the inequalities ·--------.--.-: 
(а) Х> 0 у> 0. Х+2у54,2 Х+у<4 
(6) Х+2у<4,2 Х+у<4 
(c) Х> 0 у> 0. Х+2у<4 2 Х+у<4 
(94 Х+2у<0 2 Х+4у5<0 
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Linear programming 


1 Find the S.S. in R for each of the following inequalities, representing it on the 


number line : 


(1)2X-3s5 (2)4-2X<6 (3) @3x-9>6xX 
(4)E)64+X%<3X+285144+%X (5)2X-1<X+3<3X%47 


2] Find graphically the S.S. in R x R for each of the following inequalities : 
(1) 
(4) Шу<=5 Ш у>2Х-3 (6) X«2y-4 





12 Х-у>6 (2)X+y<3 (3)Х>—2 





(7)у<2Х (8)—-2<Х<4 (9)-1syx2 


E) Solve graphically each system of the following linear inequalities in IR x IR : 
(1) Xz1 s у<3 (2) X—-2«0 ‚ у>] 
(3) X20 » X+2y>4 (4)-1sX«2 5 Osy<3 





|у>2Х+6 5 у+3Х<-1 (6)y>X >» X-y»l 
(7)2X-ye5 » 2у>20+4Х | (8) X+ys3 » X-y»l 
(9) X«1 » X+y<s-l (10)y<X4+1 5 y»X-1 


4 Solve graphically each system of the following linear inequalities in R x R : 


(1)Х>0 » у>0 |» Х+у<5 
 у<Х+2  Х+2у>- 2 
у> 0  у27-2Х » Х+2уг> 8 
>» у> 0 s 2Х+у<6 » X+ys4 





 2Х+2у<12 5 y<64+2X 
(6)LUX+4y>4 s 4Х+у> 2 » X-y«l 
(7)OsXs5 › O<sys3 » Xzy-1 
(8)X<4sys6 5 2y-X22 > yt2X26 
(9)X+4y<8 › Х-2у<6 ‚ 0<Х<4 
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= ThidN Problems that measure high standard levels of thinking 


Choose the correct answer from those given : 


( 1 ) If the point (a » b) does not belong to the solution set of the inequality 2 X + y > 3 » then 


(a)2a+b>3 (b)2a+b<3 (c)2at+b<3 (d)2a—b>3 


( 2 ) Which of the following inequalities has a solution set does not lie in the second or third 
quadrant ESTNE T TO 
(a) X»0 (b) X «O0 (c) y »0 (d) y «0 


( 3 ) If the solution set of the inequality a X + y > 2 does not lie in the third or fourth quadrant 


then ОООО. 
(a)a>O (b) a«0 (c)a=O0 (d)a>2 
(4 ) The solution set of the inequalities X + y > 4 » X—y < 4 does not lie in the 0e 
quadrant(s). 
(a) first (b) first or second (c) second or third — (d) third or fourth 


( 5 ) The solution set of the inequality - XyzXis------ 





(a) (b) (c) (d) 
( 6) If X » y are integers » then the solution set of the system of inequalities : 
KS Oy 500-73 Py Ssmo 
(а) 1050) 01 > (0 52) 5005350505505 8505 05D] 
(b) {(1 +1) (192) 52» D} 
(с) {(1 »1)} 
(d) @ 
( 7 ) If X » y are two integers » then the number of solutions of the system of inequalities : 
X>0 > y>0 » X+2ys6 › 2X«*ys6equals -veee 
(a) 3 (b) 4 


(c) 6 (d) infinite number of solutions. 
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. Linear programming 


( 8 ) If the two points (1 » 4) » (4 » 1) belong to the solution set of the inequality 


aX+by<c » which of the following points must belong to the solution set also ? 
(a) (0 » 5) (b) (2 » 4) (c) (2 » 3) (d) (4 » 2) 
( 9 ) If the point (4 » K) lies on the axis of symmetry of the region represents the solution 
set of the inequalities X + y >a s X- y >a s then k = .----.----.:-:: 
(a) 4 (b) — 4 (с) a (d) zero 
(10) Е Х+у>а › Х+у <b and the solution set of the system equals © › then -e 
(a)a>b (b)a<b (c)a=b (d)a<b 


п LO Life : A shepherd wants to make a rectangular sheep barn. The length of the barn 





Life applications 


must not be less than 80 metres and its perimeter must not increase than 310 metres. 


What are the possible dimensions of the barn ? (Write four possible dimensions) 











2 Professions : A carpenter wants to buy two types of nails. He does not want to pay 
more that 48 pounds for the purchase. If the carpenter needs at least 3 kilograms from the 
first type» and at least 1 kilogram from the second type» how much will the carpenter pay 
as a price for each type given that the price of one kilogram of the first type is 6 pounds 
and the price of one kilogram of the second type is 8 pounds ? 

( 1 ) Write a system of linear inequalities describing this situation. 
( 2 ) Represent graphically this system to show the possible solutions. 
( 3 ) Determine a point to be a solution of this system. 


( 4 ) Determine a point not to be a solution of this system. 


EJ Mr. Karim gave 60 minutes to his students to solve a test in mathematics. The students 
have to solve at least 4 questions from section "A" and at least 3 questions from section 
“B” such that the number of the answered questions is at least 10 questions from both 
sections. If Hanaa answered her questions in 4 minutes to every question in section “A” , 
5 minutes to every questions in section "B" 


How many questions in each section did Hanaa try to solve ? 
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Exercise | Linear programming 
Seven and optimization 





From the school book yourself 


| First \ Multiple choice questions 


e Choose the correct answer from the given ones : 
‘| ) L) The point at which the function : P = 40 X + 20 y has a maximum value 


(a) (0 +0) (b) (0 » — 4) (c) (15 › 10) (d) (25 50) 
| « ) L The point at which the function : P= 35 X + 10 y has a minimum value 


(а) (0 » 0) (b) (0 » 10) (c) (0 » 40) (d) (20 » 10) 
| =) If two times the number X is not less than three times the number y then ©0777 
(а) 2 Х< Зу (60) 2 Х<3у (с) 2 Х> Зу (9) 2 Х> Зу 


(£) Which of the following sentences represents the inequality : X + y < 15 ? 


(a) Two numbers » sum of them is less than 15 





(b) Two numbers » sum of them is not less than 15 
(c) Two numbers » sum of them is more than 15 
(d) Two numbers » sum of them is not more than 15 
| » ) Which of the following expressions represents the following sentence “two numbers : 
the sum of one of them and twice of the other does not exceeds 20" ? 
(а) X+2y>20 ®)Х+2у»> 20 (c) X 4-2 y «20 (d) X-2y x20 


| ^ : Which of the following sentences represents the inequality y 2 2 X ? 





(a) Two numbers » one of them more than twice of the other. 
(b) Two numbers » one of them not more than twice of the other. 
(c) Two numbers › one of them less than twice of the other. 


(d) Two numbers » one of them is not less than twice of the other. 
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— Linear programming 


( 7 ) The point which belongs to the region of the solution set of the inequalities : 
X+y25  Х> 1 ,у> 2 апа makes the objective function P= 2 X + y has minimum 
value 1S ee eee 


(а) (0 ›0) (b) (4 » 3) (c) (3 » 2) (d) (1,4) 

( 8) The maximum value of the function : 
Р= 5 Х+ 2 у under conditions: X20 у> 0. Х+у<7 ,Х+2 у < 1015 999999 
(а) 10 (b) 26 (с) 35 (а) 70 

( 9 ) The point which belongs to the feasible region of the inequalities : 0x X x 5 » 
О < у < 2 and makes the objective function P= 2 X + 3 y has maximum value is eee 
(a) (4 » 5) (b) (6 » 1) (c) (0 »0) (d) (5 » 2) 

(10) The smallest value of the expression 3 X — 2 y under the conditions : 
—B 2X27 v5: 9 S Egi Sans 
(a) 3 (b) – 19 (с) — 28 (d) 11 

(11) If (a » b) belongs to the solution set of the inequality X + 2 у > 5 where a › b are integers 
» then the least value of 2 a + 4 = «e 
(a) 5 (b) — 5 (c) 10 (d) 6 


(12) The opposite figure represents the solution set of 
a system of inequalities » then the objective function 
Р = Х + у is as small as 
possible at the point -eee 


(a) (0 $0) (b) (1 » 2) 
(c) (2 » 1) (d) (4 » 5) 





(13) The opposite figure : 
Represents the solution set of a system 
of inequalities » then the smallest value 


of the objective function P = 3 X +2 y is ·-----:: йып 
(а) б (Ъ) 8 
(c) 12 (d) 13 
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Unit 2 


60 


(14) In the opposite figure : 


The shaded region represents the solution set 


N 

of the system of the inequalities X 2 0 » y 20 > 

»X+3ys65X+y <4 › then the maximum ч. | 

value of the objective function Р=2Х+у | 7 7 7 E RN 

equals зз " ChKo ty o> mM | 
(а)7 (b) 8 : ЕЕЕ 
(3 (d)4 | 


(15) А small factory produces metal furniture 20 cupboard weekly at most of two different 


kinds and the factory sells from the first kind at least 3 times what it sells from 

the second kind. Let the number of the first kind of cupboards = X and the number 
of the second kind of cupboards = y. Which of the following systems of inequalities 
modelling the previous data and rules ? 


(а)3Х>0,у>0,Х+у>20,Х<3у 
(б)Х>0,у>0›,Х+у>»20.,Х>3Зу 
(с)Х>0,у>0,Х+у<20›,3Х<у 
(d) X20 ,у>0 .Х+у<20 5X23 y 


(16) A factory produces 120 units at most from two different kinds of goods X and y 


respectively. If the number of units sold from the second kind is not less than half what 
is sold from the first kind. Which of the following inequalities represents the data and 
the previous constrains ? 


(a) Х> 0 sy20°X+y<120,2y<X 
(b Х> 0 ,у>0 , Х+ух> 120 ,у<2 Х 
(c) Х> 0 у> 0, Х+у < 120 ,2у> Х 
(d) Х> 0 ,у>0 . Х+у < 120 у> 2 Х 


(17) A bakehouse produces two kinds of cake » first kind needs 200 gm. of flour and 25 gm. 


of butter and the second kind needs 100 gm. of flour and 50 gm. of butter and if the 
available quantity of flour is only 4 kg. and available quantity of butter is only 1 Ik. Let 
the number of the first kind of cake = X and the number of the second kind of cake = y › 
then which of the following systems is modelling the given rules ? 


(а) Х> 0 sy2=05,2X+y240,X4+2y250 
(b Х>0 ,у>0 2 Х+у<40 , Х+2у < 50 
(с) Х> 0 у> 0. Х+З3у> 40,3 Х+у> 50 
(9 Х>0 ,у>0 ,Х+2у> 30 2 Х+у < 70 








Linear programming 


fal Represent each of the following systems graphically › then find the point that 
satisfies the objective function in each case : 





(173 Х+у<5 » yzl » X22 , ће objective function P= 2 X +3 y is as small as 
possible. «(251)» 
(2)X20 » y20 5 y+2Xs10 » X+4y<12 , һе objective function P=2y+5X 
is as great as possible. « (5 90)» 
(3)X20 » y20 » 3y+X21554X+3 y= 24 s the objective function P= 3 y + 2 
X is as small as possible. «(3 94)» 
(4)X-ys3 › 3X+2y=-6 » Xz-2 » y<5 , ће objective function P=2 X-3 y is 
as great as possible. « (0 9-3)» 


©) Find the maximum and minimum values of the objective function : P= X + 3 y — 5 where 
(X » y) belongs to the feasible region of the inequalities system: - 3x X <3 , 


—-4<y<4 9 4Х+3у=< 12 9 4X+3y2-12 «79-17» 


EJ Youssef knows that if he wants to keep fit» he should burn the extra calories by walking 
and running. He found that walking for one minute burns 6 calories» running for one 
minute burns 15 calories» if Youssef walks 10 — 20 minutes daily and runs 30 — 45 minutes 
daily and the available time for walking and running daily does not increase one hour: 
then how many minutes does Youssef need to walk and run to burn the maximum amount 
of calories ? « 15 945 » 





11 A small factory produces metal furniture 20 cupboards weekly at most of two different kinds 
A and B. If the profit from kind “A” is 80 pounds, and the profit from kind B is 100 pounds. 
The factory sells from kind A at least 3 times what it sells from kind B. Find the number of 
cupboards » from each kind to satisfy the greatest possible profit to the factory. «1535» 





5 A farmer wants to breed chickens and ducks. The poultry place that he has can 
| accommodate only 300 of them; while һе wants the number of chickens not to be less 
than twice the number of ducks. If he earns one pound from each chicken and two pounds 
from each duck » then find how many chickens and ducks he can breed to get 
the maximum profit. « 200 » 100» 


(3 11 One of the seafood shops sells two types of cooked fish A and B › and the requests 
from the shop owner are not less than 50 fish » as he does not consume more than 30 fish 
from the type (A) » and no more than 35 fish from the type (B). If the price of a fish from 
type A 1s 4 pounds and 3 pounds from type B. How much fish from each of the two types 
A and B must be used to achieve the lowest cost possible to buy ? « 15 »35» 
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Unit 2 В 


CO One of the factories of musical instruments produces two types of blowing instruments 
» the first type needs 25 units of copper » 4 units of nickel and the second type needs 

15 units of copper » 8 units of nickel. If the available quantities in the factory on a day 
were 95 units of copper » 32 units of nickel and the profit of the factory from the first 

type was 60 pounds and 48 pounds from the second type. Find the number of instruments 
which the factory should produce from each type to get the maximum profit. «253» 





8 A farmer found that he can improve the quality of planting » if he used at least 16 units 
of Nitrates » 9 units of Phosphates in the process of fertilization for one kirate» there are 
two types of fertilizer A » B › its contents and cost of each shown in the following table : 























The Number of units for each kilogram Cost for each 
fertilizer | Nitrates | Phosphates = kilogram 
A 4 | 1 | I0Pt 0 
|| B 2 | 3 [ 150 Pt 





Find the least cost of a mixture of the two fertilizers A and B » such that the farmer can 
provide a sufficient number of units of Nitrates and Phosphates to improve the quality 
of his plants. «392» 





Г) 111 Suppose you manufacture and sell skin moisturizer» if manufacturing a unit of the 
normal moisturizer requires 2 cm? of oil» 1 cm? of cocoa butters and manufacturing a unit 
of the excellent moisturizer requires 1 cm? of oil, 2 cm? of cocoa butter. You will gain 10 
pounds for every unit of the normal kind» 8 pounds for every unit of the excellent kind. 
If you had 24 ст? of oil» 18 cm? of cocoa butter. What is the number of units you can 
manufacture from each kind to get the maximum possible profit and what is this profit ? 


« 10 54» 


10 There are two packages of food substances. The first has 5 units of vitamins and gives 
3 calories » while the second has 2 units of vitamins and gives 6 calories. Given that 
we need at least 25 units of vitamins and 39 calories» and the price of the unit of the first 
article is PT 6 and of the second is P.T 8, then find the number of each article that should 
be bought to obtain what we need at the least cost. «355» 


| A factory produces two types of iron sheet offices» one of the workers collects each 
type and then another worker paints it. The first worker takes 2 hours to collect a unit of 
the first type» and 3 hours to collect a unit of the second type. While the second worker 
takes 14 hours to paint a unit of the first type » and 2 hours to paint a unit of the second 
type » if the first worker works at least 6 hours daily » while the second worker works at 
most 6 hours daily » the profit of the factory is 50 pounds to each unit of the two types. 
What is the number of units the factory should produce daily from each of the two types 

to achieve the maximum possible profit ? « 4 from the first type » 





62 





Linear programming 


12 A factory produces two kinds of soap A and B. The production whose value is L.E. 100 
of the kind A needs 30 kg. of raw material and 18 hours of working on machines and 
the production of whose value is L.E. 100 of the second kind B needs 20 kg. of the 
same raw material and 24 hours of working on machines. 


Find the greatest value of the production that is produced of 75 kg. of raw material and 
the available time is 72 hours of working on machines. «І.Е. 325 » 


13 Two tailors produce two styles of blouses A and B 
The first tailor designs clothes » while the second tailor sews them. 
The first tailor takes one hour to design the style A and two hours to design the style B 
The second tailor takes 3 hours to sew the style A and one hour to sew the style B 


The first tailor works for 8 hours / day at most » while the second works for 9 hours / day 
at most. The profit of selling the blouse of style A is L.E. 10 and their profit of selling the 
blouse of style B is L.E. 15 


Find the number of blouses of each style that they should produce daily to gain the 
maximum profit. «293» 





ae ThirdN Problems that measure high standard levels of thinking 


ü A workshop for making furniture in which 72 workers at most can work. Some of them 
are trained and the others are under training. If it must be for each two trained workers » 
one worker under training works with them at least. If the quantity of production by the 

| trained worker equals two and half time as the production of untrained worker › 


find the number of each of trained and untrained workers such that the workshop realizes 
| the maximum quantity of production. «48 924» 


| 2 Yousef and Samy work on one of machines to produce a certain production. 

If Yousef produces the unit of production in an hour » while Samy produces two units of 
this production in an hour » but he can work for 2 hours at most more than the number of 
hours worked by Yousef. 
If we know that the machine should be operated at least 6 hours daily to cover its expenses 
and 8 units should be produced of the production at least daily » find the least daily wages 
paid to Yousef and Samy if Yousef takes L.E. 5 per hour and Samy takes L.E. 8 per hour. 

« 20 916» 


EJ It is wanted to put two kinds of books A and B on a library shelf with length 96 cm. and 
| can carry 20 kg. 


If the weight of the book of any kind is 1 kg. and the thickness of the book of the kind A is 
| 6 cm. and of kind B is 4 cm » find the number of books of each kind that should be put on 

the shelf such that its number is maximum. 

(Give reasons for having more than one solution). 
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Trigonometric identities. 


Solving trigonometric equations. 
Solving the right-angled triangle. 
Angles of elevation and angles of depression. 
Circular sector. 
| Circular segment. 


Areas. 





Exercise 


Ei g ht Trigonometric identities 





v 
Test 
From the school book yourself 





Multiple choice questions 


e Choose the correct answer from the given ones : 


( 1 ) Which of the following represents an identity ? 





(a) cos Ө = T (b) sin Ө = cos Ө 
(c) sin (Ж — Ө) = sin Ө (d) sin (2 %-0) 2- 4 
( 2 ) Which of the following relations represents an equation ? 
(a) tan (22 6) 2 - coto (b) cos (27. - 0) -- sine 
(c) cos ( Ө) = cos Ө (d) cot Ө = – tan 30? 
(3) tan 0 cse 0 = ·.-..:......... 
(a) 1 (b) cos 0 (c) sec Ө (d) csc 0 
(4) EL) MMC in the simplest form equals эз 
(a) sin O (b) cos Ө (c) sec 0 (d) csc Ө 
(5)1— M —— 
(a) tan? 37? (b) cot” 37° (c) cos? 37° (d) sin? 37° 
| ( 6) 5 cos? 30° + 5 sin? 30? = s 
(a) 5 (b) 1 (с) 29 (d) 10 
| (7) 3 x- — NNNM 
(a) 6 (b) - 6 (c) $ (d) d 
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Unit 3 = 


( 8 ) sin? (180°— Ө) + sin? (270° — Ө) = ese 


(a) 2 sin? Ө (b) cos? Ө (c) 1 
(9) (1 + cot 9? —2 cot 0 = 
(a) sec? 0 (b) cos” Ө (c) csc? Ө 
(10) LJ sin Ө cos Ө tan Ө in the simplest form equals зе 
(a) sin? Ө (b) cos? Ө (c) tan? Ө 
(11) Е asin, 8. in the simplest form equals еее 
(a) -1 (b) 1 (c) tan? Ө 


odd dant . . 
(12) sec diam 9 in the simplest form equals ·---------:---: 
sin“ Ө + cos“ Ө 


(a) 1 (b) tan? Ө (с)—1 


(13) cos (90? — 0) sec (0 — 90°) in the simplest form equals 





(a) 1 (bcd (c) sin? 0 
m | 1 соѕ? В . | 
(14) LL] The expression : Ew) in the simplest form equals 
sin’ B — 

(a) — tan? В (b) — cos? В (c) tan’ В 

(15) tan 8 in the simplest form equals з 
+ cor t 

(a) tan? Ө (b) cot? 0 (c) 1 
(16) sin? Ө + cos? Ө + tan? Ө = vee 

(a) 1 (b) cot^ 0 (c) csc? Ө 
(17) (tan? 0 — sec? 0y — 

(a) 1 (b)-1 (c) 5 
(18) 2 sin? 0 + cos? 0 + L — 

sec’ Ө 

(a) 2 (b) 1 (c) tan? Ө 
(19) sin Ө csc 8 + 2 cos Ө sec Ө + 3 tan 9 cot Ө = se 

(a) 1 (b) 3 (c) 5 
(20) (1 — cos Ө) (1 + cos Ө) (1 + cot? Ө) = ·--------.--.. 

(а) – 1 (b) 1 (c) sin Ө 
(21) If csc? Ө = 22 s then cot? 0 2 s 

АШ. 5 16 
(a) 4 (b) 3 (ӨЕ 


(22) If tan” 0z215«.then sec^ Ө = ............. 
(а) 225 (b) 226 (с) 15 


(d) 10 


(d) — csc? Ө 


(d) 1 — sin^ Ө 


(d) cot? Ө 


(d) sec? Ө 


(d) cot? 0 


(d) cot? D 
(d) cos* 9 
(d) sec? Ө 
(d) - 5 
(d) sec^ 0 
(d) 6 

(d) tan 0 
(d) + 


(d) 16 





Trigonometry _ 


(23) If cot Ө = + 5 then csc? 0 = eere Е 
3 


Gg 0 3 © (a) 3 
(24) If sin Ө + csc Ө = 5 » then sin? Ө + csc? Ө = ---............ 

(a) 1 (b) 5 (c) 23 (d) 25 
(25) If sin 9 - cos 0 = 4 where 0 c |о А 2 » then sin Ө cos Ө =... D: 

e$ (b) 5 © @ 2 
(26) If csc Ө – cot Ө = i s then csc Ө + cot Ө = ess 

(a) 3 (b) 4 (c) & (d) 1 
(27) If tan Ө + cot 0 = 3 , then tan? Ө + cot? Ө = eee. 

(a) 9 (b) 8 (c) 7 (d) 1 


(28) sin’ 6—cos* Ө = 


oe eee eae eee 


a J 
sin? Ө — cos? Ө 


(a) tan Ө sec Ө (b) sin? Ө — cos? Ө (c) csc? Ө — cot? Ө - (d) tan? Ө — sec” Ө 
(29) If sin" Ө x csc® Ө = sin Ө 5 then n = eese. 
(a) 4 (b) 5 (c) 6 (d) 7 


A 


(30) 8122 Ө+созө_  0€—— 
 ]1-sin Ө cos Ө 








(a)cos 0 —sinO  (b)cos Ө sin Ө (c) 2 csc” Ө (d) 2 sin? Ө 
(31) POTE + per. c—— 

(a) 2 sec X (b) 2 cse X (c) 2 cot X (d) 2 sin X 
(32) If A 22 sin X + cos X › B = 2 cos X- sin X » then A? + B? = ocre 

(a) 4 (b) 5 

(c) 8 sin X cos X (d) 4 sin? X +5 cos? X 
(33) If 0 » oc are two acute angles and 0 + o = 90? ; then sin? Ө + sin? с = oee 

(a) zero (b) 1 (c) 2 sin? Ө (d) 2 cos? 0 
(34) In A ABC » if sin? A + cos? B = 1 » then A ABC is +e 

(a) equilateral. (b) isosceles. (c) scalene. (d) right-angled. 

‚2 д 

(35) If tan Ө = 4 then or eer — A 

(a) 42 (b) 1 Ore (d)~1 
(36) case MN -i 

(a) – 1 (b) cos Ө (с) — sin Ө (d) sin Ө 
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Unit 3 | _ 








ЕЙ Write in the simplest form each of the following expressions “‘where Ө is the measure 


of an angle in which all trigonometric functions and their reciprocals are defined at it" 


MEN 
cos20 соё Ө 


( 19 CU 





( 3) sin (JU — Ө) csc (Л — Ө) 

(5 ) (sin Ө + cos 0)? — 2 sin Ө cos Ө 
(7) cos” Ө sec Ө csc Ө 

(9) sin Ө sin (t - 6) tan Ө 

(10) sin (2 - 6) 

(11) sin (Ж - 0) cot (Л. - Ө) csc (Л — Ө) 
| + cot (33 0) 


н 1 + (ап? (л -0) 


(2) cos (7. - Ө) sec (2-6) 
sin( 5-0) 

cos (2 JT — Ө) 
(6) sin (Æ + Ө) sec (- 6) 


(4) 





(8) sin Ө csc Ө — cos” Ө 


cos 0 — cos (Ж + Ө) sin (Jt — Ө) 


(12) sin Ө cos Ө (tan 0 + cot Ө) 


.4 44 Sin Ө cos Ө tan Ө 
| (14) tan Ө T- sec Ө csc Ө 


$3 Prove the validity of each of the following identities : 


( 1 ) LL) tan 0 + cot 0 = sec Ө csc Ө 
(3 ) 2 sin? Ө + cos? 0 = 1 + sin? Ө 
(5) LL) sin (90° – u) cos u = 1 — sin? u 


(7) sec? B + csc? В = sec? B сѕс В 


( 9 ) tan? 0 + cot? Ө — (sec? Ө + csc? 0) = - 2 


(10) tan? Ө cos? Ө + cot’ Ө sin? Ө = 1 

(11) (sin 8 + cos Ө)2 + (sin Ө — cos ө)? 20 
(13) (1 — sin Ө) (sec Ө + tan Ө) = cos Ө 
(14) sin Ө sin (90° — Ө) tan Ө = 1 — cos? Ө 


(15) cos? Ө tan? Ө + cos? Ө + cot? Ө = csc? Ө 


2 


(17) sin? œ sin? B + sin? œ cos? B + cos? 


£) Prove the validity of each of the following identities : 


у COS Ө хїапӨ _ 24 es 


1) 
(I csc Ө 








cos Ө 


4 tan Ө = sec Ө 
sin Ө 


(3)4 








( 2)escO— sin Ө = cos Ө cot Ө 


(4) sin? oc + tan? « sin? oc = tan? oc 


( 6) £3 cot? р — cos? u = cot? u cos р? 
( 8 ) sec Ө — sin Ө tan Ө = cos Ө 


| (12) sin? Ө csc Ө + cos? Ө sec Ө = 1 


(16) sinf Ө — cos^ Ө + cos? Ө — sin? 0 


(2) ——©909___ sin Ө x cos Ө 
1+cot* 0 

| соѕ Ө _ ; 

(4)Ш-+ сле = 1 + зір Ө 
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(5)l-si in csc? 0—1 | (6 j Lan 8. = 2 cos? 0- 1 
1 
7) (yj £8¢9_ (1 — sin? 0) = cot LL] —— ———- - tan’ Ө = 
( Ш ~ a б sin’ Ө) = cot Ө d Gm? 00° 8) tan’ Ө = 1 
(9) qj Lttan 8 = 1. sin? Ө 
sec" Ө 
1 ] 2 2 
10) Ш ———— - ———— = — 
( тара 1 + tan? В й: 
11 cos 0—cos Ө _ сес2 9. tan? Ө 12) ФШ sec Ө — tan Ө)2 = 18100. 
ш sin’ Ө — sin” Ө ЕЕ Y= T¥sin 
1 tan Ө sin? ос + cos? ос sin? o — cos? ox 
(= == ә... "iran ad а See AN I 
(13) oð 1+tané@ (14) sin o + COS oc Ы sin ос — cos a 
cos? 0 — sin? 0. 
(15) Ш - = csc 0 — sec Ө 
sin 0 cos* 0 + cos 0 sin’ Ө 
sin Ө sin (90°—6) (ап (180° + 0) _ 
(16) tan Ө TUE sec O cscO —— l 
(17) (sin 0 + csc oy + (cos 0 + sec ө)? = tan? 0 + cot? 0 +7 
| — (sin Ө + cos Ө)” 
(18) sin ð cos 9 -со Ө _ = 2 tan’ Ө 
— Wespü-Üshlü 2 | . .. Т 
C: p 2 SOE _ З » then find the value of : tan Ө P 
3cosO+2sinQ@ 2 10 
mi If sin Ө + cos Ө = = » then find the value of : sin Ө cos Ө » where Ө c lo 9 xj « = » 
9 If sec Ө – tan Ө = 4 » then find the value of each of : sec 0 and tan 0 « E ә 2 » 
sin^0—cos?0 5 9 Е І 
=" — ш — 5 then prove that : sin Ө cos 0 = = 
sin Ө — cos Ө 4^ P 32 
ГЭ If tan 6 + cot 6 = 5 , then find the numerical value of each of the following : 
( 1 ) tan? 0 + cot? Ө « 23 » 
( 2) tan? Ө + cot? Ө #1105 
(3 ) tan 0— cot 0 «+721» 
( 4) tan? Ө — cot? Ө «+5121» 
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БЕТИМ Problems that measure high standard levels of thinking 


п Choose the correct answer from those given : 


(1 )IfX+y=30° , ћепр : tan (X+ 2 у) tan (2 X + y) = 


(a) 1 (b) zero (c) - 1 (d) 243 
(2)Ifsin@=2 , ӨЄ[0,2| then 1+ tan? 8 = 








(a) —— (b) —— (c) : 
a* - b? a-b 41+a2 1b? -a? 
(3)If31 «0 «m ‚еп 444 tan? 0 = e 





(a) 2 sec 0 (b) 2 cos 0 (c) – 2 sec Ө (d) — 2 cos 0 
( 4 ) If sin Ө »cos Ө are the two roots of the equation 2 X^-bX-120;thenbz ---- Sort 
(a) zero (b) 2 (c) 3 (d) - 4 
(5303510 Ө + 4соѕ Ө = 5 ; then 3 cos 0-4 sin Ө = -----------.... 
(а) 5 (b) 4 (c) 2 (d) zero 
(6)1fec Jo ‚ T| and tan Ө + cot 0 - 8 > then sin Ө + cos Ө = ee 
(a) 2 (b) 5 (c) 2 (à) 5 
(7) 1f 0 € lo » , then 1] sec? Ө +. cesc? Ө = s 
(a) = а (b) tan Ө + cot Ө (с) sec Ө – tan Ө (а) sec Ө + tan Ө 
(8 )Ifsin A+ sin? A= 1 5 then cos? А + со A = ve 
(a) - 1 (b) 1 (c) sin? A (d) 2 


(9) sin? 1° + sin? 2? + sin? 3° + ... + sin? 90° equals vv 
| (a) 444 (b) 45 (c) 455 (d) 46 


| (10) cos? 1° + cos” 2° + cos? 3° + «+ cos? 180° _ 
cos 1? + cos 2? + cos 3? + ·-. + cos 180° 
(a) — 90 (b) — 88 (c) 88 (d) 90 


à om а 0 ан o Rod oS SE] 





F) Prove that : sin? Ө + cos? Ө = 1 — 3 sin? Ө cos^ Ө 


E) In the opposite figure : 
A unit circle of centre О > 


BC = sin0 » AC isa tangent to 





the circle at A 





Find the value of : cos? 0 + sin Ө 


«l» 
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Exercise ipium x : 
Nine Oiving trigonometric equations 





From the school book yourself 


| First \ Multiple choice questions 


e Choose the correct answer from the given ones : 


( | ) O If 0° < 8 < 360° and sin 0 + 1 =0 › then Ө = ecese. 


(a) 0° (b) 90° (c) 180° (d) 270° 
( 2 ) LL) If 0° < Ө < 360° and cos Ө + 1 =0 > ћер Ө = ·----.-.-.-.... 
(a) 90° (b) 180° (c) 270° (d) 360° 
(3 ) If 0° x0 < 360° and csc 8 — 1 = 0 › ћеп Ө = ·------...:.... | 
(a) 0° (b) 90? (c) 180? (d) 270? 
(4)1f2sin0-13-0 ‚ where Ө Є |0 9270 ([ » then Ө = eese 
(a) 30? or 150? (b) 60? or 120? (c) 150? or 210? (d) 120? or 240? 
(5) If2cos Ө + 1 20 » where Ө is the measure of the greatest positive angle ; 0 C [0 »2 7 » 
then Ө = ............... 
JU 2 JU 4 JU 5 JU 
(a) 4 (b) 3. (c) 3 (d) 4 
( 6) If sec (C0) = 2 where Ө C [0 » t| > then 0 = з 
(a) 60? (b) 30? (c) 120? (d) 150? 
| ( 7 ) The solution set of the equation : sin @ 43 cos Ө =0 » where Ө E|n з зл] dS n 
4 7 3 ] 
wiz) OLE © Л] 13 7| 
( 8 ) The solution set of the equation з tan 021 » where 90? < Ө «270? 15 eee 
(a) {30°} (b) {150°} (c) {210°} (d) {240°} 
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(9) The solution set of the equation : sin Ө + cos Ө = 0 » where 180° < Ө < 360° is «+ 


(a) {210°} (b) {225°} (c) {240°} (d) {315°} 
(10) If0° <8 < 180° »cotOz 1 › ћеп Ө = ··.....:....... 

(a) 30° (b) 45° (c) 60° (d) 135° 
(11) If C [o 5 Es » sin O cot 9 = i » then the solution set 15 «+ 

JU 4 JU 5 JU 

"n 013] Oss Diz 

(12) The solution set of the equation : sin? 0 + 120 ; 9 C [0 5 T| is --------.---.-. 
JU JU 

(a) {>} Б) Ur (с) 17} (e 
(13) L If 180? $0 < 360° and 2 cos 0 + 1 = 0 , then Ө = ·:::. 

(a) 210° (b) 240° (c) 300° (d) 330° 
(14) The general solution of the equation 3 tan Q — 1 =O is -.--....-.... (where n CZ) 

(a) Pann (b) 2n 7t = с) enm @2пл+® 
(15) The general solution of the equation : cos Ө = i 15 7 (where n GZ) 

(a) 2n3 27 (b) 2n me (c) T enm (d) T «nm 
(16) The general solution of the equation : 

cot ( -6 ) 245 is "m (where n Є Ж) 

(a) Fann (b) 7 +200 

() 5 2m (à 2 «2nzor37 +200 
(17) If 5 sin X = 12 cos X where ХЄ [0 5 Л] » then X equals approximately ............... 

(a) 157° 2248 (Ы) 112° 37 12 (c) 22° 37 12 (d) 67° 22 48 
(18) If 3329 = 1 where 0 C ]0 ,2 7f » then: 0 = eee j 

(a) 45 (b) 90 (c) 180 (d) 270 


(19) If 0 E[0 »2 7 » then the solution set of the equation : 789 = 25 [RR 
(a) {30°} (b) {30° 5 150°} (с) {210° 5330°} (062 





(20) If sin X = = оов x= 12 where x [t 52.1 > then X= mem 


(a) 7 (p) 2 (o) 2 (d) == 


Trigonometry 


(21) If X E[0 .2 7] » then the solution set of the equation : cos X = 4 is the same 


solution set of the equation ............... 


(a) tan X = 2 sin X (b) 2 cos? X 2 cos X 
(c) 2 cos? X - 3cos X 22 (d) cos (x- 1.) 20 

(22) If 09 € [O . 2 t| » then the number of solutions of the equation 2 sin Ө = 3 is ............... 
(a) zero (b) 1 (c) 2 (d) 3 


(23) If 0 C [0 527 » then the solution set of the equation : tan (Ө — 90°) -43 1S contentis 


(а) {30° 5210°} (ЫЬ) {150° » 210° (с) {150° » 330° (9) {210° , 330°} 
(24)If0 X « 2T » then the solution set of the equation cos (x — t| | 


3 m үз | Se 
Лл -N JU 17 Л, M 
{2} {ә () 135 > (d) 5» 
(25) If 9 C [0 2 7| » then the solution set of the equation : 2 M" 9 — == Booris 
(а) {45° 9 135952259 315°} (b) {45° 5 315°} 
(G)11895*.4225* 5 (d) {45° 5 225°} 


(26) If 0 E[0 52 7| , then the solution set of the equation : cos? Ө — cos Ө=015............... 
(a) {0° ,90*! (b) {0 590° , 180°} (с) {0° » 90° 5 270°} (d) 190° 270°} 


(27) If 9 C [O 527 , then the solution set of the equation : 2 sin Ө cos Ө + 3 cos Ө = 0 














(а) {0° 590° , 270° } (b) {90° , 270°} 
(с) 10° , 90° (d) {0° 5 180°} 
(28) fO Х<2 Л › then the solution set of the equation sos Asi X L2-20is ees 
SIT 
JU 4л 2 JU on 
(a) {to b) 15, 
д 2л 490 5 = 2л. „ЗЛ 5 JU 
OLS 3 UY] ч 4 "3 


(a) {30° , 120°} (b) {60° 5 240°} 
(с) {15° ‚60° 5 120° » 240°} (9) {15° 5 105° 5 195? 5 285°} 
(30) If 0 C [0 ,2 7] , then the solution set of the equation sin Ө + csc Ө = 2 equals ............... 


(a) [3] o» {2} (c) (л) «t7 
2 S 2 
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(31) The number of solutions of the equation : cos? 0—4 cos 0 - 420 equals ............... 


(a) zero (b) | 


(с)2 (а) 3 


(32) If @ӨЄ[|0,27][ » then the solution set of the equation : 2 cos? Ө – 5 cos 0-320 


(a) 130? » 150°} 


(b) {60° , 120°} 


(c) 1 60°, 240° } (d) {120° , 240°} 


(33) ӨЄ[0, à T | » then the solution set of the equation : 2 sin? Ө + 3 sin0 + 1 20 


(a) {240°} 


(b) {210°} 


(с) {225° } (d) {330°} 


(34) If 9 C [0 » 7| , then the solution set of the equation : 3 sec? Ө — 7 sec 0 +2 =0 


(a) {30°} 


(b) {60°} 


(c) {150° } (d) {120°} 


Ht: Find the general solution of each of the following equations : 


( 1) LI sin Oz 


( 3) LL tan 92/3 
соиб 
(7) сѕсӨө= – 2 
(9) cot 2-43 


(11) 2sin0 «1220 


(13) LL) 2 sin 0 cos 6 + 3 cos 0z0 
(15) 2 sin? 0 -4[2 sin 0 20 

(17) 3 2 sin? Ө = sin Ө 

(19) 2 cos? Ө + cos 0 = 0 


(2) 0 cos 0 =? 


(4) sin = 23 
(6) tan §@=-1 

(8) sec 0 242 

(10) LL 2 cos 0-3 =0 


(12) Œ cos (22-0) = 1 


(14) Ш sin Ө cos = sing 
(16) LJ cos? 0 - cos 0 20 

(18) О ^2 sin Ө cos 09 - sin 8-0 
(20) 2 cos? 0 + 3 cos 0 + 120 


2) If 9 C [0 »27[ » find the solution set of each of the following equations : 


(1)2cos8-1=0 
(3)2cos0+43=0 
(5)¥2cos0+2=0 
(7)4sm0+3=0 
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(2)L42sn0+1=0 
(4)tan@-1=0 
(6)3csc80+2=0 
(8)sec 012-0 


Trigonometry 








(9)4tan0-5z0 (10) sin 8 — 2 cos 020 
(11) cos0- 120 (12) sin 8 cos 8 = 0 
sin 25° б. M и E EN 
(13) т ОА tan (90° – 8) = 0 (14) соѕ (Ө – 50°) = ? 
(15) 4 sin? 0 = 3 (16) 2 sin? Ө = sin Ө 
(17) 3 sec? 0 = 4 (18) sin? Ө — cos” 0 20 
(19) 3 соз“ Ө + 2 sin Ө cos 0 20 (20) (13 4 sin? Ө — 3 sin Ө cos 0 20 
(21) 4 tan? 0 + З їап Ө 20 (22) 2 sin? Ө + sin0—1z0 
1 
23) tan? 9- —— = 0 
ORI tan G cot 0 
EJ «Uu Solve each of the following equations in the interval [o E 3 [ 
(1) tan? 9 - tan0 20 (2)2sin0cos0—cos = 0 


a Solve the equation : sin Ө cos Ө – + cos 0 2 0 , where 0? < Ө < 180? 


5 Find the general solution of each of the following equations : 
(1) J cos 0 = sin 2 8 (2) CO cos 20=sin Ө 


(3) соѕ55 9 =51п4 Ө (4 ) ѕес49 = сѕс2 Ө 


(3 Find the solution set of each of the following equations in the interval [0 » 7[ : 


(19) 
(3) 481120 + 8 ѕіпӨ +3 = 0 (4)2tan* 9 -їапө- 1 =0 


2 sin? 0-5 sin0+2=0 (2)6cos?0—5cos04120 





(5)3sec*@—7sec0+2=0 


eB Find the measure of the smallest positive angle which satisfies the two equations : 
2cos8+1=0 stan 0-13 =0 « 240° » 


o Find the solution set of the equation : 
sin (2) = 75 » where 0 € | 0 | « {20° » 60°} » 





| Third N Problems that measure high standard levels of thinking 


ü Choose the correct answer from those given : 


( 1 ) The number of solutions of the equation : sin X = 0 where X € [0 ‚ б л| СТТ 
(а) 2 (6) 4 (c) 6 (d) 8 
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(2) If sin A + sin B = 2 s then eee 


(a) cos A + cos B = zero (b) cos A — cos B= 1 
(c) sin A— sin В = 1 (d) sin (А+ B) 2-1 
( 3 ) The solution set of the equation : cos X + sin X = 2 where X C [0 52 IU is oe 
(а) {>} (b) {zero} о {0,3} (à) 2 
(4) If0 < X< 360° , then the number of solutions of the equatain 3 sin X = tan X -- 
(a) 2 (b) 3 (c) 4 (d) 5 
(5 ) If tan 0 + cot 0 2 2 » then tan"?? Ө + cot"? I? Ө = ........... 
(a) zero (b) 1 (6) 2 (d) 3 


( © ) The values of 0 which makes the roots of the quadratic equation : 

X? +2 X +2 cos Ө = 0 are equal where 0 € [0 » 2 I] are ee 

(a) ог (b) T or 2 с) 2 or 3t (Torsi 
(7 ) The sum of the solutions of the equation : 

sin? X —sin X cos X = cos X- sin X » where X € |0 ‚21] 1S +. 

(a) 2л (b) 270 (c) 3.0 (d) 4.70 
(8 ) The sum of the solutions of the equation : 


cos 2 X = —sin2 X where xE [0 ; 2 7] is IE 


3 JL 3 JU 9 JU Пл 

(а) 2: (b) 23 (c) 23 (d) 1L 
| JU 2 1 = 
(9) 1feE|0 >| and the equation X - (00 +) х+1=0 


has positive unique root » then sin Ө cos Ө = ·-.---:: 
(a) 4 (b 4 (c) 2 (d) 4 
BHBroc [0 »2 7U| » then find the solution set of each of the following equations : 
(1)2cos? 6 + l1 sin(-0)-6=0 (2)4sin0-- csc 0-4 =0 
( 3) cos Ө + sec Ө cos? 0 2 [3 ( 4) tan* Ө – 3 tan^ 0 - 2-20 
(5 )2sm0cos8@+2sin9—cos 8-1=0 (6 )¥3 tan? 6 – (1 +73 )tan6+1=0 


(7) tan? Ө + sec? 0-2 7 (8) 6tan* 0+5sec0+5=0 


Exercise 


Ten 


| — First N Multiple choice questions 


e Choose the correct answer from those given : 





( 1 ) The right angled triangle can be solved in each of the following cases except if the 
given 1S ——— 


(a) the length of two sides in the triangle. 

(b) the length of two sides and the measure of their included angle. 

(c) measure of two angles. 

(d) the length of one side of the right angle and the length of the hypotenuse. 
( 2 ) In the opposite figure : 


Ji Closes erdt cm. 
(a) 13.2 (b) 8.3 
(c) 3.7 (d) 5.9 
( 3 ) In the opposite figure : 
XY RR cm 
| (a) 9.8 (b) 6.9 
(c) 8.4 (d) 14.6 
( 4 ) In the opposite figure : 
The length of ABa m to the nearest metre. 
| (a) 56 (b) 57 
(c) 58 (d) 59 
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( 5 ) In the opposite figure : 


The length of BC с -- cm. 


(a) 12 
(c) 16 


( 6 ) In the opposite figure : 


The length of BC = em. 


(a) 6 
(c) 9 


( 7 ) In the opposite figure : 


(a) 56° 27 
(c) 33° 33 


(b) 13 Л 
(4) 24 x 

Aa 

А 

B 
Sf”. 

(b) 4 Pa 

A, PUN 
(d) 5 244812 


(b) 39° 48 
(d) 50° 12 


C 6cm. . 


( 5 ) Triangle ABC is a right angled triangle at B , AB = 5 cm. BC = 5 үз cm. 


othen m (Z С) = eese 
(a) 60° (b) 30° 


( 9 ) In the opposite figure : 


(a) 98 cot 20? 
(с) 98 csc 20? 


(c) 45° (d) 56° 


20.—— — 


„= 
es | 
ж T E 


C. 98cm. 


(b) 98 sin 20? 
(d) 98 tan 20? 


(10) If A ABC is right angled triangle at B » m (Z A) = 0.925™4 , BC = 8 cm. 


(c) 6 (d) 11 


(11) If A ABC is right angled triangle at B » m (4 C) = 54° 13 , BC = 20 cm. 


. then AC ААС cm. 
(a) 10 (b) 13 
» then the length of AB = ++. 
(to the nearest 1 decimal place). 
(a) 16.2 (b) 11.7 
(12) In the opposite figure : 
Length of BC = tette 
(a) 5 cm. 
(c) 3 4 cm. 
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(c) 14.4 (d) 27.7 

B 4cm 
(b) 6 = ст. ` 
(d) 3 cm. ( Е 








(13) In the opposite figure : 
Length of BD = ee 
(a) 9 cm. 
(b) 29 cm. 
(c) 23 cm. 
(d) 28.5 cm. 


Trigonometry 


25cm. 
М, 


ыл 
20cm 





(14) ABC is an isosceles triangle » AB = AC = 14.8 cm. » m (Z A) = 64° 32 


» then the length of Bes atate cm. 
(to the nearest 1 decimal place). 
(a) 25.2 (b) 15.8 (c) 18.7 


(15) L The opposite figure shows the circle of centre M > AB is 


a diameter in it » if AC = 12 cm. » m(Z A) = 37? 


» then the length of the radius of the circle to the 
two decimal places = ceee. cm. 

(a) 7.51 (b) 9.97 
(c) 7.96 (d) 4.79 


(16) In the opposite figure : 
M is a circle with radius length is 5 cm. 
» AC isa tangent at A 
Ар = бст. » then m (4 CAD) = ·..-......... e 


(d) 25.8 


nearest 








e ст. (to the nearest cm.) 


(a) 53? (b) 31? 
(c) 30? (d) 37? 
(17) In the opposite figure : 
The length of AC es aum cm. 
(a) 6 | (b) 10 
(c) 4 (d) 5 
(18) Ш ABC is a triangle » draw AD 1 BC ; if AD- 6 cm. 
‚т (Z В)=52° 
„т (Z C) = 28° ,then the length of ВС = .. 
(а) 20 (b) 16 
(с) 17 (d) 18 
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@ Find the value of each of X and у in each of the following figures : 
(1) (2) | (3) 

















E) Find the value of each of the angles œ and p in degree measure in each of the 
following figures : 


(1) (2) — (3) 

















EJ ABC is a right-angled triangle at B. Find AB to one decimal : if : 


(1) m (Z C) = 32? 18 and AC = 25 cm. dido. $ 
(2)m(Z A) = 62? 44 and BC = 16 cm. ҮТҮ 
(3)m(ZA) = 42? 8 and AC = 24 cm. « 17.8 cm. » 


п АВС is a right-angled triangle at B. Find m (Z C) to the nearest minute ; if : 


(1 ) AB = 12.6 cm. and AC = 18.6 cm. « 42? 39 » 
( 2) BC 2 54 cm. and AC = 88 cm. « 52° 9 » 
(3) AB 2272 cm. and ВС = 204 cm. « 53° 8» 


Ө LO) Solve the triangle ABC which is right-angled at B approximating the measures of 





angles to the nearest degree and the lengths of sides to the nearest cm. where : 
(1)ABz4cm. » BC=6cm. (2)AB= 12.5cm. › BC=17.6cm. 


(3)AB=5.3cm. » AC=12.2 cm. (4)BC=31 cm. » AC = 42 cm. 


[3 Solve the right-angled triangle ABC at B in which : 
(1)AC=246cm. » AB = 16.2 cm. (2) ШАВ 239cm. » BC = 62 cm. 
(3) ФШ m(ZC)=62° , AC=76cm. | (4)AB=12cm. › m (Z A) = 42? 24 
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a Solve the triangle ABC which is right-angled at B approximating the measures of 
the angles to the nearest thousandth in radian measure ; and the lengths of the sides to 


the nearest thousandth cm. where : 
(1)m(ZA)=1.169 ,AB=18cm. | (2)m(ZC)=0.646 , AC = 15.7 cm. 
(3)m(Z C) = 1.0824 , AC = 35.8 cm. 


C) An isosceles triangle » the length of each of its legs is 7 cm. and its base length is 10 cm. 
Calculate the measures of its angles. « 44° 24 55 544° 24 58 591° 10 10 » 


C) ABC is a triangle in which АВ = АС » BC = 20 cm. and m (4 B) = 48° 54 
Find the length of AB to the nearest cm. « 15 cm. » 


Ш XYZ is a triangle in which XY = 11.5 ст. » Ү7= 27.6 сп. » XZ=29.9 ст. 
Prove that the triangle is right-angled at Y » then find the measure of angle X « 67° 23 » 











11 A circle of radius length 8 cm. » AC is a diameter drawn in it » then the chord AB was 
drawn of length 10 cm. 
Find the measures of the angles of the triangle ABC « 51? 19 4 590° 538° 40 56 » 





12 A circle of radius length 7 cm. » a chord was drawn in it opposite to a central angle 
of measure 110?. Calculate the length of this chord to the nearest thousandth. 
« 11.468 cm. » 


G ABCD is a rhombus › the lengths of its diagonals AC and BD are 18.8 cm. and 24.6 cm. 
Find : m (Z ADC) to the nearest minute. «74° 47 » 


C A piece of land is in the shape of a rhombus ABCD. Its side length is 10 m. 
and m (Z ABC) = 104? 16 . Find the length of each of its two diagonals. 


« 15.79 m. approximately » 12.28 m. approximately » 





15 ABCD is a rectangle in which the length of its diagonal AC = 24.8 cm. 
and m (Z ACB) = 23? 36 Find the length of each of : AB and BC 


« 9.9 cm. approximately » 22.7 cm. approximately » 


16 ABCD is an isosceles trapezium in which AD // BC  AB-2 CD- 5cm. » 
AD = 4 cm. » BC = 10 cm. Find the measure of each of its four angles. 
« 53° 8 » 126° 52 , 53° 8 › 126° 52 » 
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e Choose the correct answer from those given : 


( | ) In the opposite figure : 
If D € BC such that DA = DB = DC = 5 cm. 





m (Z ADB) = 80? > then AC = «ee cm. ZB. A 
(a) 10 sin 40° (b) 10 sin 50° (c) 5 sin 80° (d) 5 sin 40° 


( 2 ) If the side lengths of right-angled triangle ABC are a sa + 1 »a— 1 where а> 1 > then 


the measure of its greatest acute angle approximately is «+++... 
(a) 36° 52 (b) 48° 18 (c) 53° 8 (d) 62° 42 
( 3 ) If ABC is a right-angled triangle at B » AB = 6 cm. and the perimeter of 
A ABC = 24 cm. »thenm(ZC)z e 
(a) 14° (b) 18° (с) 37° (а) 53° 
( 4 If ABC is a right-angled triangle at B and AB > ВС and the area of A АВС = 30 cm? » 
AB + BC = 20 cm. » then m (Z A) = ee 
(a) 77° 19 (b) 54° 37 (c) 26° 18 (d) 12° 41 
( 5 ) In the opposite figure : 
If AC is a diameter in circle M 


, AB is a tangent АВ = бст »r=Scm. 
3 then m (4. DCM) == 





(а) 50° 12 (Ъ) 25° 6 
(с) 18° 31 (d) 37° 39 
( 6 ) In the opposite figure : 


BC is a diameter in circle M 


АС = бст. » т (4 АВС) = Ө 





„Шеп the area of A ABC = «+++ cm 

(a) 6 sin Ө (b) 6 tan 0 (c) 18 tan 0 (d) 18 cot Ө 
( 7 ) In the opposite figure : 

If ABC is a right-angled triangle 

at Z A» AD L BC ; AD - sin? Ө » then BC =з 





D 
(a) sin Ө (b) tan 0 (c) cos 0 (d) tan’ Ө 
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Exercise Angles of elevation and 
Eleven angles of depression 


From the school book 
| First \ Multiple choice questions 


e Choose the correct answer from the given ones : 

( 1 ) From a point on the ground surface 40 m. away from a tower base » the measure of 
elevation angle of the top of the tower is 72° » then the height of the tower to the 
nearest metre 15 eee m. 

(a) 120 (b) 121 (c) 122 (d) 123 
( 2) A plane 1000 metres high was observed by a person at an angle of elevation of 


measure 40? » then the distance between the plane and the observer to the nearst 


(a) 643 (b) 1192 (c) 1305 (d) 1556 
( 3 ) From the top of a tower 80 m high. » the measure of depression angle of a body lies 


on the horizontal plane that passing through the tower base equals 24° 12 » then the 


distance between the body from the base of the tower approximately equal з 
(a) 195 m. (b) 178 m. (c) 88 m. (d) 36 m. 
| ( 4 ) From the top of a light house 80 metres high › the measure of the angle of depression 


of a fixed target on the see equals 80? » then the distance between the fixed target and 


| the top of the light house equals зе to nearest metre. 
(a) 78 (b) 79 (c) 80 (d) 81 
| ( 5) A light pole of height 8 metres gives a shade on the ground of length 5 metres » then 


the measure of the elevation angle of the sun at that moment to the nearest degree 


(a) 32° (b) 51° (c) 39° (d) 58° 
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( 6 ) From the top of a rock 100 metres high » the depression angle of the boat which is 
200 m. away from the base of the rock equals (in radian) = =e ae 
(a) 0.08 (b) 0.46 (c) 0.25 (d) 0.24 

| 7 ) If a person walks 1 km. on a road inclined to the horizontal by an angle of measure 
22° 15 , then his height above the horizontal equals approximately ч m. 
(a) 925.5 (b) 409.1 (c) 378.6 (d) 376.8 


(8) The length of the thread of a kite is 42 metres. If the measure of the angle which 
the thread makes with the horizontal ground equals 63? » then the height of the kite 
from the surface of the ground = e- m. 

(a) 37 (b) 19 (c) 82 (d) 80 

( 9 ) A man of height 160 cm. was standing on the ground at a point which is 20 m. 

from a tree. He found that the measure of the angle of elevation of its top is 31? 48 


» then the height of the tree = ·----:.----.... m. 
(a) 13 (b) 14 (c) 12 (d) 11 

(10) In the opposite figure : ( 
The angle of elevation of the top of a tower of length 5043 m. | A x 
is measured from two points À and B on the same horizontal f / | 5 
line as the tower base » their measures are 30°» 60° respectively ij | Дей. г | | 
» then the distance between the two points equals --------------- m. ^ P + 
(aj10043 — (55043 (c) 100 (d) 50 


(11) [LL] From the roof of a house 8 metres high » a person found that the elevation angle 
of the top of an opposite building was of measure 63? » and observed the depression 
angle of its base » it was of measure 28? , then the height of the building to the nearest 
metre equals — ee m. 

(a) 30 (b) 38 (c) 29 (d) 31 

(12) From the top of a rock 40 metres high » two ships were observed in one ray on the sea 
with the rock base and their depression angles were measured to be 35? 12 and 53° 6 
» then the distance between the two ships = -eee m. 

(a) 19.4 (b) 17.7 (c) 26.7 (d) 86.7 


i From a point 8 metres apart from the base of a tree » it was found that the measure of the 
elevation angle of the top of the tree is 22? 
Find the height of the tree to the nearest hundredth. «3.23 m.» 


12) А man found that ће measure of the angle of elevation of the top of a tower › 
at a distance of 50 m. from its base » is 39° 21 Find the height of the tower. «41 т.» 
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E) From а point on the ground at 20 metres from the base of a house › it was found that 
the measure of the angle of elevation of the top of the house is 27? 43 
Find the height of the house to the nearest metre. «11 m.» 


C LL] An airplane 1000 metres high was observed by a person at an angle of elevation of 
measure 25? 17 Find the distance between the plane and the observer. « 23414 т.» 


5 1 From the top of a rock 180 metres high from the sea level 5 the depression angle of 
a boat 300 metres apart from the base of the rock was measured. What is the radian 


measure of the depression angle ? « 0,5474, 


ГУ L A person observed , from the top of a hill 2.56 km. high » a point on the ground. He 
found its depression angle measure was 63°. Find the distance between the point and the 


observer to the nearest metre. « 2873 m.» 





T From the top of a lighthouse 200 metres high » it was found that the measure of the depression 
angle of a boat is 31° 14 Find the distance between the boat and the base of the lighthouse » 
knowing that the boat and the base of the lighthouse are collinear. « 329.8 m. » 





C LL) From the top of a tower 60 metres high » the measure of the angle of depression of 
a body located in a horizontal level which passes through the base of the tower equals 
28? 36 . Find how far was the body from the base of the tower to the nearest metre. « 110 m.» 


C) A light pole of height 7.2 metres gives a shade on the ground of length 4.8 metres. 
Find in radian the measure of the elevation angle of the sun at that moment. « 0.9837 » 


(T) Find the measure of the angle of elevation of the sun when the shadow of a flagpole of 
height 3.5 m. is 2 m. « 60° 15 » 


ee eee = 


11, From the top of a tower » a person found that the measure of the angle of depression of 
a point in the same horizontal plane passing through its base is 35° If the height of the 
tower is 160 m. » then find the distance between the point and each of the base and the 
top of the tower. « 229 m. »279 m.» 





12 The upper end of a ladder rests on a vertical wall » it is 3.8 m. far from the surface 
of the ground › the lower end rests on a horizontal ground. If the measure of the angle 
of inclination of the ladder to the ground is 64? 
» find to the nearest hundredth each of : 
( 1 ) The distance between the lower end and the wall. 
( 2 ) The length of the ladder. «1.85 т. »423 m.» 
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13 If the measure of the elevation angle of the top of a minaret from a point 
140 metres distance from its base was 26° 46 › 
what is the height of the minaret to the nearest metre ? 
If it is measured from 110 metres distance from its base » 


find to the nearest minute » the measure of its elevation angle at that distance. 
« 71 m. 932° 50 » 








m An observer measured the angle of elevation of a fixed balloon to be - à 


when he walked in a horizontal plane towards the balloon a distance 800 metres › 
he measured its angle of elevation to be 2 
Find the height of the balloon to the nearest metre. « 1093 т.» 





15 Two persons stand on opposite sides of a flagpole fixed vertically on the ground such 
that the two persons and the base of the flagpole are collinear. They find that the angles 
of elevation of the top of the flagpole are of measure 54° 16 and 47° 12 If the length of 
the flagpole is 12 m. » then find the distance between the two persons. (Let the heights of 


the persons be neglected) «197 m.» 








16 AB is a tower of 50 m. high where A is its top and B is its base. Two persons stand › 
onc of them at C and the other at D where B » C and D are collinear and С C BD If the 
measures of elevation angles of A from C and D are 52° 13 and 45? 36 respectively › 
then find the length of CD (Let the dd of the persons be neglected) « 10.2 т.» 








iJ From the top of a tower of 60 m. high » a person found two boats on one ray with the base 
of the tower. He found that the measures of the depression angles of the two boats are 47° 
and 41? 35 respectively. 
Find the distance between the two boats to the nearest metre. «12m.» 














18 A man was standing on the ground at a point which is 85 m. from the base of a tower. 
On the top of the tower there is a flagpole. He noticed that the measures of the angles of 
elevation of the top of the flagpole and its base are 56° and 54° respectively 
Find the length of the flagpole to the nearest metre. (Let the height of the man be 


neglected). «9m.» 





[ГЇ A ship approaches a lighthouse 50 metres high. At a moment » it was found that the 





measure of the elevation angle of the top of the lighthouse is 0.1 174 After 15 minutes » 
it was found again that the measure of its elevation angle is C22 


Calculate the uniform velocity of the ship. « 15.3 m/min. » 
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9 Choose the correct answer from those given : 
( 1 ) In the opposite figure : 
If the elevations angles of the top of 
a tower from three points on a line leads to 
the bottom of the tower are 30° › 45? , 60? 
respectively » then AB : BC = ·-............. 


(a) 1:3 (b) 2:3 (с) з :42 (043:1 |, 


( 2 ) In the opposite figure : 





The elevation angle of a top of 
a mountain from the base and 
the top of a house CD whose height 


is h » their measures was X » y 





respectively »then AB = e 


h tan X h tan X 
(a) Tes (b) TEE (c) h (tan X - tan y) (d) h tan X tan y 
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Exercise 


Twelve 


Multiple choice questions 


e Choose the correct answer from the given ones : 


Circular sector 





LL] From the school book yourself 





| | ) CA The perimeter of the circular sector in which the length of its arc is 4 cm. and the 


length of the diameter of its circle is 10 cm. equals езе 


(a) 14 cm. (b) 20 cm. (c) 30 cm. (d) 40 cm. 

| 2.» The area of the circular sector which the radius length of its circle is 4 cm. and the 
length of its arc is б cm. equals ·------------: cm? 
(a) 24 (b) 12 (c) 10 (d) 8 


| 2 | The area of a sector whose arc is of length 10 cm. and the length of the diameter of 
its circle = 10 cm. equals «+--+ 
(a) 50 cm? (b) 25 cm? (c) 12.5 cm? (d) 100 cm? 

га : £11 The area of the circular sector in which the measure of its angle is 1.2"8 and 
the length of the radius of its circle is 4 cm. equals «+--+. 
(a) 4.8 ст“ (b) 9.6 cm* (c) 12.8 ст“ (d) 19.6 cm? 

| * 1 (13 The area of the circular sector in which the measure of its angle is 120° » the 


length of the radius of its circle is 3 cm. equals «+--+ 


(a) 3 T cm? (b) 6 Jt cm? (c) 9 T cm? (d) 12 T cm? 

| 6 ) If the perimeter of a sector is 8 cm. and its arc is of length 2 cm. » then its circle is of 
radius length ·--:::::-:----: cm. 
(a) 6 (b) 2 (c) 3 (d) 4 
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( 7 ) The perimeter of a sector is 44 cm. Its circle is of radius length 14 cm. » 





then the length of the arc of the sector = «+--+ cm. 
(a) 16 (b) 8 (C2 (d) 4 
( 8) ( The area of the circular sector in which » its perimeter is 12 cm. » length of its arc 
is бст. equals --------------: cm? 
(a) 6 (b) 9 (с) 12 (d) 18 
The area of the circular sector in which r = 4 cm. and its perimeter 20 cm. 
cm? 
(a) 40 (b) 32 (c) 24 (d) 48 
(10) The arc of a sector is of length 3 cm. and the area of this sector is 15 cm? » then its 
circle radius is of length -------------+- cm. 
(a) 5 (b) 10 (c) 2.5 (d) 15 
(11) The area of a sector is 400 cm? If its radius length is 20 cm. » then its arc length 
Squall s anmam cm 
(a) 10 (b) 5 (c) 20 (d) 40 


(12) (2 If the area of the circular sector equals 110 cm? » the measure of its angle equals 
2278 , then the length of the radius of its circle equals зеен 
(a) 2 cm. (b) 5 em. (c) 10 cm. (d) 20 cm. 

(13) The perimeter of the circular sector whose area is 24 cm? » length of its arc 1s 
8 cm. equals eem 


(a) 20 (b) 14 (с) 32 (а) 24 
(14) The area of a circular sector is 45 cm? and the length of the diameter of its circle is 
20 cm. » then the length of its perimeter equals -e cm. 
(a) 29 (b) 19 (c) 39 (d) 49 
(15) The area of a circular sector 15 27 cm? and the length of its radius is 6 cm. » then the 
measure of its central angle = (^ js 
(a) 1.5 (b) 2 (c) 3 (d) 4.5 
(16) The perimeter of a circular sector — 4 r cm. where r is radius length of its circle 
» then the radian measure of its central angle equals (.-----------:-: үш 
(a) 5 (b) 8 (c) 2 (d) 4 
(17) The length of an arc of a circular sector (b and the measure of its angle (1 .2)" 
which drawn inside a circle of radius length (т) » then its perimeter = cm. 
(а) 1.2r (b) 32r (c) 1.2 r? (d)32r 


2 


(18) The area of a sector is Tr om? » where r is the length of the radius of its circle › 





then the measure of its angle equals ··:-------::::: 
(a) 30? (b) 60? (c) 90? (d) 45? 
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(19) L The perimeter of a circular sector equals 24 cm. and the length of its arc equals 


10 cm. » then the area of its surface = ee cm? 
(a) 7 IU (b) 14 IT (c) 49 IT (d) 154 Jt 

(20) If the area of a circle is 53.6 cm? » then the area of the circular sector of this circle 
such that the measure of its central angle equals 67? ЗО erste: cm? 
(a) 10 (b) 11 (c) 12 (d) 13 

(21) The area of a circle is 490 + cm? » then the area of a circular sector from this circle 
whose arc is of length 32 ст. = ··-..-..-:..... cm? 
(a) 100 (b) 200 (c) 400 (d) 300 

(22) The arc of a sector is of length 4 ( cm. and the length of the radius of its circle 
equals r cm. » then its perimeter = ст. 
(а) {+21 (b r4 24 (c) 2 (r 4 2 0) (d) 2 (| - 2 r) 


(23) The length of an arc in a circular sector is (/) » the measure of its angle (0*4) and the 
length of the radius of its circle is (т) » then the perimeter of this sector =- 
(a) r + l (b r42/ (c) r (2 +04) (d) 2 r (1 + grad) 


(24) The perimeter of a circular sector is 35 cm. and its area is 75 cm.” » then the measure 





of its central angle in radians = -ee rad. 
EN NGA СРР. СЛЕ 8 
(а) 5 03 (b) 3 OF 3 (c) 5 OF 3 (d) 1 or 3 
(25) In the opposite figure : £m — T 
The area of the shaded sector =з cm? / M А 
(а) 18 (b) 18/3 | РГА | 
X e ў Қ / 
(c) 9^[3 л (d) 6 7t Yee 
(26) In the opposite figure : / | 
| M 
The area of the shaded sector =. cm? | ^ | 
. \, 60 Я / 
(a) 30 7t (b) 225 (c) - (d) 507 N 4 74 
Л 2 IU ra M 
B es A 
(27) In the opposite figure : 
Quarter of circle whose centre M 
» then area of the shaded part = -= cm? 3 
AC 
(a) 10 7 (b) 20 7t ” \ 
(c) 30 7t (d) 40 Л } 
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(28) In the opposite figure : 4cm. A 2cm. © 


M 
Two concentric circles with centre (M) 


Their radii 4 cm. » 6 cm. and the 


length of CD = 9 em. » the length of AB = бсш. 





» then the area of the shaded part = 00e ст“ 

(а) 10 (b) 9 IU (c) 12 7 (d) 15 
(29) In the opposite figure : 

The area of the shaded part = +77 cm? 

(a) IU (b) 2 IU 

QES (d) 2л 


(30) In the opposite figure : 
CA ,СВ are two tangent segments of the circle M 


» the radius length of the circle M = 8 cm. 
ifm (/ АМВ) = 3 Л 





» then the area of shaded region = oere cm? 
(а) 79.1 (b) 97.1 
(с) 7.91 (d) 9.71 


(31) In the opposite figure : 


The radius of circle M is 10 cm. 


» BC = AC »m (Z ACM) = 36° 








» then the area of the shaded region = eeens cm? 
(a) 20 Л (b) 30 IU (c) 40 IU 
(32) In the opposite figure : 
A semicircle whose centre M 
» then area of the shaded part = -ee cm? 
(a) 8.29 (b) 16.6 
(c) 5.52 (d) 11.04 A M зет. B 


(33) In the opposite figure : 


If A (442 442) > then: 


the area of the shaded part equals зз ст: 


(a) 647 (b) 167 (c) 4 X 








unit S md 


(34) In the opposite figure : 
ABisa tangent to the circle M 
which passes through C » D «E 
If AB = 8 cm. MD = 11 cm. 


the length of CED = 6 cm. 
» then the area of the shaded part = -+ ~. ст“ 
(а) 22 (b) 18 (с) 12 (9) 11 


Find the area of a sector where the length of its arc is 12 cm. and the length of its radius 





is 8 cm. « 48 cm? » 





| Find the area of the circular sector in which the length of its arc is 16 cm. » and the 





length of the radius of its circle is 9 cm. « 72 ст» 





CO Find to the nearest cm? the area of a circular sector , Where the measure of its central 


angle is 30? and the radius of its circle is of length 3.5 cm. « 3 cm? approximately » 





4 LI Find the area of the circular sector in which the length of the diameter of its circle is 


20 cm. and the measure of its angle is 120°. « 104.7 ст? approximately» 


5 Find the area of a sector whose central angle is of measure 40° and the the radius of its 


circle is of length 6 cm. « 13 ст» 





3 The central angle of a circular sector is 48° and the length of the radius of its circle 


is 6 cm. Find the area of the sector to the nearest cm? « 15 cm?» 


FJ C3 Find the area of the circular sector in which the length of the radius of its circle is 


prad 


10 cm. and the measure of its angle is 1 « 60 ст.» 


L Find the area of the circular sector in which the length of its arc is 7 cm. and its 


perimeter equals 25 cm. «31.5 сп » 








C) The perimeter of a circular sector is of length 28 cm. If the length of its radius is 7 cm. » 
then find its area and the measure of its central angle in degrees and in radians. 


« 49 cm? » 114° 35 , 218 » 
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10 A circular sector of area 270 cm.” ; the length of the radius of its circle equals 15 cm. » 
find the length of the arc of the sector and measure of its central angle in radian meausre. 


« 36 cm. » 3 49. » 


анньа 


n The area of a sector is 40 cm? Find its perimeter if the length of its arc 15 8 cm. — «28 cm.» 





12 The area of a circular sector is 25 cm? If its central angle is of measure 0.5" , then find 
the length of the radius of its circle and the length of its arc. « 10 cm. »5cm.» 


13 The area of a circular sector equals 2 the area of its circle. 


Find the measure of the central angle of this sector in radians and in degrees and if the 
length of the radius of the circle is 10 cm. » then find the perimeter of the sector to the 
nearest cm. « 2.517 5 144° 5 45 ст.» 


14 Find in terms of 7t the area of the shaded part in each of the following figures : 


6cm. 








бет. ж 


Figure (2) 


3cm, 3cm. 


LO Figure (1) 








LL) Figure (3) 





24cm. 





Figure (5) Figure (6) 





15 A circle M of radius length 7.5 cm. , MA , MB are radii where A B = 12 cm. 
Find the area of the minor circular sector M A B to the nearest square centimetre. 


« 52 cm? approximately » 


16) Three congruent circles are drawn to touch each other. If the length of each of their radii 
is 5 cm. » then find the surface area of the included part between these circles. 


«4 ст approximately » 


9З 





17 AB and AC are two tangent segments from А to the circle M to touch it at B and C » so 
that MA = 12 cm. Find to the nearest cm? the area of the part between the two tangents 
and the smaller arc BC , knowing that the radius of the circle is of length 6 cm. 


«25 cm, approximately » 





18 ABC is an equilateral triangle with side of length 8 үз cm. А circle of centre А 1s drawn 
to touch BC at D and cuts AB and AC at X and Y respectively. Find to the nearest 


tenth of cm? 


the area of the part between BC and XY «77 cm. approximately » 


0) AB and AC аге two chords іп a circle M such that AB = AC = 8 cm. and m (Z A) = 60° 


Find to the nearest cm? the area of the minor sector MBC « 22 em’ » 


1 Choose the correct answer from those given : 





Problems that measure high standard levels of thinking 





( | ) If the roots of the equation 3 X *_ 19% 4 13 = 0 equals the diameter length and arc 


length of a sector in a circle » then the perimeter of this sector = ^ cm. 
(a) 19 (b) 13 (c) S (d) lá 
( 2 ) If the roots of the equation X 2_13 X + 19 = 0 equals the diameter length and arc 
length of a sector in a circle » then the area of this sector = 7 cm? 
19 15 12 
(а) 19 (b) 5 (c) E (4) 1; 


( 3 ) In the opposite figure : 
Two disjoint circles M and N ff м, 
‚А »A, are the areas of the two sectors | PEN 


NI / N 
Are? е. | | M | 
ye AN Р Ах j 


(a) 72° (b) 80° \ A AN / Ary 
(c) 90° (d) 100° — | 
M 
( 4 ) In the opposite figure : AA 
MAB is a circular sector from a circle whose | MESES 
centre (M) » the length of its radius r 
is 6 cm. m (Z AMB) = + ‚ А circle C Ё 1 C N 
is drawn inside the sector such that SS ns 
it touches MA › MB „АВ » then the area of the shaded region = ст? 
(a) 7t (b) 2 IU (c) 4 IU (d) 6 л 
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(5 ) In the opposite figure : 
Two concentric circles at centre (M) 
MC = СА >A, »A, are the areas of the two shaded parts 
Nf A, =A, » then m (Z AME) = «e 





JU JU 
(a) 35. (b) 4. 

JU JU 
(3 Е 


( 6 ) In the opposite figure : 
If the area of the rectangle AEDF = 27 cm? 
» then the area of the shaded part =... cm? 
(a) 9 7U (b) 12 7t 
(c) 15 л (d) 18 7t 





( 7 ) In the opposite figure : 


Two semicircle sharing the same 





centre (M) » if the area of the two 





shaded regions are equal » MA = 1 cm. D C MIm еВ 
AB = 2 cm. » then Ө = .............. 9 


(a) 15 (b) 20 (c) 30 (d) 45 


( 8 ) In the opposite figure : 
AB and DC are two arcs in two 
concentric circles with centre M 
MB = ВС » m (Z AMB) =m (Z CMD) 


A 
› А, » А„ are the areas of the two sectors » then A ee 
2 





(a) d (b) 4 c) 4 


( 9 ) In the opposite figure : 
Two concentric circles with 
centre (M) » if m (Z AMB) = 60? 
MC = CB >A, ›А, are the areas of the two 
shaded parts » then i" = о es 
(a) 2 (b) 2 
c) 4 (d) 1 
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(10) In the opposite figure : 
Semicircle (M) if DB 24/3 DC ; 
AD = 6 cm. »then the area of the 





shaded area = eee cm. 


(a) 243 (b) 1243-3 x (c) 1843 — 6 t (d) 1813-8 7t 





Па АВС is a right-angled triangle at В in which АВ = 4 cm. and BC = 6 cm. 
An arc of the circle of centre A touches BC at B and cuts AC at D 


Find the area of the zone bounded by BC . CD and BD « 4.1 cm. » 


E M and N are two circles touching each other externally at A Let BC be a common 
tangent touching them at B and C Let the radii of these two circles be 5 cm. and 
15 cm. respectively › so find the area of the part bounded by the two circles and the 
common tangent BC (45 = 1.732) « 29 cm? approximately » 





Life applications 





1 Agriculture : A flower bed is in the shape of a circular sector » its area equals 48 m?, 
length of its arc equals 6 m. 


Find its perimeter and the length of the radius of its circle. «38m. »16 m.» 








EA piece of paper is in the shape of a square. If we cut from it a quarter of a circle of 
centre on the vertex of the square and the length of its radius is equal to the side length 
of the square and if the area of the remained part from the square equals 48.285 cm? › 


then find the side length of the square. « I5 ст. » 
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Exercise 


Thirteen 


Multiple choice questions 


e Choose the correct answer from the given ones : 


( | ) The area of a circular segment › the radius of its circle is 8 cm. and the measure of its 


central angle is 120° approximately equals -+ cm? 
(a) 95 (b) 51 (c) 83 (d) 39 

( 2 ) The area of the circular segment whose length of the diameter of its circle is 8 cm. 
and the measure of its central angle is 1.2 equals approximately -+ cm? 
(a) 8.57 (b) 2.14 (c) 4.28 (d) 1.07 

( 3 ) The area of the circular segment whose radius length is 10 cm. 
and its arc is of length 5 cm. is approximately з. cm? 
(a) 1.03 (b) 2.06 (c) 0.01 (d) 0.05 

( 4 ) The area of the circular segment whose central angle measure is 30? and the radius 
length of its circle is 243 cm. equals эз. cm? 
(a) +2 (b) x — 3 (c) x 3 (dea 

( 5 ) The area of the circular segment inscribed in a circle » its radius length is 10 cm. and 
subtend an inscribed angle of measure 60? equals approximately -+ cm? 
(a) 18 (b) 55 (c) 61 (d) 27 

( 6 ) The area of the circular segment whose chord length is 18 cm. » and the radius length 
of its circle 18 cm. approximately equals з cm? 
(a) 29 (b) 28 (c) 30 (d) 60 
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Unit 3 





(7 ) In the opposite figure : pu 
The area of the shaded part approximately ff | | LA N 
equals -e cm? | | / " N 
(a) 7.1 (b) 28.5 M - / 
(c) 14.3 (d) 2.02 == 

( 8 ) The area of the major circular segment in which the length of its chord equals the length 
of the radius of its circle equals 12 cm. equals = 7 cm? 

(a) 439 (b) 315 (c) 137 (d) 13 

( 9 ) ABC is an equilateral triangle inscribed in a circle where the length of its radius is 7.5 cm. 
Find the area of the minor segment whose chord is [e ст“ 

(а) 35 (b) 72 (с) 45 (d) 5 

(10) If the measure of the central angle of circular segment is 90° and its area equals 56 cm? » 
then the radius length of its circle equals approximately ©0774 cm. 

(a) 9.9 (b) 19.8 (с) 7 (d) 14 

(11) The area of a circle is 706.5 cm? Find the area of a segment of this circle where the 
measure of its angle is 135° (12 3.14) = cecene cm? 

(a) 264.9 (b) 185.5 (c) 12.4 (d) 344.6 

(12) If the height of a circular segment is 5 cm. and the radius length of its circle is 10 cm. 

» then the arca of the segment approximately equals зс cm? 
(a) 9.1 (b) 122.8 (c) 12.3 (d) 61.4 


(13) The area of a circular segment whose chord is of length 8 cm. and the length of the 


perpendicular from the centre of the circle to this chord is 5 cm. 


equal approximately сзсз cm? 
(a) 48 (b) 121 (c) 7 (d) 8 

(14) The area of circular segment whose chord 16 cm. and height 4 cm. = +--+" cm? 
(a) 141 (b) 45 (c) 79 (d) 107 


(15) The area of the circular segment equals the area of the circular sector subtended 


by the same arc if its central angle is of measure з 


(a) 90? (b) 180° (c) 2 70* (d) 45? 
(16) ABC is a triangle in which : AB = 5 cm. ВС = 8 cm. sm (4 В)=60°, 

then the area of А ABC = cm? 

(a) 10 (b) 20 (c) 1043 (d) 2043 


Trigonometry 





(17) In the opposite figure : C 


m (Z ABC) = 45? 
and AB is a diameter in , 


the circle whose length is 14 cm. B 7cm. M 7cm. A 


» then the area of the shaded part = ee cm^ where (n = 2) 
(а) 77 (b) 63 
(c) 14 (d) 91 


(18) In the opposite figure : 
A semicircle M » BC isa tangent to the circle at B 
‚АВ = ВС = 12cm. 





» then the area of ће shaded part = ............... cm? 
(a) 20.55 (b) 3.42 
(c) 10.27 (d) 1.4 


(19) In the opposite figure : 


The area of the minor circular segment 


whose chord AB =... square unit. 
(a) 0.3 (b) 0.6 
(c) 1.9 (d) 1.6 





_ Second \, Essay questions 


п Find the area of the circular segment in which : 


( 1 ) The length of the radius of its circle is 12 cm. » and the measure of its angle 


Arad. « 30 cm? approximately » 


equals 1 
( 2 ) The length of the radius of its circle equals 8 cm. » and the measure of its angle 


equals 135? « 53 cm approximately » 


E Find the area of the circular segment if the measure of its central angle is 115? 24 


and the length of its radius is 20 cm. « 222 cm? approximately » 


equals 14 cm. and the length of its arc equals 22 cm. « 56 cm? approximately » 








|| Find the area of the circular segment in which the length of the radius of its circle 


C The area of a circle is 490 + cm? Find to the nearest cm? » the area of a segment of this 
circle if the length of its arc is 26.18 cm. « 96 cm? approximately » 





tj AB is a chord in a circle in which its length is 10 cm. and opposite to a central angle of 
measure 60? 
Find the area of the major circular segment whose chord is AB « 305 cm? approximately » 
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(3 Find the area of the circular segment in which : 


( 1 ) The length of its chord equals 6 cm. » and the length of the radius of its circle 
equals 5 cm. « 4 cm? approximately » 
( 2.) Its height equals 5 cm. » and the length of the radius of its circle equals 10 cm. 


« 61 cm? approximately » 








A chord of length 6 cm. is drawn in a circle of radius length 6 cm. 
Find the area of the minor segment. « 3.26 cm. approximately » 





8 Find the area of the major segment drawn in а circle of radius length 10.5 cm. and its 
chord is of length 14 cm. « 321 cm? approximately » 





3 A chord of length 8 cm. in a circle is at a distance 3 cm. from its centre. 


Find the area of the minor circular segment resulting from the intersection of this chord 








with the surface of the circle. « 11 cm? approximately » 
11 In the figure drawn : M^ А - 
ABC is an equilateral triangle drawn in fmf b. À 
the circle M in which : the length / ‚М 
f І di 1 g \ y WI \ | 
of its radius equals 6 cm. с E Yn 


Find the area of each shaded circular segment. 


« 39 cm? approximately » 














F) ABC is an equilateral triangle of side length 24 cm. A circle is drawn passing through its 
vertices. Find the length of the radius of the circle» then find the area of the minor circular 
segment whose chord is BC « 118 ст approximately » 





С ABC is a triangle inscribed in a circle. If AB = AC = 15 cm. and BC = 18 cm. » 
then find the areas of the minor segments whose chords are AB › BC and AC 


« 39.3 » 89.5 393 cm. approximately » 











13 AB and AC are two equal chords in length in the circle M in which the length of each 
one is 64 3 cm. and m (4 BAC) = 60° Find the area of the included part of the circle 
between the two chords and the minor arc BC « 69 cm? approximately » 





14 In the opposite figure : 
ABCD is a square of side length 6 cm. » 
two arcs whose centres are A and C are drawn 
and the radius length of each of them = 6 cm. 


Find the area of the shaded part. 





B 


6cm. 


« 21 cm? approximately » 


Trigonometry 


15) Two congruent circles in which the radius length of each one is 12 cm. 
and one of them passes through the centre of the other. 


Find the area of the included part between them. « 177 cm? approximately » 


16) ABC is a right-angled triangle at B in which AB = 6 cm. and BC = 8 cm. » drawn inside 
a circle. Find to the nearest cm? the area of each of the minor segments whose chords 


are the sides of the triangle. «4cm? » 11 em? » 39 cm? approximately » 
8 y 


1 In the opposite figure : C 


M „М and E are centres of semicircles 5 K 
АС = 8 cm. » CB = 6 cm. 4 


Find the area of the shaded part. 


« 24 cm? » 


18 А 15 an external point of the circle M such that AM = 10 cm. Two tangents AB and AC 
are drawn to the circle from A to touch it at B and C Find the area of the minor segment 


whose arc is BC if the radius of the circle is 5 cm. « 15.355 cm? approximately » 


19 The lengths of radii of two circles are 6 cm. and 8 cm. If the distance between the two 
centres is 10 cm. » then find the area of the common zone between the two circles. 


« 26.57 cm? approximately » 


Problems that measure high standard levels of thinking 





п Choose the correct answer from those given : 


( 1 ) In the opposite figure : 
A quarter of a circle whose center M 
>m(Z АМС) = 50? , CE = СВ › then the 


area of the shaded parts = -+--+ cm? 


(a) 3 70+ 18 (b) 16 7t (c) 9 - 8 7L (d) 12 IU 





C 





( 2 ) In the opposite figure : 
Two circles touching externally at point A if AB — 4 cm. 


> AC = 6 ст. and А, , А, are the areas of the two 


| Pas 
shaded parts » then X озш, 


(a) 2 (b) $ 
x d 4 5 
(c) 4 (d) ж 





Unit 3 


( 3 ) In the opposite figure : 
Two circles touching externally at point A 
and A, » A, are the areas of the two shaded parts 
if4A, 29A, » BC = 20cm. 





» then the length of AB = ·------------:: cm. 
(a) 4 (b) 6 
(c) 8 (d) 12 


F) If the chord of the intersection of two circles is a diameter of one of the two circles and 
its length is equal to 10 cm. and equals the length of the radius of the other » then find the 


area of the common zone between the two circles. « 48.33 ст“ approximately » 




















F) In the opposite figure : 
Two concentric circles at M » if r is the radius 
length of the smaller circle and MD =r 
:» МА = 2 г where A lies on the greater circle 


,m (Z AMB) =m(Z CMD) = 94 





grad 


Find the ratio between and sin 0 given that 


the areas of the two shaded parts are equal. adco 






Life applications 


| 2) Decoration : A flower bed is in the shape of a circle whose radius equals 8 metres. 


1: 


A chord was drawn in the circle of length 8 metres. Calculate the area of the minor 


circular segment to the nearest tenth. « 5.8 m? approximately » 





[Л Agriculture : A piece of agricultural land is in the shape of a circle whose radius 
equals 4 metres is divided into four parts by an equilateral triangle whose vertices lie 
on the circle. 

Calculate the area of each minor circular segment to the nearest hundredth. 


« 9.83 m? approximately » 
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Exercise 


Fourteen 


Multiple choice questions 


e Choose the correct answer from the given ones : 
The area of the triangle ABC in which AB = 7 cm. » BC = 8 cm. and m (Z B) = 50? 





From the school book yourself 





Gals escis cm? 
(a) 21.4 (b) 42.9 (c) 18 (d) 33.4 

The area of the isosceles triangle in which the length of one of its legs is 10 cm. and 
the measure of its vertex angle is 60° equals з cm? 
(a) 25 (b) 5013 (c) 2543 (d) 50 

The area of the isosceles triangle in which the length of its base 1s 6 cm. and the 
length of one of its legs is 5 cm. equals зе cm? 
(a) 15 (b) 12 (c) 10 (d) 20 

The area of the equilateral triangle whose side length is 6 cm. equals зене cm? 
(a) 18 (b) 18/3 (c) 9 (d) 943 

The area of the quadrilateral in which the lengths of its diagonals are 6 cm. and 8 cm. 

and the measure of the included angle between them is 30? equals зе cm? 
(a) 12 (b) 24 (c) 1243 (d) 2443 


The area of a quadrilateral 1s 30 cm’ and the lengths of its diagonals are 10 cm. and 


12 cm. » then the measure of the acute angle between its diagonals equals -eee 
(a) 30? (b) 60? (c) 150° (d) 45? 
If X is the length of the side of an equilateral triangle whose area is 9 үз cm? » then 


(a) 36 (b) 6 (с) 63 (d) 342 
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( 8 ) The area of the regular hexagon whose side length is 4 cm. equals з cm? 
(а) 1243 (b) 12 (c) 2443 (d) 24 
( 9 ) The area of the regular pentagon whose side length is 10 cm. to the nearest 
hundredth BS. DES STIR... cm^ 
(a) 172.05 (b) 90.82 (c) 688.19 (d) 137.64 
(10) The area of the rhombus in which the measure of one of its interior angles is 50? 
and its side length is 6 ст. = eee- cm? 
(a) 13.79 (b) 110.31 (c) 27.6 (d) 11.57 
( 11) The area of the equilateral triangle whose side length is X cm. equals 0e cm? 
(a) x? (6) 13 x? @ Bx (d) 4 x? 
(12) The area of the square whose diagonal length is X cm. equals зз cm? 
(a) x? (b i x? (o) l2 x? 12 х2 
(13) The area of the regular hexagon whose side length is X cm. equals з з cm? 
(a) 243 x2 (313 2 (o x? @ 3 x? 
2 4 2 2 
(14) The area of the regular octagon whose side length is X cm. equals ·-·---:-------: cm? 
(a) 2 Х? cot 45° (Б) 2 Х2 {ап 4579 (c)8X^cot22.5*  (d)2 X? cot 22.5? 
(15) In the opposite figure : D A 
ABCD is a quadrilateral in which BD = 6 cm. d / rs 4 
» the area of the figure ABCD = 2443 cm? ГА 120 
„Шеп AC =... ст. C 
(a) 12 (b) 14 (с) 15 (d) 16 
(16) The arca of the triangle whose side lengths are} 2 „(з „(5 cm. equals em? 
(ay 6 (b) 416 (с) | 30 (d) 4430 


(17) An acute-angled triangle whose area is 14.4 cm? › the lengths of two sides are 6 cm. 


» 8 cm. » then the cosine of the angle between these two sides = --------------- 


3 a 3 al 
(a) 3 (b 4 © 4 (d) 4 
(18) The area of the triangle whose side lengths 4 cm. »6 cm. 98 ст. = vee cm? 
(a) 173.9 (b) 11.6 (С) 1999 (d) 41.6 
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Trigonometry 


(19) The area of the acute angled A ABC is 40.13 cm? »if AB 29 cm. BC = 12 cm. 


o then m (4 В) ze ° (to the nearest degree). 
(a) 32 (b) 42 (c) 48 (d) 88 

(20) The length of a side in an equilateral triangle that has area of 3643 ст = «ens ст. 
(а) 643 (b) 24 (c) 6 (d) 12 

(21) In the opposite figure : D 8cm. A 
ABCD is a parallelogram к” 150 p 
Its atea = нье cm2 C B 
(a) 16 (b) 20 (c) 24 (d) 36 

(22) The area of quadrilateral in which the length of its diagonal 12 cm. and 13 cm. and 
cosine the angle between them is A equals эз em? 
(a) 30 (b) 72 (c) 60 (d) 144 

(25) If the area of a regular hexagon is 544 3 ст » then its side length equals -+ 5 сш, 
(a) 6 (b) 12 (с) 643 (d) 124/3 


(24) In the opposite figure : 
BC is a diameter of the circle M » AC = 6 cm. 





m (Z ABC) = 0. then the area of A АВС = ·---..--::.:::: cm? 
(a) 6 sin 0 (b) 6 tan 0 (c) 18 tan 0 (d) 18 cot 0 
(25) If the length of the perpendicular E D 


from the centre of the regular hexagon 


to one of its edges equals 6 cm. 


» then the area of the hexagon = ··--·::-.--:-.. cm? М ш 


: 
(a) 2743 (b) 3643 i 
(с) 5443 (d) 7243 


(26) In the opposite figure : 
The area of A ABC equals «+--+ cm? 
(a) 24 
(b) 28 
(c) 32 
(d) 35 
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(27) In the opposite figure : 
If the area of the quadrilateral 


ABCD = 50 cm? 5 then m (Z AEB) = e е 
(а) 30 (b) 60 
(c) 75 (d) 90 


(28) In the opposite figure : 
If the area of the quadrilateral 
ABCD = 190 cm? 


» then the length of BC miscens cm. 
(a) 9 (b) 10 (c) 11 
(29) In A ABC : 
If half of its perimeter is denoted by S and S - AB = 6 ст. 
5 - BC =8 cm. »S—AC= 10cm. » then area of (A ABC) =: em? 


(a) 84/30 (b) 24+] 5 (c) 4130 (d) 4815 


E) Find the area of each of the following figures › given that| | expresses a unit of 
the area : 














i2 Find the area of the triangle ABC in each of the following cases : 


(1)AB=6cm. » BC=8cm. » m (4 В) = 90? « 24 ст?» 
( 2) AC = 12 cm. » length of perpendicular drawn from B to AC equals 7 cm. «42cm?» 
(3)AB=16cm. » BC=20cm. » m (Z B) = 46° « 115 cm? approximately » 
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Trigonometry 


EJ Find the area of the triangle ABC in which : BC = 16 cm. s ВА = 22cm. 
and m (4 B) = 63° approximating the result to the nearest thousandth. « 156.817 ст.» 


Д Find to the nearest tenth the area of an isosceles triangle » the length of one of its 
legs equals 12 cm. and the measure of the included angle between them is 64° — «647 cm?» 





E Find the area of the quadrilateral in which the lengths of its diagonals are 12 cm. › 
16 cm. and the measure of the included angle between them is 68° approximating the 
result to the nearest square centimetre. « 89 cm? » 


O Find the area of the figure ABCD in each of the following cases : 
( 1) A parallelogram in which AB =8 cm. » BC=11cm. » m(ZB)=60° «4413 cm?» 
( 2 ) A trapezium in which » the lengths of its parallel bases AD and BC are 7 cm. › 11 cm. 
respectively » the length of the perpendicular drawn from D to BC equals 6 cm. « 54 cm? » 
( 3 ) A rhombus in which AB = 8 cm. » and the measure of the included angle between two 
adjacent sides in it equals 58? « 54 ст?» 





GB The area of the parallelogram ABCD is 192 cm? and the lengths of its diagonals AC and 
BD are 16 cm. and 24 cm. respectively » then find : m (Z AMD) « 90? » 


C In the opposite figure : 
ABCD is an inscribed quadrilateral in a circle : 
ACN BD = {Е} ; if AE=2.1cm. EC =3.6 cm. » 
ED = 2.4 cm. and m (Z AEB) = 70? , 





then calculate the area of the quadrilateral ABCD « 15 cm? approximately » 


C) Find the area of each of the following regular polygons approximating the result to 
the nearest tenth : 


(1) Ш A regular pentagon of side length 16 cm. « 440.4 cm? » 
( 2) LE] A regular hexagon of side length 12 cm. « 374.1 cm?» 
( 3 ) Aregular octagon of side length 8 cm. « 309 cm? » 


( 4) A regular heptagon of side length 10 cm. « 363.4 cm? » 


10 Find the area of a regular polygon of 12-sides of side length 10 cm. approximating the result 
to the nearest tenth. « 1119.6 cm? » 


Ш LO Find the area of ће triangle ABC in which: АВ = 8 cm. » ВС=7 ст. апа 


АС = 11 cm. « 28 cm? approximately » 
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Problems that measure high standard levels of thinking 


Hl Choose the correct answer from those given : 


( 1 ) The perimeter of A ABC = 14 cm. and its area = 2 14 cm? and the length of one of 
its sides 3 cm. » then the difference between the length of the other two sides 


=н ы сї. 
(а) 1 (b) 24 (c) 7 (d) 11 

(2 ) A regular hexagon whose area (A,) is drawn inside a circle whose area (A,) » then 
A, DÀ mese 
(а) 0:43 (27:3 (c) t : 243 (d)20:343 


( 3 ) Two regular polygons are drawn inside the same circle one of them formed from 6 
sides and of area (A,) and the other formed from 12 sides and of area (A,) 
9 then A, : A, eee 


(а) 1:42 (b) 1:2 (c) 2:3 (d)¥3:2 


( 4 ) The area of a regular polygon formed from 400 sides and its side length | tan б) 





length unit equals зе Square unit. 
(a) 50 (b) 100 (c) 100 cot (2)? (d) 50 tan (Z5 
( 5 ) In the opposite figure : 
ABCD is a quadrilateral in which 
AC) BD- {Е} 
» the area of (A AED) 2 9 cm? 
» the area of (A AEB) = 18 cm? » the 
area of (A CEB) - 16 cm? › then the 
arca of A DEC =... cm? 
(a) 6 (b) 8 (c) 10 (d) 12 


( 6 ) If ABCDE is a regular pentagon of side length = { cm. and the length of АС = тст. 


then 118 area 0 (ААВС) 8... 


the area of (A ACD) 


m 2 l зі! 
(а) — (e (с) = (d) — 
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В ť Trigonometry 


(7 ) In the opposite figure : 
ABCD is a quadrilateral in which 
ACM BD={E} 
If the area of (A DEC) = A cm? 
» the area of (A AED) = (A - 2) cm? 
; the area of (A AEB) = (А + 10) cm? 
» the area of (A BEC) = (A + 16) cm? 
» then the area of the figure ABCD 


(À-2)cin*. A 





(a) 8 (b) 32 (c) 56 (d) 88 





e In the opposite figure : 
If the area of (A FED) = 3 cm? 
» the area of (A EDC) = 8 cm? 
» the area of (A EBC) = 24 cm? 
and F is the midpoint of AD 
Find the area of the figure ABCD « 56 ст» 








Life applications 


Gr Constructions : The opposite figure represents a set of stairs 





3 metres 


lead to the entrance of the residential compound is in the shape of 
an isosceles trapezium » its larger base is down and its length equals 


7 metres » its smaller base is up and its length equals 3 metres › 





each leg inclines by an angle of measure 75? to the larger base. | | 
Find : 7 mettes 





( 1 ) The length of its base at the midpoints of the two legs (middle base). 
( 2 ) The length of each of its legs to the nearest tenth. 


( 3 ) The area of the trapezium to the nearest square metre. «5 m. 97.7 m. 538 m^» 





2 |. Basins decorations : Basin is designed to fish decoration › its base is in the shape 
of a regular pentagon » the length of its diagonal equals 72 cm. 


Find to the nearest square centimetre the area of its base. « 3407 ст» 





EJ Flowers : Karim designs a garden to his house » and hopes to determine a special 
part for flowers » is in the form of a regular hexagon of area 5443 m^ 


Find the length of its side. «6m.» 
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Second ANALYTIC 
GEOMETRY 


Unit Four : Vectors 


SA Straight tine 





| Exercise One : 
Exercise Two : 
Exercise Three: 


| Exercise Four : 





Scalars , vectors and directed line segment. 


Vectors. 
Operations on vectors. 


Applications on vectors. 
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Exercise _ Scalars , vectors and directed 


One line segment 
| р | | LI] From the school book 
Multiple choice questions 
e Choose the correct answer from those given : 
( 15 £3 Which of the following represents a vector ? 
(a) Time. (b) Temperature degree. 
(c) The displacement. (d) The mass. 


( 2) f ABCD is a parallelogram › its diagonals intersecting at M » then 


First : CD is equivalent to ©7777 


(a) AB (b) BA (c) CA (d) AD 
Second : MD is equivalent to errr 
(a) DM (b) MB (c) BM (d) MA 

( 3) In the opposite figure : 
If ABCD and EBCF are two parallelograms F ES 
» then AD is equivalent to each veces Е 
(а) ВА ; CD (b) BC » CF 
(c) BC , EF (d) BC > BA ' 


( 4 ) Ш In the opposite figure : 
ABCDEF is a regular hexagon » its centre is M 
Then : D M 


First : AB is equivalent to each of the following directed 


segments except «eos у 
(a) ED (b) BC (c) MC (d) FM 
Second : MD is equivalent to oere- 

(9) MA (b) BC (c) CF (d) CB 


Е Vectors 


( 5) LLi M is the point of intersection of the diagonals of square ABCD ; then each two 


directed line segments of the following are equivalent except ·-·-----:--... 
(AB.;DC  (b)AM;MC  (oQBC;.AD (d) AM › MD 
( 6) Ш If ABCDEF is a regular hexagon whose centre (M) which of the following 


directed line segments are not equivalent ? 
(a) AB;FM (b ABs ED (c) АВ, MC (d) АВ, MD 
( 7 ) In the opposite figure : 


If a body moved from the point À in direction of east to the 


point C › then return to the point B in direction of west »then — ^ P е 
First : The distance covered by the body =з cm. 
(a) 6 (b) 9 (с) 15 (d) 21 
Second : The displacement =з. cm. 
(a) 9 cm. in AB direction (b) 6 cm. in CB direction 
(c) 9 cm. in BA direction (d) 21 cm. in BA direction 
(8 ) In the opposite figure : North 


If a body moved from the point À a distance 48 m. east 


» then changed its direction and moved a distance 20 m. 





north and stopped at the point C » then South 
First : The distance covered by the body = -v m. 

(a) 52 (b) 68 (c) 48 (d) 28 
Second : The displacement =з 

(a) 68 m. in AC direction. (b) 68 m. in CA direction. 

(c) 52 m. in АС direction. (d) 52 m. in CA direction. 


(9 ) In the opposite figure : 


If each of DC and AB is perpendicular to BC anda body 
moved from the point A to the point B 5 then the point C 
and stopped at the point D » then 





First : The distance covered by the body = cm. 


(a) 25 (b) 35 (c) 29 (d) 20 
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Second : The displacement = cm. 
(a) 35 cm. in AD direction (b) 35 cm. in DA direction 
(c) 25 cm. in AD direction (d) 25 cm. in DA direction 

(10) In the opposite figure : Вар 
ABCDEF is а regular hexagon of side length 8 m. | / \ 
» if a body moved from the point A to the point B > FR ) C 
then to C ; then to D » then to E and stopped at the point F »then \ / 
First : The distance covered by the body = ·--··----.-.-:. m. = -— 
(a) 8 (b) 48 (c) 32 (d) 40 
Second : The displacement = ·-------------: 
(a) 8 m. in AF direction. (b) 40 m. in FA direction. 
(c) 8 m. in FA direction. (d) 40 m. in AF direction. 


(11) A car covered 20 meters due north then it covered the same distance due west › 


then the displacement of the car is -7 
(a) 40 meters due west. (b) 40 meters due western north. 
(c) 2042 meters due western north. (d) 2042 meters due western south. 


(12) In a coordinate orthogonal planc » if (1 »3) »B (3 » 1) » C (0 » 4) and AB is 


equivalent to CD » then the coordinate of D 15 © 


(а) (- 4 »2) (b) (4 » — 2) (c) (- 3 » 1) (d) (- 4 »—2) 


F) In the opposite figure : 
ABCD is a rectangle » its diagonals are 


intersecting at M EC AD 





Show whether the two rays have the same › opposite or C B 


different directions in each of the following : 


(1) AB and CD (2) AE and DE 
(3) AM and AC (4) BM and MC 
(5) DE and CB ( 6) BM and MD 
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А In the opposite figure : 


ABCD is a rhombus in which AC N BD = {M} ^ 

Write the directed line segments equivalent to each 

of the following : j š 
(1) МА (2) MD 

(3) AD (4) ВА i 


E) In the opposite figure : 
ABCD is a parallelogram in which AC f) BD = {M} 
» E 1s the midpoint of AB and F is the midpoint of BC 


First : Determine the directed line segments 





(if existed) which are equivalent to : 


(1) BE (2)MB 

(3) ME (4) AC 

(5) AB (6) BC 

Second : Show why the following directed line segments are not equivalent : 
(1) ME and BF (2) AC and MC 

(3) FBand FC (4) BA and DC 


п In the opposite figure : 
ABC is a triangle in which X is the midpoint of AB 
, Lis the midpoint of AC and XYZL is a rectangle. 


Write the directed line segments (if existed) which are 
equivalent to each of the following : 


(1) XY (2)XL 
(4) BX (5)BY 


шт the opposite figure : 
ABC is a triangle in which AB = AC 
» X » Y and Z are the midpoints of AB ,ВС,СА respectively 





First : Which of the following statements is true ? 
(1) |xy |=] zy] ( 2) XY is equivalent to ZY 
(3) BY is equivalent to ZX 
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Unit 4 as — A ID UC CE REPRE 


Second : Write all directed line segments (if found) which are equivalent to : 
(1)BX (2) AZ (3) XZ 
(4) CY (5) ХҮ (6) ZY 


[3 GQ On the lattice , if A (2 53) › B(-3.D апас (5 5-1) 


( 1) Draw CD such that it is equivalent to AB and determine the coordinates of D 











( 2 ) Determine the coordinates of the point M which is the midpoint of BC > then 
determine the directed line segments which are equivalent to each of : 
[a] BM [b] AM [c] AC [d] DB 

( 3) Is the figure ACDB a parallelogram ? Explain your answer. 


FJ CQ In a coordinate orthogonal plane » if A (4-3) » B(4»4)andC (- 3,1), ВА 
5 CD » OM and NO are equivalent directed line segments where O 1s the origin point. 


Find the coordinates of each of : D » M and N 

















F) CQ On the lattice if A(3 5-2) » B(6:2) » С(1 ,3) апар (4 ,7) 
(1) Find: | AB | and ICD | 
( 2 ) Prove that : AB is equivalent to CD 
( 3 ) If the directed line segments BC , AM , ND and OR are equivalent. 


Find the coordinates of : M » N and R where О is the origin point. 








9 Construct a coordinate orthogonal plane where O is the origin point and plot the points 
A(-2 53) » В(1 1.0) » C(2,-3) » N(-31)andT (4 > 1) » then draw the directed 


line segments CD » OE , NL and KT where each one of them is equivalent to AB 


» then from the graph determine the coordinates of : D , Е » L and К 
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Exercise 


Two 


| First \\ Multiple choice questions 


e Choose the correct answer from those given : 


(1) ҒА = (5 $- 12) s then | A |= 





П From the school book yourself 





(а) 13 (b) - 7 (c) 17 (d) 7 
(2 ) All the following vectors are unit vectors except +=- 
(a) (1 »0) (b) (0.6 » 0.8) (c) (0 » — 1) (d) (1 » 1) 
(3) If (6 4) and (3 » m) are two perpendicular vectors » then m = «o 
(a) 2 (b) - 2 (c) 8 (d) — 4.5 
(4) LU If A = (—2 51) and C = (— 3 » К) are parallel » then k = ve 
(@) 5 (b) $ (c) -2 А (d) 3 
(5) КА = (4 » 5) and B = (~ 20 » 16) » then the two vectors A and B are ceecee 
(a) perpendicular. (b) parallel. (c) equivalent. (d) otherwise. 
(6): А 2(ko2 B-21-j and A LB thenke 0 
| (a) 1 (b) - 1 (с) +1 (d) zero 
| (7) If: A = (k »9) is parallel to B = (4 » 3) Then k = «e 
(a) – 4 (b) - 3 (c) -12 (d) 12 
(8) ША = (452) » B=(1 >—2) othen|| A-B || = e 
(a) 3 (b) 4 (c) 5 (d) 7 
(9): A 2 8,5. B2 (4,6) s then: -2A +3 B || = r 
(a) 6 (b) 8 (c) 10 (d) 14 


ЇН 
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Unit Ф = 











(10 ЖА = (3 ,4),В = (2,1) and C =A +2B s then: C = erer 











(а) (- 1 » 5) (b) (- 4 99) (c) (1 » 6) (d) (1 » 5) 
(11) If A + B=(8 » 16) and A = (5 » 12) s then | Bl = e 

(a) 7 (b) 5 (c) 13 (d) 845 
(12) If 2 (3 y)  3(X ,-2) = 852) s then: X + y = ee 

(a) 3 (b) 4 (c) 5 (d) 6 
(13) If B=(—2 54) »C=(4 »3) and2A -3B-4C then: |А | ә 

(a) 5 (b) 12 (c) 13 (d) 7 
(14) If A = (4 5-6) and3 (A - B. 27 B-2 À s then B = eet 

(a) 24= 9) (b) © 2.53) (OE2) (d) (2 »3) 
(15) If A 23i«k jand| A 5 5 , then k = ee 

(a) 4 (b)-4 (c) +4 (d) 2 
16) £31£|l 3 k A ||| - 15 A |, then k = e 

(a) 5 (b)- 5 (c) +5 (d) 15 
a7) 2 ifl -8 Als 5lKkAl s thenks ee 

"2 с P4 O23 
(18) ГА = (к ›2) » B=(25m)andA=2B , ћепк+ m = «ees 

(a) 4 (b) 5 (c) 1 (d) 3 
19) I£kl4 A | 3|-3 A] then k= ............... 

(a) 4 (b $ (c) 2р (d) + 3 
(20) If lk 5 4) | =1 > then k = ss 

(a) 4 (b) = (c)+ i (d) +5 
(21) If A = (6 2» л) is a position vector of the point А » then the coordinates of A 

ATO uis dts 

(a) (6 »— 6) (b) (- 6 » 6) (c) (6 » 6) (d) (- 6 »— 6) 
(22) The vector M- (s 2 > 2j is expressed in terms of the fundamental unit vectors by 

the form «ss 

(04i-4j (6)81-87 (c) -41-83 (d8i48j 
(23) The polar form of the vector A--3 j Бы 

@(-@» 5—67) © (-3 275) @ (3 =) 


Vectors 


(24) In the opposite figure : 


| A || 4 length unit Кт 
ЕНЕ UA нены £C Fi . 
(a) (2 » 243 ) (b) (245 »2) А 
(©) (4 3 ) (a) (үз 2) | 
(25) If the magnitude of the vector A equals 7 » then the magnitude of the vector — 2 A 
equals «e 
(a) 7 (b) -2 (c) 14 (d) - 14 
(26) If A = (3 >) > then 2 А = ааыа 
(а) (6,2) (ы (6,2) о (3,1) (à (3,2) 
(27) If L=(2 ,– 3) and K = (3 › 1 – X) are parallel » then X = eere 
(a) 4 (b) 4 (c)-1 (d)-9 
(28) If A 2 (X54) » B=(2sy)and A // B > then e 
(а) Х+2у=0 (Ы) Х=2у (c) Ху=8 (d) + =2 


—B 


(29) ҒА = Q»-1) » В= (854) » Ce (к, 15) and the two vectors C , B A are 
par allel » then К = зз) 


(a) 1 (b) 2 (c) 3 (d) 4 
(30) If the two vectors A= (n>1)> B-ni-4 j are perpendicular » then n = vee 
(a) 2 (b) — 2 (c)+2 (d) — 4 
(31) If A is a non zero vector » then ............... 
(a) — AL A (b) – A : A have the same direction. 
(c) l= A | < | А | (а) — А „А have opposite directions. 
(32) Which of the following vectors are perpendicular ? 
(a) (3 »0) › (2 »- 1) (b) (- 2 »5) » (4 »— 10) 
(c) (2 »0) » (0 »2) (d) (1 »—4) » (2 »— 8) 


(33) IFA=(-291) » B=(k>3) » С= (m»-4)andA//B;ALC 


(a) — 6 (6) – 2 (с) 3 (d) – 3 
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ua 


ЗФА =31-4),В=ј,С= (5,2) sten LAT IBI ICH = 











(a) 9 (b) 10 (c) 11 (d) 12 
(35) The vector represents a uniform velocity of 6 km/h. of a car moves towards western 
north =з... 
(а) 3ү21+3ү2 j (b) 321-342 ] 
(c)-342i+342 j (d -64214612 j 
(36) The vector represents a displacement of 40 cm. of a body in direction of eastern 
south -ee 
(a) 2012 1+ 2012 j (b) -2012 1+ 202 j 
(c) - 2042 i-2012 j (d) 2042 i - 2042 j 
(37) If the magnitude of force F - 10 newton and it acts in direction 30? north of the east 5 
then F = ............... 
(9513i-5j (95i«543j (с) 543 i+5 ј (д-5{з31+5] 
(38) If A = (k 9k +3) >| A |= з 45 length units » then one of the values of k is eee- 
(a) – 3 (b) zero (c) 3 (d) 6 


(39) In the opposite figure : 


А= (1,3) » Bz(555) 
» then the figure represents 






(b) (d) 
(40) If A = (X, » y) and B- (X^ * y) » then the two vectors A and B are 
perpendicular if -e= 
(a) X; y5 - Ху 20 (b) X; X5 - yyy, = 0 
x, x o 
NIU 9 x 1 
(4) £A =(- 1,2), B=(3 57) C 2 (7 5 12) s then C = uses 
(2A-B (b)A+2B (c)2B-A (d)3A+2B 
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GP it A = (3,2) and B=(2 57) ofind: 


(1)A+B « (5 95)» (2)B-A «(-159)» 
(3)2A-3B « (0 »— 25)» 
@irA=(3>-2) » в-(- 2,4) апі С- (7,1) > then find : 
(1) /A+2c] «17» (2)15В+3А | «197 » 
(3)]A- 1 Bl «4V 2 » (4)l 4 « B-2CI « 13» 
EJ if A =3i-2 jandB=-i-4j> find: 
(1)A+B 23-64» (2)A-B «dio 
(3) A «Bl «2410» (4) 2А +3В «31-16 j» 
(5)A-3B «6i 10 j» (638 А «-9i46j» 


4 LO Express each of the following vectors in terms of the fundamental unit vectors ; 
then find the norm of each of them : 


(1)M=(-4 5-3) 9 (2)N=(8 5-6) 2105 

(3)F=(-5,-12) «13» (4) А = (0.242) «242» 

(5)B=(-373 0) «343» (6) C2 (2-342) «235» 
E) Find the polar form of each of the following vectors : 

(1)@M=813 i+8j (2) QN=312 i+342 j 

(3)0A=(5 513) (4) В= (743 ,- 7) 


(5)C--4i-4j 


В. If OA is the position vector of the point A with respect to the origin point » 


find the coordinates of A in each of the following : 


(1) ОА = (1243 , 60") (2) OA = (5 2,20) 
(3) OA = (24 , 150°) (4)ОА = (6,217) 

EJ Find the value of each of X and y in each of the following : 
(1) Х(-6 ›у) = (3 , 5) «2-10» 
(2) (Хх 5-3) – (5 30) = (2 sy) = «75-3» 
(3)(3»5y) + X(15»-2)-(-4,.1) 20 =T a= ios 
(4) Х(2 3) +у(-3 ,1) = (4 › 5) «1252» 


(Mit )Y o Ab V (Sula) ошод, уе Ө] 121 








Unit 4 _ 2f _ 


[Эк А-(6.—8) › B=(-9>512)andC=(-4 5-3) 
(1)Provethat: А/В › BLC ; 


ain 


(2)Find:2A+B , B-2C , 


Оға = (213 »-3) and B= (2 „үз ) 


> write the relation between the two vectors А and B with showing the reason. 


+B-3C « (3 »—4) » (1 » 18) 9 (6517) » 














— 


(MirM=21+3] » N=-8i-12j » L=ai+15 jandF=6i+bj: 
( 1) Prove that : M // N (2)Find:a€Rif N //L 
( 3) Find the value of each of: 4M +N »4(M«N) 
(4) Find: b ER ifFL N (5 ) Is FL M ? Explain your answer. 


Gir A=(3>-2) » B=(-255)andC=(0 911): 
( 1 ) Write each of the following vectors in terms of the fundamental unit vectors : 
(= > 
+(B+C) 
( 2 ) Express C in terms of A and B 


AA 9 A+B-C 9 


(Й гА = (4,3) » B=(255)andC=(2 521): 
(1) Find each of the following vectors in terms of the fundamental unit vectors : 
= = > = 
B-C, H B+C } 


( 2 ) Express C in terms of A and B 











 @ҥС=(4›,-1) > D=(-352)andE=(-5 51) 
‚ find the vector A which satisfies the equation : 2 A-2C-3D«2E « (4 ,— 3) » 


@ҥА=(7›,-3) › В=(-2,5)апіС=21+3ј 
( 1 ) Prove that : The vector L 22 C +3 B- A is parallel to the vector M=3i- 8i 
(2)IfL = КМ »find :k icio 


i) On an orthogonal coordinate plane » if Ei 343 j ; M =-i-243 1 
andN --2i«43 j , find C in the polar form where : C=L+M+3N_ « (4 $2409) » 
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16, Find in terms of ће fundamental unit vectors » the vector which expresses : 
( 1) A force of magnitude 37 newtons acts at a particle in the north direction. 
( 2) 11 A uniform speed of magnitude 60 km /h. in west direction. 
( 3) A uniform speed of a car covered 75 km. per hour in east direction. 
( 4 ) A displacement of a body a distance 25 m. in south direction. 


( 5 ) A vector » its norm is 6 units and makes an angle of measure 51 with the positive 
direction of X-axis. 


( 6 ) A displacement of a body a distance 150 cm. in the direction 30? north of west. 
( 7 ) LL) A force of magnitude 20 kg.wt. acts on a body in the direction 30? south of east. 


( 8 ) 1 A displacement of a body a distance 40 cm. in the direction north west. 


ША ,В » C and D are four collinear points are ordered from left to right where 
AB : BC: CDz2:3:5 
Complete each of the following with a suitable number given that the symbol “=” means 
*is equivalent to" : 


(1) AB =н BC (I WCB Snowe AB 

(ЭЭС е AB МУ AC = ае DC 

(3) BG Sure CD (4) CDD аена АС. 

(DEB aes BA (8) OD =. .CB 

(9) AD = eee CA 

Dra- 2i+jandB=i+ 3j » find : 

( 1 ) The value of k which makes the vector ( A+k В) parallel to the vector i « -i» 
( 2) The value of l which makes the vector ( (A+B ) parallel to the vector j « -d» 


19 The lattice opposite of congruent parallelograms. 
Express each of the following directed line segments in terms of M and N : 


(1)AB (2) BY 

(3) EC (4) DE L M 

(5) ХЕ (6) ХҮ ae aS 
(7) YM (8) LM E / {MEJ D 
(9)BM (10) EF A 787 fc 
(11) FL (12) FD 
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Unit 4 А 


20 Construct an orthogonal coordinate plane where O is the origin point and plot 
the position vector of the vector M = (2,3) , then draw: 
( 1 ) A directed line segment » its starting point is A = (— 3 » – 2) which represents the 
vector 2 M ; then find the coordinates of ће ending point. 
( 2.) A directed line segment » its starting point is B = (4 » 5) which represents the vector 


— M „Шеп find the coordinates of the ending point. 





21 The following figure shows a representation of some vectors in the orthogonal 


coordinate plane. Write each vector in terms of the two fundamental unit vectors. 





Problems that measure high standard levels of thinking 


e Choose the correct answer from those given : 
(1)1f A is a vector „А | = 4 , which of the following is a unit vector ? 
(à ТА (b) -A ()- lA (5 A 
(2) КА =2і+ ју,» В=1+2 ] › Шеп ===» 
(a) А= В А/В ()|А[=|В| ^ «A.B 
(3)fA220i-15j,B-27i«24 jaadM- A* B. N - А-В, еп. 
(a) МИМ (b) MLN () M=N а м = 1 
(4)If A=3i+4j Bit 24 j » then the vector which has the same magnitude as B 
and parallel to LE 
(а) 51+20] — (b15i-«10j (с) i-3j (d) 151+ 20 j 
(5)fA-2i-j»B-i-* j»C 2i43 jand A L(k Bt C) sthenks 
(а)—1 (b) 1 (с) 3 (d) 4 
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( 6 ) Which of the following statements is incorrect ? 


(a) If A =B ;thenl A || - | B] (b) Ifl A || 31 Bl ,then A =B 
(c) If A // B then A =k B (d) If A = КВ, then A // B 
(7) tf] A | 8 EB |] s then = 
(a) А= В (D A--B 
(c) A= + B (d) We can not determine the relation between Aand B 


(8 ) The measure of the angle between two vectors A = 61— 21 5 B Sj +3 jis LI 
(a) zero (b) 30? (c) 60° (d) 90? 
(9) AB is a directed line segment » C is a point in its plane СЄ AB , then the number 


of directed line segments that can be drawn such that its initial point C and equivalent 


to AB ig ss. 

(a) zero (b) 1 (c) 2 (d) infinite number. 
(10) In the opposite figure : 

If OA represents force F А | F | = 12 units. 


Which of the following statements does not represent the force F 





(a) The Force F of magnitude 12 force unit 


and acts in direction 60° north of the west. 

(b) F = (12 force unit » 120°) 

(o) F=-6i+ 643 j 

(d) The magnitude of the force is 12 force unit and acts in direction makes 30° with 
the north. 


(11) If the polar form of the vector A iS (12 9 22) » then the polar form of the vector 








@(12,®) (12,27) о (6,27) ө (12,5) 


(12) If the position vector A= (үз ә 1) rotates about origin with angle of measure 45° 


anticlockwise » then the polar form of the vector A after rotation 158. 


(a) (2 » 30°) (b) (2 » 45°) (с) (2 » 75?) (d) (4 » 75°) 
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Exercise 


Three 


| First \ Multiple choice questions 


e Choose the correct answer from those given : 


Operations on vectors 


Li From the school book 


(1 IfA =(3 ‚—2) ,B=(1 s 2) Mq m 





(a) (3 »— 4) (b) (- 2 » 4) (c) (4 » 0) (d) (2 »— 4) 
(23oIAz (C155) » B2 (2,1) thenl ABl = —— 

(a) 2 (b) 3 (c) 4 (d) 5 
(3)IfA-(4.—-2) » AB=(3 »5) then Bosse 

(8 (1 5—7) (b) (7 93) (OE 1,7) (d) (3 » 7) 
(4)IfA25i-6j » В= (1,2) >then BA = sii 

(41-8 j (6) -41+8 | 

(с) 51-4] (981-4) 
( 5 WA = (7 50) Bes (512 , =) > (hen |AB| = — length unit. 

(a) 12 (b) 13 (c) 14 (а) 29 
(б)АВ-ВА = —— 

(a) zero (b) 2 AB (e) 2 BA (d) О 


(7)If AB=3i+3] » BC=j then: || AC |= - | 
(а) 6 (b) 342 (c) | (d) 5 
C8 If the two vectors AB = (2,3), CB = (-3 $5) » then AC = аә 
(a) (5 »— 2) (D) (= 6 51) Cre 25 3) (d) (2 »5) 
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Vectors 


(9) IFAB=(3 s— 4) ‚ВС = (2 > 1) „{һеп CA = поенима 


(a) (1 »— 5) (b) (5 » — 3) (c) (- 3 » 5) (d) (— 92} 
(10) I£3A +В = (5,2), AB = C3 s 10) » then A = e 
(а) (2 91) (b) (- 1 »2) (c) (2 »—3) (d) (- 2 »3) 
(11) If A=(3 ,- 5) ,В = (- 1 ; 5) and M = (6 » k) and AB // M ,ћепк= 
(a) – 15 (b) — 10 (c) - 5 (d) 5 
(12) If AB= (2,6) АС = (2,9) » then | BC |= ............... 
(а) 15 (b) 13 (c) 4 (d) 5 
(13) If M is the midpoint of XY » then XM + YM = ..-..-...... ! 
(a)2 XM (b) XY (c) O (d)YX 
(14) If ABC is a triangle »then AB + BC + СА =. 
(a) O (b)2 AC (c)2 CA (d) AC 
(15) If ABC is a triangle » then ABa BC AG eaae 
(a) O (b) 2 AC (c) 2 СА (d) AC 
(16) If ABCD is a quadrilateral » then AB 4 BC « (Up шеек 
(a) AC (b) AD (с) О (d)2 AD 
(17) If ABC is a triangle » then BAB аал 
(a) BC (b) CB (c) CA (d) AC 
(18) Which of the following equivalent to the zero vector ? 
(a) AB + CD + BC (b) CD - DF - FC 
(c) FE - FD- DE (d AB- AN + CN 
(19) ABCD is a parallelogram » AC f) BD = {M} , then: TUB dh аиий» 
(a) CA (b) BD (c)2 MC (a) 2 DM 
(20) In the opposite figure : 5 n 
ABCD is a parallelogram 
If the diagonals intersect at M › then all 
the following statements are expressions - ý 
for AC except ы. т 
(a) AB + BD (b) 2 AM (c) AD + DC (d) BC + DC 
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(21) In A ABC 5 if D is the midpoint of BC , then BA + CA + АР = cepnrsomnaeenes 








(a) BC (b) DA (c) 2 DA (d) CB 
(22) In the given parallelogram : E N 
== ш еее y 
= + ON = | Y i bm | / 
(а) а (b) b Z i " 
(с) 4 (a+b) à)la-b ^' E © 
(23) If ABCD is a rectangle › then AC 4 BD mosse 
(a) CD (b) 2 BA (c) BC (d)2 BC 
(24) If D is the midpoint of BC » A is a point€ BC » then -------.----- 
(a) AB+ AC=AD (b) AB+ AC =2 AD 
(c) AB+AC+AD=O (d) AB+AC+2AD=O 
(25) If: AB = CD where AB = (6 94) c= (—1 › 3) , then D = IIS 
(а) (5 » 7) (b) (55 21 (с) (- 5 » 7) (d) (7 $7) 
(26) In parallelogram ABCD ›А = (7 »-2) » Bz (15»4) C = (9 » 6) » then the coordinates 
of аге... 
(а) (1 »0) (b) (0 » 1) (c) C-1 »0) (d) (0 s - 1) 
(27) If ABCDE is a regular pentagon » then DE EA ВА = ань 
(а) DB (b) AD (c) CE (d) BD 


(28) If AB 22 AC ,ћеп.............. 


(a) A ABC is a right-angled triangle. (b) B is the midpoint of AC 
(c) AB + AC22CB (d) C is the midpoint of AB 


(29) In the opposite figure : 
ABC is a triangle: if D is the midpoint of ВС, 





Е is the midpoint of AD 

‚еп: AB + AC = eee AE 

(a) 1 (b) 2 
(c) 4 (d) - 4 
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(30) In the opposite figure : A E D 
ABCD is a rectangle › 
E is the midpoint of AD > then 


WE D M р Ј 
(а) ЕВ (b) BE 
(c) EC (d) CE 


(31) In the opposite figure : 
LM is a vector represents «es 
(a)2 A (D2B 
(02A-B (d)2B—A 





(32) In the opposite figure : 
ABCD is a rectangle » E is the midpoint 





of CD > then 

irste AE 3: Ез нех 

(a) AB (b) AC 

(c) 2 AD (d) CA 

Second : AD- 2 AE 4 AB- МҮЛК noes 

(a) AD (b) 2 CB (c) CB (d)2 AD 


(33) In A ABC » if D ; E are the midpoints of AB » AC respectively and AB = M , AC =N 
y then DE = ss 


(a)M+N (b M-N (с) 4 M-N) (d)~ 5 (M-N) 
(34) ABCDEF is a regular hexagon » AB=M ,BC=N ‚СР=Е 

» then AE Sens өө (in term of M ‚М, Е) 

(a)M+N4F (b M-N+F (c)N+FE (d F-M 
(35) In the opposite figure : г а 

If ABCDEF is a regular hexagon 

» then (AB — CB) + AF + DE =й 

(a) FE (b) AE | 7 

(c) AD (d) AC М / 
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(36) In the opposite figure : D A 
/ ^ 
ABCD is a trapezium / X 
bM UNE" as / 

If: AD+BC=k YX p— A 
„Шеп the value of k = «+6 / X 
Where k ER В 
(a) - 2 (b - 1 (c) 1 (d) 2 

(37) IFA = (2,2) B2 (4;-2)C2(-2»0) ,D- (15k) and DA LCB, 
then ke. 
(a) 1 (b) -1 (o 4 (d) 2 


(38) If ABCD is a parallelogram» 
A(1 52) »B(X >-3) »C © 3 95) »DC7>y) 


‚еп: BD = 
(а) (— 2 97) (b) (- 12 »— 13) (c) (4 »—3) 
(39) IfA = (3,5) B2 (1 m) »|| AB | = 4 length units 5 then m = 
(a) zero (b) 5 (с) – 1 
(40) The given figure represents the two vectors 
A » B Which of the following 
figures represents the vector A B? 
/ шш 
/ ЗК 
(а) (b) (c) 
(41) In the opposite figure : 
| А + B- C | mee (where the side length of each square 
in the lattice represents to length unit). 
(a) 1 (b) 2 
(c) 5 (d) 4 
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(d) (— 12 » 13) 


Panama om hd а 


(d) 





(42) The opposite figure represents 
the vectors A 5 B з С ; D which of 
the following is true ? 
(a) B = — С 
(c)D=B+C 
(43) In the opposite figure : 
6 congruent parallelograms. 


If FX - M;FD-N 


» then DR Sires (in terms of M 9 N) 
(a)M+N 
(c)2M-2N 


(44) In the opposite figure : 
ABCD is a parallelogram 
» X is the midpoint of AB 
y then EX = s 
(a)  (N+2M) 
() 4 (M « 2 №) 





Find the coordinates of the point C 


(DA-B4C 
(d)A+D=2B 





(b)2M+2N 
(d)2N-2M 





(b) QN - M) 
(d) 2 (N-2M) 


LJ ABCD is a parallelogram » in which A (3 50) » B(O;4) » р(-2,-1) 


«(—5 33)» 





EJ ABCD is a parallelogram in which A = (X › 2) s B=(3 58) » C=(Q951) » D=(7 3y) 


Find the values of X » y » then find : | АВ | з | AD | 


20e ‚2410 „|85 » 





EJ In an orthogonal cartesian coordinates plane if A=(-15-4) > В=(1,1) » С=(6,-1) 


» find each of AB » BC in terms of the two fundamental unit vectors ; 


then prove that : AB L BC 





Q 





Ц If2M+3 АВ = 2 CB - BA » prove that : M=CA 








LL] In any triangle XYZ » prove that : XY + YZ«ZX-0 
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1 In the opposite figure : 


D S \ 
ABCD is a quadrilateral » / Ns 
ECAB,FCCD гу \ 
\ 
Prove that : j . Y 


EB + BC + CF = EA + AD + DE 














GF In the quadrilateral ABCD ; prove that : 








(1) AB+BC+CD=AD | (2) AB+BC=DC+AD 
(3) AC + BD = BC + AD (4) AB+CD-CB-AD=0O 


(5) DB- AC = DA - BC 




















C) ABCD is a trapezium in which AD // BC ; E is the midpoint of AB , Fis the midpoint 
of DC Prove that : AD + BC = 2 EF 


2 ш ABCD is a quadrilateral in which BC =3 AD Prove that : 





( 1 ) ABCD is a trapezium. (2) AC +BD=4AD 





LL] ABCD is a trapezium in which AD // BC nn = + Prove that : AC + BD = E AD 





fi] ABCD is a quadrilateral in which 2 BC = 5 AD Prove that : 
(1)2 AC -2BD-7 AD (2)2 AB-2DC -3DA 





12 ABCD is a parallelogram » its diagonals intersect at M >N is a point outside 


the parallelogram. Prove that : 


(1) @ AC + DB =2 АВ (2) AC-DB=2 BC 
1 AB+AD+2CM=O (4) ДМА + NC-2 МВ + ND 





(5) МА + МВ + МС + МО = 4 ММ | (6) AN+BN+ND+NC=2 AD 











fF] CA ABCD is a parallelogram in which E is the midpoint of BC 
Prove that: AB+ AD + DC =2 AE 








11] ABCD is a quadrilateral in which X is the midpoint of AC 5Y is the midpoint of BD 
Prove that : AB + AD + CB+CD=4XY 
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Vectors 


[9 XYZ is a triangle » LC YZ such that YL: LZ=5:3 
Prove that: 5 XZ +3 XY - 8 XL 





























16 If M is the point of Intersection of th the medians of of the triangle ABC ; P is a point outside 
the ше ә prose that : PA + PB 4 PC=3 PM 


























ma ABC is a triangle 5 D is the о of BC ; E is the midpoint of AC and F is 
the midpoint of AB Prove that : 


(1) AF- AE- AD (2)AF-AE- 1 СВ 
(3) CF + EB =3 EF 























IT] ABC is a triangle in which D ; E » F are the midpoints of the sides AB ; BC , CA 
respectively. M is the point of intersection of its medians. Prove that : 
(1) £3 AE + BF = DC 


ee eee Él 


(2)MA+MB+MC= MD + ME + MF 








pu | ABC isa triangle in in which D is ) is the аарый of AB , E is the midpoint of AC 
Prove that : AE + CD = EB + DA 

















Й) ABC is a triangle » DEBC › E@BC such that BD = CE 
Prove that: AB + AC = AD + AE 




















2 ҥА=(3,1) » B=(154) > С=(-1,- 5), find N where: МА + МВ + NC- 6 
« (1 »0)» 























Ё ABCD is a quadrilateral. If АВ = (2,1) » ВС=(-3,4) » DC-(5,-1) 
» find the vector which is represented by AD and if B = (—1 $3) , find the 
coordinates of , C . D 

















JI AB=(1,-4) > A=(253) › C2 C 1,15) 
» find the values of / and m such that : lA. B= C «453» 

















24 If ABC is a right-angled triangle at B where A = (2 , 0) » Bz(352) » C=C555-X) 
» find the value of : X «—1» 








(2) If ABCD is a rectangle in which А = (551) › В=(2›—2) › C=(-3 5k) > then find 
the value of k and find the coordinates of the point D «3 3(0 96)» 
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26 In the opposite figure : 





If DE // BC » find the numerical values of К | mon: E. = \ р 
(1)BD=kDA (2) СЕ= {СА á % 
(3) BC =m ED (4) AD + DE =n AC J —À. 














» prove that : MA + MB + MC + MD + ME + MF = O 


In the opposite figure : 
ABCDEF is a regular hexagon. 
Prove that : AB + AC + AE + AF=2 AD 


























Т] In the orthogonal cartesian coordinate plane » АВ=(-2,3) » СВ=(—6›-4), 
2B+ AC =(6 511) Find: 
( 1 ) The coordinates of each of the points A » B > C 
( 2) The area of A ABC using vectors. 








« 13» 























30 ^m ABCD is a trapezium in which A= (—2 3) » B= (4 yes 1) ; C= 2 95) » D=C1 9k) 
( 1) If AB // DC > find the value of : k 
(2 ) Prove that : CB LAB 
( 3 ) Find : the area of the trapezium ABCD «4530» 


Problems that measure high standard levels of thinking 





ED Choose the correct answer from those given : 


(1 УҤА, B are two non-zeroes vectors » then | A A | + lB B | — agents | A+ B || 
(а) > (b) < (с) > (d) < 
(23K A B2 C ,| Al «IBI |I Cl s then.............. 
(a) A 9 В аге perpendicular, (b) A » B are equivalent. 
(c) Kes B are parallel (d) C is perpendicular to A and B 
( 3) If A j B are two non-zeroes vectors and | А + B | = | A= B | ,{ћеп ............... 
(а) А ZB (b) A > Bare equivalent. 
(c) A » B are parallel. (d) A » B are perependicular. 
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Vectors 


(4) In the opposite figure : 





ABCD is a square and 

AY + XY =k XC sthenk= — " 

(a) 1 (b) 2 
(c) 3 (d) 4 


( 5 ) In the opposite figure : 
If M is the point of intersection 
of the medians of A ABC › then 
First: AD + BE + CE 2 sss 





(a) BC (by Bare С D B 
(c) 2 BC (d) AB + AC 

Second : MA + MB + MC- uM uus 

(a) MD + ME (b) 3 MA 

(c) АВ + BC + СА (d) + (AB + АС) 

Third : If AB + AC =k AM s then k = ·--............ 

(a) 1 (b) 2 (c) 3 (d) 4 


( 6) M is the centre of regular hexagon ABCDEF and DB + DA + DF = k DM 
„Шеп К = «ss 
(a) 2 (b) 5 (c) 4 (d) 5 
( 7 ) If the sum of two unit vectors A з В is also unit vector C i.e. А + B = C 
» then the magnitude of their difference | A- B | meeeeeeee 
(a) zero (42 (043 (d)2 
( 8 ) In the opposite figure : 
ABC is a triangle ‚ОР C AB 
If AD = 3 DB and CD =k AC +m CB 





3 then k + m zen 
@ 3 (b) 5 
(c) 2 (d) 3 
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( 9 ) In the opposite figure : 


AD bisects Z BAC and AB = 2 AC 


y then AD РГ 
(а) je 
(c) 5 1 (3 AC+2 AB) 


(10) In the opposite figure : 


ABCD is a parallelogram in which 


BF 22cm. » FC = 4 cm. 


du Пиру 
(а) 4 L AB + i AD 


(11) In the opposite figure : 


If M (3 , 2) is the point of intersection 
of medians of A ABC > M (1 5-3) 


is the point of intersection of medians 


of AA BC » then AA + BB + CC = eee 


(a) (2 » 5) 
(С) (72 9e) 


(12) In the opposite figure : 
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If M is the point of intersection 

of medians of A ABC 

5 then MX + MY + MZ = окисын sss 
(а)3 7В 


—^.. 


(с) Zero 


on mpapEEF 


A 
/5% 
cD 
(b) Ы (AC +2 AB) 
(d) E (2 AC + AB) 
— 
ыйаан. 


(b) 4 L AB+ 2 2 AD 


(d) 7 3 АВ + a L AD 


(b) (6 » 15) 
(d) — 6 › 15) P 
A 
ә | ух 
xf „> v! 
m c= SS 

(b) 2 YC 
(d)5 AX 








. Vectors 


(13) In the opposite figure : 


OB bisects Z AOC where Ый сей обие гејЕ 





» then OA + OB + OC m eese 
(a)¥2 OB (b) 2OB 
(c) (42 ^ 1) OB (d)3 OB 


2 ABCD is a quadrilateral » X » Y » Z and N are the midpoints of AB , BC , CD and DA 
respectively. Prove that : AB + DC « CB « DA =2 (ZX T NY) 





EJ ABC is a triangle » D € BC » if AC + AD + CB + DB =k AB 


» then find the value of : k «2» 
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Exercise 


Four 


Applications on vectors 





KI From the school book yourself 


Multiple choice questions 


ə Choose the correct answer from those given : 





Problems on geometric applications 
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ABCD is a trapezium, AB // CD 5A (2 » D ,В (3 52) >C (4 50). IfAB=2CD , 


then the coordinates of D are eesse 


ош) @644) ee) o 


In the given figure : 
D » E are the midpoints of AB » AC 
, AB =m AC =n then: DE = eee 


——— -i ка ж E \ D 
(a)m+n amem X 
(c) + (m-n) (d) -+ (m-n) C 2 

А 2 
In the given figure : 
M is the point of intersection of the medians of A ABC A 
? AB T AC =k AM 
s them karmn е 
(а) i (b) I é i ` 
(c) 2 (d) 3 


Vectors 


( 4 ) In the opposite figure : 
ОА = OB -6cm.»m (Z О) = 120° 


> then | АВ | —- Т cm. 
(a) 6 (b) 12 


(с) 643 (d) 642 


Problems on physical applications 








( 1 ) In the opposite figure : FS 
The resultant of the two 12 Newton _2 $ 0 Newton 
forces in terms of unit vector u = не 
(а) 8 u (b)—8u (c) 32u (d)-32u 

( 2 ) In the opposite figure : x 
The resultant of the two forces 20 ket 
in terms of unit vector U = 7e 25 kg.wt 
(a) 5 и (b)-5u (c) 45 u (d)-45 u 


( 3) In the opposite figure : 


—— 


The resultant of the two forces | 
80 gm.wt | ү 


in terms of unit vector U = «e e 
(a) 50 u (b)- 50 и А “| 
(c) 110 u (d)-110u 

( 4 ) The magnitude of resultant of the forces acting on a body as trying to move it 


with a force of magnitude 70 newton and the magnitude of the force of friction 


is 55 newtons equals зз newtons. 
(a) 70 (b) 55 (с) 125 (а) 15 


( 5 ) If F, =] — 3j з Е, = 3i = act on a particle » then the norm of the resultant 


equals еее force unit. 
(а) 24/10 (b) 8 (0412 (d) 4 
( 6) If F, =(a>sb) > F, -—3i4 4] act оп a particle and the system is in equilibrium 
> then a + bz «es 
(a) zero (b) — 1 (c) 1 (d) 7 


(7)Ifv,=12e Д Vp =8e › then Vg, 2 — 


(a) 20e (b -20e (c)4e (d)-4e 
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(8)Ifv,=120e » Vp=—80e sthen Vyp 2 m 
(a) 40 e (b) 200 e (c) - 200 е (d) - 40е 
(9) HV, 75e s v, 2-60e then Vp = eeen 
(a) 135e (b) -135e (с) 15е (9) – 15е 
(10) A cyclist A moves оп a horizontal straight road with velocity 14 km /h. If he met 
another cyclist B moving with velocity 20 km/h. in the opposite direction. 
» then magnitude of the relative velocity between them =... km/h. 
(a) 20 (b) 14 (c) 34 (d) 6 
(11) ША car moves on a straight road with a speed 90 km /h. If a motorcycle moves with 


speed 40 km /h. on the same road » then the magnitude of velocity of the motorcycle 


with respect to the car when they move in the same direction = vee km/h. 
(a) 50 (b) 30 (c) 90 (d) 40 

(12) If two forces F, -4i- 6] , F, --6i«8 j act at a point » then their resultant 
R =. 


(а) (8 135°) (Ы (212 »45°) (с) (212 » 135°) (d) (8 5 45°) 
(13) If the forces F, = (7 »-2) ‚Е, = аі + 3 j Е, = (— 4 5b) act at a point are in 
equilibrium » then a + bz e 
(a) 4 (Оњ (c) - 3 (d)-1 
(14) In the opposite figure : 
If F, = F, = 3 newton 





» then the resultant of the two ‚ ы. кы 
—— шж X. 30 TsL(í30 X 

forces F} s F, is R= зс 

(a) (3 » 180°) (b) (6 » 180°) 

(c) (3 » 90°) (d) (6 » 90°) 


(15) If the two forces F, › Е, act at a point. F, = 34 gm.wt. and acts in the castern north 
direction » F, = 34 gm.wt. and acts in the western south direction » then the resultant 
of the two forces =... 

(a) 68 gm.wt. in the north direction. 
(b) 3442 gm.wt. in the western north direction 
(c) 68 gm.wt. in the western north direction. 


(d) zero 
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Problems on Geometric applications 





Mi In the opposite figure : 
ABCD is a parallelogram » E is the midpoint 
of AB , Fis the midpoint of DC 


Prove using vectors that : 





The figure DEBF is a parallelogram. 


2) L) In the opposite figure : 
ABCD and ABXY are two parallelograms. 
Prove using vectors that : 


The figure CXYD is a parallelogram. 





3 If XYZL is a parallelogram › E EXL , F € YZ such that EX = ZF 


» prove using vectors that : EF and YL bisect each other. 


4 In the opposite figure : 
ABCD is a trapezium in which AD // BC 
»>AD = i BC › its diagonals intersect at M 
If E and F are the midpoints of MB and MC respectively 





» prove using vectors that : AEFD is a parallelogram. 





9) 1 ABCD is a quadrilateral. If AC + BD =2 DC 
» prove that : ABCD is a parallelogram. 


6 Use vectors to prove that : The line segment drawn between the two midpoints of any 





two opposite sides of a parallelogram is parallel to the other two sides and its length 


equals the length of each of them. 


п Using vectors » prove that : If two opposite sides in a quadrilateral are parallel and 
equal in length » then the two other sides are parallel and equal in length also i.e. the 


quadrilateral is a parallelogram. 


©) ABC is a triangle in which D is the midpoint of AB , E is the midpoint of AC 
» prove using vectors that : DE // BC ; DE = 2 BC 
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C) If A(655) » В (8 .– 3) апас (-2 »— 5) are the vertices of the triangle ABC › find 


using vectors the coordinates of the point of intersection of its medians. «(45-1)» 


ПШ ҤА=(5›,1) » В=(2,5) » C=(-253)andD=(-5 5-4) 
» prove using vectors that : The figure ABCD is a trapezium. 


С со Using vectors » prove that the points: = (3»4) » В = (1,-1) » C=(-4>—3) 


and D = (— 2 » 2) are vertices of a rhombus. 


(D) If ABCD is a quadrilateral in whichA- (15-2) » B-(950) » С= (8 ,4) апар = (0:2) 
‚ prove using vectors that : The figure ABCD is a rectangle » then find its perimeter 


and its area. «6417 534 » 


Using vectors » prove that the points: A- (153) » В = (6,1) » Cz (4 ›- 4) and 


D = (— 1 »— 2) are vertices of a square and find its area. « 29 » 


T) ca In the opposite figure : 





A 
ABC is a triangle in which D C AB Ni \M 

эы =. pa еы {ш E AL XD 
»>EG AC › ОА = М , ЕА = М3 м \2M 
,BD =2M »CE=2N Pd N 
Find : BC in terms of M and N n М 
9 then prove that : BC // DE « 3 (M- N) » 


In the opposite figure : EN 
Pe D M A 


ABCD is a trapezium » AD // BC » AD = + BC ;AB=N;AD=M | 7 
( 1 ) Express in terms of M and N each of the following : / D SJ 
(2) If X C AC where AX = + AC Pn 


» prove that : The points D » X and B are collinear. 








16, In the opposite figure : 


ABCD is a trapezium in which AD // BC ET | E. 
‚„ВС=4Ар,Ар=М,АВ= № T^ 
( 1 ) Express in terms of M and N each of : BC s АС, BD ; DC E 


(2)If X EDB where DX = 4 XB 


» prove that : The points A » X »C are collinear. 








Vectors 


1 In the opposite figure : 
FAB is a triangle in which 
FA = 7 ст. › ЕВ = 54/2 cm. 
‚ т (4. AFB) = 135° 
Find using vectors : The length of AB « 13 cm. » 





9 a ABCD isa quadrilateral in which X » Y » Z and L are the midpoints of AB 
; BC » CD and DA respectively. Use vectors to prove that : 





( 1 ) The quadrilateral XYZL is a parallelogram. 


( 2) The perimeter of the quadrilateral XYZL equals the sum of lengths of the two 
diagonals of the quadrilateral ABCD 





Problems on physical applications 





GD ir the forces Е, =2i- 3} , F, =4i+ T3 , Е, =31+ 8 j act on a particle › 
find the magnitude and the direction of the resultant of these forces 


(given that forces are measured in newton). « 15 newton » 53° 7 48 » 


E) If the forces F, =(-6;6) ; F, = 9i4 13] 9 F, = (2 »— 7) act on a particle where the 
forces are measured in dyne ; find the magnitude and direction of the resultant of these 


forces. « 13 dyne » 67° 22 48 » 


E Find the resultant force F acting in each of the following : 
(1) (2) 















70 Newton $ 1 = 70 Newton 





30 kg.wt 
(3) 


15 kg.wt 














ШШШ | ИИТ | =. , = 
= шг a eed E — e 


| 15 kg.wt 


t ji 
| | = Ше] [ 9 ' 
| ilii plii НТ, 
| —L S в. 
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4 (11 In each of the following › the two forces F, and F, act at a particle. 
Show the magnitude and the direction of the resultant of each two forces : 
( 1) F, = 15 newtons acts in the east direction » 

E, = 40 newtons acts in the west direction. 
( 2.) F, = 50 dyne acts in 60° west of the north direction » 

F, = 50 dyne acts in 30° south of the east direction. 
( 3 ) F, 2 30 newtons acts in 20? east of the north direction > 


E, — 30 newtons acts in 70? north of the east direction. 











М. 


5 111 The forces F, = 2i -+ 3} , F, =al +} ; F, = 5i 4 bi act at a particle. 
Find the values of a and b if their resultant force F is as follows : 


(1)F=5i-2j (2)F=0 





1 The forces F, 271-5 j , F =ai+3j з F, =—4i + (b—3) j act at a particle. 


Find the values of a and b if : 


3 





1 
a 
| m 


( 1 ) The resultant of the set of forces equals 4i- 7j 


( 2 ) The set of forces is in equilibrium. 15-29-3355 » 





E 5 A car “A” moves on a straight road with velocity 140 km/h. » another car “B” moves 


on the same road with velocity 110 km/h. 


Find the velocity of the car “A” relative to the car “B” when : 
( 1 ) The two cars move in the same direction. 


( 2) The two cars move in two opposite directions. « 30 km/h. » 250 km/h. » 








|) A car moves on a straight road with velocity 75 km/h. If a motorcycle moves on the 
same road with velocity 45 km /h. 


» find its velocity relative to the car in each of the following cases : 
( 1 ) The motorcycle moves in the opposite direction of the car. 


( 2 ) The motorcycle moves in the same direction of the car. « 120 km/h. »30 km/h. » 


9 А саг for watching the velocity on the desert road (Cairo - Alex.) moves with velocity 
30 km./h. This car watched a truck coming in the opposite direction » it seems that the truck 


moves with velocity 110 km/h. What is the actual velocity of the truck ? « 80 km/h. » 
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ША controlling speed car (Radar) moves on the desert road at 40 km /h. It watched 
a car coming from the other opposite road which seemed to be moving at 135 km/h. 
If the maximum available speed on the road is 100 km/h. » is the coming car in violation 


of the prescribed speed ? Explain your answer. « It is no in violation » 





Problems that measure high standard levels of thinking 


п Choose the correct answer from those given : 








F 2л\ р 4T т0л 
(1) КЕ, = (6 3 ),Е,=(6, 3 ),Е,==91+4 j measured in dyne » then the 


magnitude of their resultant = ---..-------.-- dynes. 
(a) 13 (b) 10 (c) 5 (d) 643 
( 2 ) If the forces F, = (8 2 » 2л) ‚Е, = ait 3} ‚Е, =-51+ (b + 2) j 





act at one point and the system in equilibrium » then T m senes 


(a) 13 (b) – 13 (c) 1 (d) – 1 
( 3) If F, =i- 3j з Е, =3i+ 6i » then the force F, which makes the resultant of the 
three forces is unit vector acts due to y-axis equals ·-----:---.-... 
(а) -3i-3j (b -4i-2j 
(c) -5i-3j (d)-4i-3j 
(4) А system of 100 forces » magnitude of each is 10 newtons act at one point and 


the maesure between any two consecutive forces is E » then the magnitude of 


their resultant is 


(a) 100 (b) 500 (c) 10 (d) zero 


B rF =5i+3j › F,=(+a)i+6j » F,-- 14i (3-b) j are three coplanar 
forces meeting at a point » the polar form of their resultant 


F- (1012, 135°) » find the values of : a and b «-852» 


e A car “A” moved on a straight road measured the relative velocity of a car “B” in front of 
it in the same direction it found it 20 km/h. » then when the car “A” decreased its speed 
to the half and remeasured the speed › it found that the relative velocity of the car “B” 


became 50 km/h. What is the actual velocity of each car ? « 60 km/h. » 80 km/h. » 
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| Exercise Five 


Exercise Six 


Exercise Seven: 


Exercise Eight : 


Exercise Nine 


STRAIGHT LINE 


nl * sire ДА 
a ^" 


"Wa 
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Division of a line segment. 


Equation of the straight line. 
Measure of the angle between two straight lines. 


The length of the perpendicular from a point to 
a straight line. 


General equation of the straight line passing 
through the point of intersection of two lines. 


Exercise Division of a line segment 
Five : 





v 
Test 
11 From the school book yourself 


First \ Multiple choice questions 


e Choose the correct answer from those given : 
(1) КА = (3,6) » B=(—7 ,4) » then the midpoint of AB =: 
(а) (— 4 » 10) (b) (4 › 5) (с)(5,1) (d) (—2 » 5) 


( 2) If M is the point of intersection of the two diagonals of the parallelogram ABCD 
whereA (357) » С= (3 1) , ЊепмМ = e 


(a) (0 » 4) (b) (3 +3) (c) (0 » 8) (d) (6 56) 
(3) If the point (3 » 6) is the midpoint of AB where A — (— 3 » 7) » then the point 


(a) (6 »— 1) (b) (— 6 » 1) (c) (9 » 5) (d) (0 » 6.5) 
(4) IfC (2 , 4) is the midpoint of AB where A (X »4) » В(1 ›у) 

„Шеп X + У = :-::--:--: 

(a) 7 (b) 1 (c) - 1 (d) - 7 


(5 ) A circle of center (2 » — 2) » if one of the two ends of its diameter is (4 » 2) » then the 
other end of this diameter is .......... 


(a) — 4 »2) (b) (0 »— 6) (c) (3 ,-3) (d) (8 » 4) 


(6) If A(-35-7) › B(4,0) › then the coordinates of C which divides AB internally 
in the ratio 5 : 2 1s .......... 


(a) (- 2 » 2) (b) (2 »—2) (c) (2 » 2) (d) (- 2 »- 2) 


(7) IFA (2 55) 5 B (7 »— 1) » then the coordinates of C which divides AB externally in 
the ratio 3:2 15 e7 


(а) (—-25 »—7) (6) (25 ›7) (c) (17 » 13) (d) (17 »— 13) 
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Unit 5 


(8)IfA2 C454) »B=(5 »—8) CC AB such that CB: AC=1:2 s then C = e 


(a) (4 »— 8) (b) (2 »— 4) (c) (C 8 94) (d) (—4 52) 
(9)IECC AB 5 AB =4 BC and A (- 1 »4) ,В (3 »4) » then the coordinates of the point C 
BS ыы гызын 
(a) (0 » 4) (b) (4 » 2) (c) (4 » 0) (d) (2 » 4) 
(10 £A (3,4) » BC-8»7) and C C AB ; C AB where AC 2 2 CB 
> then C is .......... 
(а) (13 518) (Ы) C 13518) (ji 13.5 18) (d) (13 »— 18) 
(11) I£B(053) » CQ 50) and A lies at the third distance between B and C 
» then А 18 .......... 
(a) (1 » 2) (b) (2 » 1) (c) (- 1 »—2) (Dy Dass T) 


(12) If (2,3) › B (6 »— 1) » then the coordinates of C which lies at quarter distance 
from A to B is .......... 


(a) (2 »3) (b) (2 »—3) (c) (3 » 2) (d) (—3 52) 
(13) The coordinates of the point lies at E the distance from A to B to the directed 
segment AB where A (3 ,-2) » В(-1,5)іѕ......... 


(a)(-153) (2,4) (c) G 9-1) à ($ . 2) 
(14) If C (4 » 4) divides AB internally in the ratio 1 : 2 and A (7 » 8) „Шеп B is .......... 
(a)(- 25-4)  (b)(152) (c) (- 1 »—2) (d) (2 » 4) 
(15) If AB = G »4) » A C 2 » 5) » C divides AB by the ratio 3 : 2 externally 
then C = --------.. 
(а) (7 » 17) (b) (8 » 3) (с) (- 8 »3) (d) © 7 »— 17) 


(16) The ratio of division that the X-axis divides the line segment AB 
where A(2 55) » B(7»-2)is ........ 


(a) 5 : 2 internally (b) 2 : 3 internally 
(c) 3 : 2 externally (d) 2 : 5 externally 
(17) The ratio by which the y-axis divides AB where (2 »5) » B (6 57) equals......... 
(a) 1 : 3 externally (b) 3 : 1 internally 
(c) 1 : 2 externally (d) 3 : 2 internally 


(1 КА (2,5) > B(552) » C(4 зу) аге three collinear points » then C divides AB 
in the ratio .......... 


(a) 1 : 2 internally (b) 2 : 1 internally 
(c) 2 : 1 externally (d) 1 : 2 externally 
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. Straight line 


(19) In the opposite figure : A 58) 
AD is a median in A ABC 5 M is the point of intersection of its 


medians where А = (058) » В = (3,2) » Cz(-3,5) 


» then the point M = ©% 

CC3,5) D В (3.2) 
(a) (О » 7.5) (b) (0 55) 
(c) (- 3 » 5) (d) (5 ›0) 


(20) If AD is a median in A ABC 5 where A = (1 »2) »D = (4 »— 4) » then the point of 
intersection of the medians of the triangle ABC is .......... 
(a) (3 »— 2) (b) C 3 22) (c) (2 »— 3) (d) (- 2 »—3) 

(21) ABC is a triangle in which A (3 » 1) » B (1 » 7) and M is the point of intersection of 
its medians where M = (1 »2) » then the point C = ©. 
(а) (5 » 2) (b) (5 »—2) (c) (- 5 »2) (d) (- 5 »— 2) 

(22) ABC is a triangle in which A (8 » 7) » M is the point of in tersection of its medians 
where M - (2 » 1) and D is the midpoint of BC then D= _..... 
(a) (1 » 2) (b) (2 » 1) (c) (- 1 5-2) (d) (- 1 »2) 

(23) If AE is a median of A ABC › M is the centriod of the triangle ABC 
‚А (554) > M(7 58) sthen AE 2 


o($:$) (6,4) © G +6) (d) (1 + 2) 
(24) If C divides BA by the ratio 2 : 3 internally » then ас = 

(a) & (b) 3 (o 3 «2 
(25) If C divides AB by the ratio 5 : 7 externally » then yc moeeeen 

(a) 5 (b) 4 (c) £ (d) 3. 
(26) ЕСЄАВ › 3 AB=5 BC , then С divides BA by the ratio .......... 

(а)2:3 (b)3 22 (c) 3:5 (d) 5^ 3 


(27) If A divides BC by the ratio 2 : 3 externally › then .......... 
(a) B divides AC by the ratio 2 : 3 internally. 
(b) B divides AC by the ratio 2 : 1 internally. 
(c) C divides AB by the ratio 3 : 1 internally. 
(d) C divides AB by the ratio 3 : 2 externally. 
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(28) In triangle ABC ,В (3 95) » C (-3,- 7) » DC BC such that 
the area of A ABD = 4 the area of A ABC » then D = ·----:-:-. 
17 2 
(a) (3 i^ o (4 » 2) (c) (0 » — 1) (d) (1 » 1) 
(29) If the midpoints of the sides of a triangle are (- 2 » 3) » (7 »— 1) » (4 » 4) » then the 


point of intersection of the medians of the triangle 15 .......... 


(а)  »2) (b) (9 56) (c) (5 »0) (d) (3 0) 








(30) In the opposite figure : 


3 cand 


If XY // BC AO 5 > then X = KS ANY E 


(a) Q 94) (b) (4 » 2) 1 
(с) C.2 34) (d) (- 4 52) CS 


Bee д} 
~(O+6) 


(31) In the opposite figure : (5,5) A 


EC ж P. k a 
4 3 А РН. j 

(a) з (b) 4 Pd \ 

A (-2,-9) 


(c) + (d) = Qo Bh 








32) I i | 
(32) In the opposite figure C14) Ag 


If A C CB and AC =3 AB қ, 


> then E = eee Fá 

(a) (4 »—2) (b) (—2 30) o Fd | uu Me : 
D E 

(c) (4 » — 7) (d) (8 »— 5) 


(33) In the opposite figure : 


(a) (5 ›0) 
(b) (4 » 0) 
(c) (5 » 0) 


The point C is .......... B (7.6) 
(d) (2 »0) | 
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o Straight line 


(34) In the opposite figure : 





п IfA=(0 5-3) » B=(3 ,6) » find the coordinates of the point C which divides BA 
internally by the ratio 1 : 2 « (2 93)» 














E31£A- (3.-2) » B=(-1>5)> find: 
( 1 ) The coordinates of the point C which divides AB by the ratio 2 : 3 internally. 
( 2 ) The coordinates of the point D which divides AB by the ratio 4 : 3 externally. 


«(Z, 4) :(—13 » 26)» 
EJ Find the coordinates of the point C which lies at the fifth of the distance from A to B 
whereAz(-1»5-1) » Bz(9.4) « (1 +0)» 


ПО QrceBA ,CEAB sandA=(351) » В=(4›2) » AC=2AB 





» find the coordinates of the point C «(15-1)» 


©) E3HI£A- (1.3) » B=(-4 5-2)» find the coordinates of the point C if CE AB 
where 3 AC = 2 CB «(—1 51)» 


[311A-(4.3) » B2 (-355) » find the point C C AB where 3 AC = 5 CB 


E га – (251) » В=(- 1-2) » find the coordinates of the point C C AB э C& AB 


such that its distance from A equals 4 times its distance from B «(—2 »=3)» 


C} If the points A = (3 »—4) › C=(-1,2) » B=(k 51) are collinear „СЕ AB s 
АС = 4 , find : / and k «-2 9-7» 
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Unit 5 


9, ПА = (8-4) › В = (1, 2) » find the coordinates of the points which divide AB 
into 3 equal parts in length. «(5 »—2) › (2 50)» 





П)ЕА= (1-4) » В= (5 ,4) » find the coordinates of ће points C » D and E which 
divide AB into 4 equal parts in length. «(25—2) $850) 5 (4 52)» 








I] If A € x-axis » B € y-axis » C = (—4 »3) is ће midpoint of AB › find the coordinates 
of each of : A and B «(—-850)5(056)» 


12 IfA=(3 »-—2) » B=(—2 53) » find the ratio by which the point С = (8 › y) divides 
AB showing the type of division » then find the value of y «1:2 externally »— 7 » 


13 Find the ratio by which the y-axis divides the line segment AB where A = (2 › 3) 
> B = (—3 » 7) showing the type of division and find the coordinates of the point 


of division. «$ internally » (o ,23) » 


14 IfA=C2>53) » B=(4 »—2) , find the ratio by which the X-axis divides the directed line 
segment AB showing the type of division and find the coordinates of the point of division. 
«3 internally » ($ , 0) » 


I ЕА = (5 ,2) » B=(2 ,- 1), find the ratio by which AB is divided by the points 
of intersection of AB with the two axes › showing the type of division in each case » then 


find the coordinates of the division point. « 2: 1 (internally) »5 : 2 (externally) » (3 » 0) » (0 » 23) » 





If C and D are the two points of intersection of AB with the two axes » find the ratio by 
which the points C and D divide AB showing the type of division. 
given that A= (5 ›7) » Bz(-35»2) « 7 : 2 externally » 5 : 3 externally » 


ÍT) If the points A = (1 ;—1) » Bz(-1»1) > C = (43 „үз ) are the vertices of a triangle » 


find the coordinates of the point of intersection of its medians. 


MrA=(4512) › В=(-2,10) » С=(1,3) › D=(257) ,E is the midpoint of AB 
; M divides CD externally by the ratio 3 : 2 » find : the length of EM « 5 length units » 





19 ABCD is a parallelogram. If A= (7 —2) » Bz(1554) » С= (9 ,6) 
» find the coordinates of the point of intersection of its diagonals AC , BD , then find 


the coordinates of the vertex D « (8 »2) 9(1 90)» 
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_ Straight line | 


(1) If ABCD is a quadrilateral ,A=(4 53) » B=(052) » C=(-25-3) » D=(25-2) 
» find the midpoint of each of AC ; BD , then determine the kind of the figure ABCD 


« (1 50) » (150) > a parallelogram » 


(4) Prove that the points: A2 (154) » В = (3,2) » C=(—3 16 are collinear » then find : 


( 1 ) The ratio by which A divides BC showing the type of division. « 1:2 internally » 
( 2) The ratio by which B divides CA showing the type of division. «3: 1 externally » 
( 3) The ratio by which C divides AB showing the type of division. « 2:3 externally » 


22 D » E» R are the midpoints of AB , BC and CA respectively in AABC 
IfD=(253) » Е=(-1›4) » К=(4›5) 


» find the coordinates of : A, B ,C « (7 94) »(—3 92) o(1 26)» 
PE) ABC is a triangle » its vertices = (3 55) » В=(6›,—4) › С= (1.1) 
If D divides AB by the ratio 1 : 2 » E divides AC by the ratio 1 : 2 also 


, prove that: DE// BC , РЕ = i BC 


24 LO Distance : A bus moves from city A to city B where A = (5.—6) » B=(1 50) 
It stopped twice during its movement. Find the coordinates of the two points at which 
the bus has been stopped if : 
( 1 ) It stopped at the middle of the road. 
( 2 ) It stopped at two thirds of the road from city A «(3 5-3)» (4 ,— 2) » 
тпа 


Ё) Choose the correct answer from the given ones : 





Problems that measure high standard levels of thinking 





( 1) In the opposite figure : 
If BC = 2.5 length unit 


| » then the point C = e= 
| (аў (8.5222) (b) (3.5 ,—2) 
(c) (1 » — 2) (d) (2.5 ,— 1) 





(Y« c6 )Y aast V (ууш) ell - obato- yalsdl 153 





Unit 5 ET M 


( 2 ) In the opposite figure : 





If 4AC =3 АВ in 
/* \" wa "3 
» then the point В is .......... p ү CN 
(а) (- 5 › 14) (b) (- 4 » 16) са DI = 
(с) (—3 › 20) (d) (- 2 » 21) 


( 3 ) In the opposite figure : 
If B ECD » then AB = oi 


(a) 2 (b) 1 





y 





4 3 CG2 Cb4)B (2k) 
с) (d) 3 
( 4 ) If A and B are the images of the point (3 » 1) by reflection in the X-axis and y-axis 


respectively » then the coordinate of the point that divides AB by the ratio 2 : 3 
internally is .......... 


(а) (3-0) ($=) (62.5) (d) (0.0) 


(5 ) If the origin point is the point of intersection of the medians of the triangle whose 
vertices аге (a » b) » (b 5c) »(c » a) » then at b+ Ose 


(a) zero (b) abc (c)a+b+c (d) 3 abc 
Я In the opposite figure : cQ.5) Foy B 
ABCD is a parallelogram in which 


A ] 
FOX / J 

/ ХЕ (3,3) / 

F is the midpoint of BC » AC N DF = [E] FAX T 


if = (3 +3) »C = (255) » then find the // \ / 
———— 
coordinates of the point A р A 
«(5,5—1)» 





ЕБ} А=(2›,2) » В=(5,6) » С=(10 »—A4) are the vertices of a triangle » D € BC 
such that AD bisects Z A internally » find the coordinates of D « 4 » i » 
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Exercise 


Six Equation of the straight line 





(IJ From the school book yourself 


| First \ Multiple choice questions 


e Choose the correct answer from those given : 


(1)ТА(3›,—2) » B(5 3,6) › then the slope of the straight line ГТС. ОИНИРЕРЯ 


(a) - 1 (b) n (c) 4 (d) 1 
( 2 ) The straight line whose general equation is 4 X + 3 y +5 = 0 › 1 slope = з 
= 4 25 
(a) $ (b) = (с) 4 (d) = 


( 3 ) The straight line which passes through the two points (4 » —2) » (5 »3) 
» the slope of the perpendicular straight line to it = eese 


l = d 
(a) 5 (b) = (c) - 5 (d) = 
(4 ) If the slope of the straight line: (3a + 1) X-2ay + 3 = 0 equals 2 » then a= +--+. 
Э, _ 1 
(a) 1 (b) - 1 (c) 5 (d) - 5 


| ( 5 ) If the straight line : a X — 4 y + 5 = 0 makes with the positive direction of the X-axis 


an angle of tangent 0.75 » then a = +--+ 


(a) =; (b) -3 (©) 2 (d) 3 
( 6) If the points : (1 › 8) » (3 » y) › (9 »—4) lies on the same straight line then у= s 
| (a) 11 (b) 5 (c) - 11 (d)—5 


( 7 ) LO If the straight line passing through the points (3 » 0) and (0 » 2) is parallel to the 


| straight line whose equation is y=aX—3 »thenaz 9999 
-2 2 3 -3 
(а) = (b) 4 © 5 (d) = 
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( 8) Ш If the two straight lines L| :3 X-2y+7=0andL,:aX+3y+5=0 are 
perpendicular » then a = «+ 


(a) 1 (b) 2 (c) -2 (d) - 1 
( 9 ) The slope of the straight line which makes with the positive direction of the X-axis 
a positive angle of cosine = 4 18 em 
3 4 3 4 
(a) 3 (b) + (c) Ż (d) 4 


(10) The straight line which makes a positive angle of measure A with the positive 


direction of the X-axis » its direction vector = es 


(a) (0 > 1) (b) (1 »0) (c) 1» 1) (d) (1 » 1) 
(11) The straight line whose equation is y — i X+7 sits direction vector = «e 
(a) (5 » 4) (b) (4 » 5) (с) (- 5 94) (d) (5 »— 4) 
(12) The straight line a X + b y +c =0 : its direction vector is e 
(a) (a » b) (b) (a » —b) (c) (b » a) (d) (b » — a) 
(13) The slope of the straight line which passes through the two points (a » a^) » (b » b^) 
e шаша 
(a) a^ — b^ (b)a—b (c) a b (d) ab 


(14) If u = (2 » —5) is a direction vector of a straight line » then all of the following 
vectors are direction vectors to the same straight line except the vector =- 


(а) 2 › 5) (b) (6 »— 15) (c) (233) (d) (— 1 » 2.5) 





Q If u = ( i » 1) is a direction vector of a straight line » then all the following 
vectors are perpendicular to the straight line except the vector зз 


Q(1,-i) ®@›-1) (о) (-1,- 4) (d) (4-2) 
(16) If the slope of a straight line = => » then its direction vector is «ee 
(a) (3 » — 2) (b) (-3 »2) 
(c) (6 »—4) (d) all the previous right. 
(17) GQ) If (6 » 4) and (3 » m) are direction vectors of two perpendicular straight lines » 
then ШП жоон 
2 —2 E = 
(a) 4 (b) = (c) 5 (d) 5 
(18) The direction vector of the straight line perpendicular to the y-axis could Без 
(a) (2 »0) (b) (0 > 1) (c) (1 » 1) (d) (- 1 »— 1) 
(19) Each of the following relations represents a straight line except з 
(ayy={5X | (x-5 () + 21 (d) y 24x 


= Straight line 


(20) The equation of the straight line which passes through the two points (4 50) › 

(Owe BY Seats cett 

(а) 3 Х+4у = 12 (0) 4Х+3у= 12 (03 Х+4у=0 (4 Зу+4Хх=0 
(21) The equation of the straight line which passes through the point (2 » —3) and is 

parallel to the X-axis is =e 

(a) X 4-320 (60) y+3=0 (с)Х-2=0 (d) y-3=0 
(22) 1 The cartesian equation of the straight line which passes through the point 

(—2 » 7) and is parallel to the y-axis is ·----.-.-...... 

(ay =2 (b) y=-2 (с) Х=7 (d) X=-2 
(23) L The equation of the straight line which makes a positive angle of measure 45° 

with the positive direction of the X-axis and cuts 5 units from the positive part of the 

y-axis ig «ee 


(à y- X-5 (ys 1х+5 ©у=у>Х+5 (у= Х+ 5 
2 


(24) The equation of the straight line which passes through the point (3 » — 2) and is 
perpendicular to the straight line y = 7 is ceecee 


(a) X23 (b) X=7 (c)y2-2 (d)y=7 

(25) ШЇ The cartesian equation of the straight line which cuts the positive parts of the X-axis 
and the y-axis with magnitudes 2 » 3 respectively is +--+ 
(а) 3 X+2y=6 (6) 3 Х+2у=1 
(c)2X+3y=6 (9) 2 Х+Зу=1 

(26) The vector equation of the straight line which passes through the point (— 4 » 3) and 
its direction vector is (2 » 5) iS ecese 
(a) r= (2 95) +k (—4 53) (b) г= (4,3) + К (255) 
(с)г= (C453) +k (5 52) (d) r= (2,5) +К(3 »—4) 

(27) LL] The vector equation of the straight line which passes through the origin point 
and the point (1 »2) is eee 


(a) r 2k (152) (b) r=k (2591) 

(c)r = (1,2) +k (1 50) (d)r=(152)+k (051) 
(28) The vector equation of the X-axis is == 

(a) r 2 (1 » D) +k (0 50) (b) r=(1 50) +k (1 51) 

(c) r =k(1 50) (d) r=k (051) 
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(29) £I The vector equation of the straight line which passes through the point (3 » 5) 
and is parallel to the X-axis is ·-·----------: 


(a) r -k (3 »5) (b)r2(8»5)-k(0 51) 
(c) r2 (3 »5) + k (1 »0) (d) r =k (1 50) 

(30) All the following equations represent an equation for the straight line which passes 
through the two points (5 › 0) › (0 » 2) except the equation зс 
(a) г = (5 50) +k (5 »—2) (b) r =(0 52) +k (5 ›– 2) 
(c) r =(5 30) +k (2 55) (d) r 2 (0 52) +k (— 10 94) 

(31) The parametric equations of the straight line passes through (0 » 5) and its vector 
direction is (— 1 » 4) are ............... 
(a)X=1-ksy=5+4k (D X=k sy=5+4k 
(c)X=54+4ksy=-k (d)X=-ksy=5+4k 

(32) The parametric equations of the straight line which makes with the positive direction 


of the X-axis a positive angle of measure 45° and passes through the point (3 » — 5) 


Аро t cen 
(a X=3+ks,y=—-S5+k (D X234k»y-25-k 
(с) Х= 1+3К у= 1-5кК (d Х=1-3ЗК»у= 1+5 К 

(33) The straight line L: = 1-2 К у= -–1 + 4 k passes through the point 7 
(a) (1 » 1) (БУС s (O (— 1 a1) (d) (- 1 » 1) 


(34) The straight line whose vector equation 1s T= (2 5-1) + k (3 5-5) 


» its perpendicular direction vector = «oe 


(a) (3 »— 5) (b) 2 »- 1) (c) (5 » 3) (d) (Э s») 
(35) If the two straight lines 4 X - b y 920 г = (155) - К (2 »6) are parallel » then 
REN 
4 3 -4 =) 
(a) 4 (b) 4 (c) > (d) = 


(36) If a straight line passes through the point (2 » 1) and the vector N = (1 53)1s 
perpendicular to it » then the equation of the straight line is «+--+ 
(a) Х+2у+5 = 0 (D Х+ 3 у-5 = 0 
(c) X-3y 20 (93 Х-у-5 = 0 

(37) The straight line which is perpendicular to the straight line r- (О 55)+k (Үз з 1) 
makes with the positive direction of the X-axis an angle of measure з 
(a) 30° (b) 60? (c) 120° (d) 150? 
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(38) The straight line : r = (1 » 4) + К (0 » 1) is parallel to с 


(a) the X-axis (b) the y-axis 
(c) the straight line y 2 X (d) the straight line y = 2 

(39) The area of the triangle enclosed by the X-axis and the y-axis and the straight line 
2X+3 y = 6 equals нз square unit. 
(a) 6 (b) 3 (с)2 (d) 12 

(40) Which of the following points lies on the line r- (-251) -* k(15-3)? 
eG) o oG- eG 


(41) The point which lies on the straight line X=-1+2k » у=3-К 
and its X coordinate = 3 is ·-------------: 
(a) (3 » 1) (b) (3 »— 1) (c) (3 » 0) (d) (3 » 2) 
(42) If the straight line a X + b y = 12 intercepts 6 length unit from the positive part of 


X-axis and 4 length unit from the negative part of y-axis » then a+ 2b = ·............-. 


(a) 8 (b) 4 (e) = (d)- 2 

(43) The equation of the line which lies at equidistant from the two straight lines y = — 2 
and y = 10 is oe 
(а) у = 8 (D у= 4 (c) Х=4 (d) X 2 — 12 


(44) The equation of the straight line which passes through the point C (3 › 4) and 
intersects the two positive parts from the coordinate axes X-axis and y-axis at 


the two points A and B respectively where АС: CB = 2:3 15 ecese 


(a)2X+y=10 (b X+2y=10 (c)2X+y=5 (0 Х+у= 10 
(45) The area of the triangle bounded by the straight line passing through the point 
А (2 » 3) and its slope = i and the coordinate axes equals seee- square unit. 


А (b) 3 (c) 4 (d) 5 
(46) In the opposite figure : | 

The equation of AB із ванн 

(a) X -43 y = 1 =i0 

(b) x-3 y «220 

(c) үз x +y 2113 = 0) 


(а 3х-43у-6-0 
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(47) In the opposite figure : 





If OC = BC »m (Z С) = 90° С 
which of the following considered Ка din: “ә, 
an equation to the straight line OC ? = NX 
(а) у= Х (b у= Х 
(с) у = тт X (d)y=mnX 
(48) In the opposite figure : 
Three identical circles touching each other externally /Á UN 


If C = (4 » 4) » then the equation 
of the straight line AB is REFER GEH inc 
(а)т= (4,4) +к(1 үз) 

(6) т= (8,4) +к(1,- з) 
(с)т= (12,4) +к(1,- үз) 
(@т= (12,4) +k (з 1) 





(49) In the opposite figure : 
Two identical circles » then 
the equation of the straight line 1,15 
(a) X20 (b) y 0 
(c)X+4y=0 (dj3X+4y=0 





(50) In the opposite figure : 


The centre of the circle is (7 » 8) » 

the straight line ABisa tangent A. 

to the circle at A » then the equation ^ ^ A (10:13) 
of the straight line AB dst | ) 


(а) 5 Х+ Зу = 95 
(0) З Х+5 у= 35 
(с) 3 Х+5у+ 95 = 0 
(93 Х+5 у= 95 
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(S1) In the opposite figure : 


The area of the shaded figure = eseese square unit. 
(a) 16 (b) 12 
(c) 8 (d) 24 





ED Find the slope of the straight line passing through each pair of the following 





points and show which of these lines are parallel and which are perpendicular : 
(1)351)5@2,5) (2) (4 50) › (2 .— 1) 
(3) »-1) +3 5-3) (4) (5 5-2) »@ 1 53) 





2 LUI If the equations of the straight lines L,andL,are2 X -3y - az 0 
and 3 X + by — 6 = 0 respectively 


( 1 ) Find the slope of the straight line L, 
( 2 ) Find the value of b which makes the two lines L, and L, parallel. 
( 3 ) Find the value of b which makes the two lines L, and L, perpendicular. 


( 4 ) If the straight line L, passes through the point (1 » 3) » then find the value of a 


2 .-9 
«3» >? 297» 

E) Which of the following straight lines is parallel to the y - axis » which of them is 

parallel to the X - axis and which of them passes through the origin point » then find 

the coordinates of the points of intersection with the two axes (if found). 

(1)2X+3=0 (2)X+3y=0 

(3)2X+3y=12 | (4)y-S=0 

- 

ГЇ Find the different forms of the equation of the straight line which : 

( 1 ) Passes through the point P = (3 » — 1) and the vector u = (— 3 > 5) is a direction vector 


to it. 


( 2 ) Passes through the point (5 » —1) and makes with the positive direction of the X-axis 
a positive angle of measure 135° 

( 3 ) Passes through the two points (2 » —3) , (5 » 1) 

( 4 ) Passes through the point (2 » —1) and its slope = 1 


3 
( 5 ) LL) Passes through the point A = (2 » — 3) and is perpendicular to the vector (— 1 »2) 
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( 6 ) Passes through the point (1 » 3) and is perpendicular to the straight line 
r=(255)+k(-251) 

( 7 ) Passes through the point P = (3 » 5) and is perpendicular to the vector AB 
where A= (25-3) » В = (5 24) 


( 8 ) Carries a position vector A = (25-3) 


В Find the general equation of the straight line which : 
( 1 ) Passes through the point (3 » — 4) and is parallel to the straight line X + 2 y-7=0 
( 2.) Passes through the point P (— 1 » — 3) and the vector AB is a direction vector to it 
whereA2(-453) » Bz(-55-2) 
( 3 ) Cuts a length = 4 units from the negative part of the y-axis and the vector 
u = (7 »— 3) is a direction vector to it. 
( 4) Cuts a length = 3 units from the positive part of the X-axis and its slope = 7 


2 
( 5 ) Cuts a length = 2 units from the negative part of the X-axis and cuts 


a length = 4 units from the positive part of the y-axis. 
( 6 ) Passes through the point (- Ts 243 } and makes with the positive direction of 
the X-axis a positive angle of measure ( E y" 
( 7 ) Passes through the point (3 » —5) and is perpendicular to the straight line X -3y- 11 
( 8 ) Passes through the point (3 » 5) and is perpendicular to the straight line AB where 
A=(2 5-3) » Bz(554) 
( 9 ) Is perpendicular to ABat the point A where A2 (-3»6) » B=, 1) 
(10) Is perpendicular to AB at its midpoint where A=(-451) » Bz(-25»35) 














(3 Find the equation of the straight line which passes through the point (2 » — 3) and its 
slope = 2 and if this straight line passes through the two points (a » 7) » (5 » b) 


find the values of : a and b «7,3» 











F] Find the equation of the straight line whose slope = m and passes through the point (a » 0) 


What is the point of intersection of this straight line with the y-axis ? 


B Prove that the straight line which passes through the two points : 


A=(45-1) » B= (2 »3) is parallel to the straight line which passes through the two 
points C 2(2»1) » р= (35- 1) »then find the equation of each of the two straight lines. 
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Straight line 


[) u1Az2(0.2 , В-(2,1) » C=(-253) are three points in the plane ; find the 


vector equation of the straight line AB , then prove that the points A » B » С are collinear. 





1) Find the two intercepted parts from the two coordinate axes by the straight line : 
2X-3y+12=0 


1) Find the equations of the two straight lines which pass through the point (— 3 » 2) and 
parallel to the coordinate axes. 
EAE eR O 


12 Find the equation of the straight line which passes through the point (2 »— 2) 


—V2 
and makes a positive angle whose cosine = E with the positive direction of the X-axis. 
13 IfA=(-454) » В=(-1,- 2) C divides AB by the ratio 1: 2 internally » find the 
equation of the straight line which passes through C and the point (2 » 3) 


{ CGIfAz2(1:4) » B=(-4 56) > find the equation of the straight line which passes 
through the point of division of AB internally by the ratio 2 : 3 and is perpendicular to 
the straight line whose equation is 5 X -4y — 1220 


15) Connecting with geometry : AB is a diameter in the circle M. If B (-7 » 11) 
»>M=(— 2 » 3) » find the equation of the tangent to the circle at the point A 





16 L Connecting with geometry : If the straight line whose equation is : 3 X + 4 y—12=0 


intersects the X-axis and the y-axis at A and B respectively » find : 
(a) The area of A OAB where О is the origin point. 


(b) The equation of the straight line which is perpendicular to AB and passes through 


its midpoint. 


1 Find the lengths of the two intercepted parts of the two coordinate axes by the straight line 
which passes through the two points (— 3 » 1) » (4 50) 





18 Find the lengths of the two intercepted parts from the two coordinate axes by the straight 
line : r = (3 s»—1)+k@ » 5) 
S 

19 Find the equation of the straight line which passes through the point (5 » — 2) 
perpendicular to the straight line which intercepts from the positive part of X-axis 


a part of length 4 units and from the negative part of y-axis a part of length 3 units. 
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20 Prove that the points A = (2 »—3) » Bz(752) » С=(1 »1)are vertices of a triangle. 
If D Є AB such that АР: AB = 2: 5 » find the coordinates of D » then write the 
different forms of the equation of the straight line CD 











П Find the measure of the positive angle which the straight line L makes with the 
positive direction of X-axis if : 
(1)L:3y+X=6 
( 2) L passes through the two points (0 » 0) » (2 »— 2) 
( 3) L intercepts from the two coordinate axes two positive parts of lengths 4 and 6 units 


respectively. 
(4)L:X=24+3k » y=-14+2k 
( 5 ) The vector u= (3 5 1) is a direction vector to it. 


( 6 ) The vector N = ( 35 1) is a direction vector perpendicular to it. 





FF) Find the vector equation of the straight line L: 2 X —3y –6 = 0 








23 Find the vector form and the general form of the equation of the straight line L : 
X=3-2k › у=—1+3 К 








СТ) Find the vector form of the equation of the straight line L : 


X+- = 1 where a #0 ,bzo 


25 Find the equation of the axis of symmetry of AB where: A= (253) » Bz(-455) 








fT) CQ I£A(5;-6) » B(3»7) » C(15-3) »find the equation of the straight line which 
passes through the point A and bisects BC 











(1) ABC is a triangle › its vertices are A(-1 55) » B(4»-2) » C (-350) Find the 
equation of the straight line which passes through the vertex A and perpendicular to BC 








Т] Prove that the two equations : 
T: (—-153)-k(65-4) » r- (5 .—1) + К (C3 »2) are of the same straight line. 





(I) ABCD is a square in whichA = (3 »2) » C=(-1 24) 


Find the equations of the straight lines carrying its two diagonals. 
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ЕП) ABC is a triangle › its vertices are A=(3 51) » B=(-151) » C=(2>4) Find: 
( 1 ) The equations of the straight lines which carry the sides of the triangle. 


( 2) The equations of the straight lines which carry the medians of the triangle. 


Ej] Prove that : The point M = (5 » — 4) is the centre of the circumcircle of A ABC where 
А=(1,-1) » В=(1,-7) » Cz (20) » then find the equation of the tangent to the 


circle at the point A 


| Third, Problems that measure high standard levels of thinking 


Ё) Choose the correct answer from those given : 

( 1 ) The straight line intersects X-axis at the point (a » 0) and intersects y-axis at the 

point (0 » b) passes through the point -ee 
Jl. eios A ed Lag 
(a) (a » b) (b (2а, 1 v) (c)(4a>4b) (d) (La, i v) 

( 2 ) If the intercepted parts from the two positive parts of coordinate axes X-axis and y-axis 
by the straight line L} are a » b respectively and the intercepted parts from the two 
positive parts of coordinate axes X-axis and y-axis by the straight line L, are2a»2b 
respectively » then =- 

(a)L, LL, | (b) L, // L, 
(с), NL, = {а »b)} (d) something else. 

( 3 ) L is a straight line passes through the point A (2 » 3) and makes an angle of measure 60° 
with the positive X-axis » if the straight line L, rotate around А with an angle of measure 
15° clockwise » then the equation of the straight line in its new position is -ee 
(a)y-X=1 (b)y+X=1 (C)\2X+y=1 (d)2X+3y=5 

( 4 ) The equation of the straight line passes through the point (3 » 4) and intercepts two 
equal parts in length of the coordinate axes could be сз 
(a)X+y=7 (6) X-y=-1 (c)y+2X=10 (d) both (a) and (b) 

(5) IfA(3 »—5) »B (4 » 8) » then the ratio in which the straight line X + y = 0 divides 


the line segment AB from A is e 
(a) 2.2 I (b)1:2 (c)2:3 (d)3:2 
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( 6 ) The coordinates of the projection of the point (2 › 3) on the straight line L : X + y = 11 








(a) (- 6 95) (b) (6 »5) (c) (5 » 6) (9) (- 5 $6) 


( 7 ) The image of the point (3 » 8) by reflection in the straight line L: X -3y - 720 


il о) (b) (- 3 »— 8) (с) CT» (d) (3 » 8) 
( 8 ) If the point A (0 › 0) is the image of the point B (4 » 2) by reflection in the straight 
line L » then the equation of the straight line L is eere 
(a) X22y (b)2X+y=5 ()2X-y=5 (dX+y=6 
( 9 ) The opposite figure represents the square ABCD 
, the equation of the straight line AD is X + y 24 


» then the equation of the straight line containes the 





diagonal BD is "ERR 
(a) X24 (D yz4 
(с) Х+у= 2 (d) Х+у= 442 


(10) In the opposite figure : 


If the equation of the straight line ABis 


t = = | »then the equation 


6 
of the straight line BC is зе 


252 _ х У 
(а) Tt 1 (b) += | 
(с) 6 =1 (d) Х+у= 18 


(11) In the opposite figure : 


The area of A ABC 

E venditione square unit. 

(a) 15 (b) 20 
(c) 24 (d) 32 
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(12) In the opposite figure : 
If the area of A ABC = 15 square unit 
СА = СО › then the equation of L} 18 +++: 
х5 36 qud aum 
(a) 5 4 1 (b) 6 4 < 1 
B- 


= 
ХУ _ x 
(ints 1 (d) t 1 


10 


(13) In the opposite figure : 
The area of A ABC 
— square unit. 
(a) 4 (b 2 
(c) 1 (d) 5 
(14) In the opposite figure : 
The vector equation of the 
straight line BC is сез 
(a) r 2 (053) -k (2 5-1) 
(b) r =(3 50) +k (2 5-1) 
(c) r 2 (053) - k (- 1 52) 
(d)r = (350)4k(-1 52) 
(15) In the opposite figure : 
If the equation of the straight line AB 
is 2 Х+ Зу = 12 then the vector equation 


of the straight line DC JS em 





(а) т =(2 93)+k(2 3) 
(b) г = (2,3) +k (3 52) 
(c) r2 (3.2) + К (2,3) 
(дг=(3,2)+К(3›2) 
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(16) In the opposite figure : 





If the equation of the straight 
oe Ani Xa YK 
line AB is REC 1 


» then the parametric equation 





of the straight line OC is -.-----.-..- 
(a)X=3+4k » y=4+3k (D X24-3k 5 y=3+4k 
(XS3-T3k 5 у=4+4#к (d)X=4+4k › y=3+3k 


(17) In the opposite figure : 
EL (ae А 
»OC = ОР ; then the vector equation 
of the straight line Ly 18 ~ 
(a) r=(0 52) +k (1 93 ) 
(b) r=(052)+kC1 5-1) 
(с) г = (0,2) +k (үз +1) 
(d) r= (0,2) +к (3 ,— 1) 


(18) In the opposite figure : 





If OC = 2 OB › the equation of the straight 


Y 
line AB is2 Х+ Зу — 6 »then the vector 

Mj bor 
equation of the straight line AC is -e+ М д 


(a) r=(~6 0) +к(1 93) 


(b) r=(-6 20) +k » 1) 





(c) = (6 50) +k (1 »3) 


(d) r = (6 50) +k (3 51) 
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(19) In the opposite figure : 
If the area of the square ABCD = 36 square unit 5 
D = (~ 12 »0) » then the vector equation of 
the straight line EB is >а 
(a) r 2 (053) +k (3 52) 
(b) r= (0 93) +k (—3 52) 
(c) r2 (C656 +k(-2 53) 
(d) r =(—6 5-6) +k (2 53) 





(20) The parametric equations of 
the straight line AB is eee 
(a)X=4+3k » y=6+4k 
(b X23-4k » y=4-6k 
(c)X=4+3k 5 y=6-4k 
(d)X=3-4k 5 y=4+6k 





(21) In the opposite figure : 


If the area of the rectangle OBDE = 20 square unit ^ 
» (hen the equation of AB deat E 


(а) 2 Х+у + 20 = 0 
(0) 2 Х+у-– 20 = 0 
(c) 2 X — y 2 20 
(d) y 22 Х+ 20 

(22) In the opposite figure : 
If OA з ОВ аге tangents to 
the circle M at A and B 
» then the vector equation 
of the straight line OM is menn 
(a) r 2 (050) - k C 153) 
(br-(453)*k( 9-1) 
(c) r2 (0 0) -k (35-1) 
(d) r =(5 50) +k (3 5-1) 
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2 In the opposite figure : 
If ABCD is a quadrilateral » find : 
(1 ) The slope of BD ; then deduce the value of Ө 
( 2) The two equations of AB and CD 





Find the equation of the straight line which passes through the point (4 » 3) 
and intercepts from the coordinate axes two different positive parts » the sum of their 


lengths = 14 


4 Find the equation of the straight line passing through the point (3 » 2) 
and its slope is negative and it makes with the two coordinate axes a triangle 


of area 12 square units. 


Э In the opposite figure : 
Two squares OABC » ОМЕР 
‚ВЕ П СА = IKb;K- (154) 
Find the area of the shaded square. 


« 9 square unit » 
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Exercise | Measure of the angle 
seven between two straight lines 


ЫҢ From the school book yourself 





EN Multiple choice questions 


e Choose the correct answer from those given : 


(1) CH The measure of the angle between the straight lines whose slopes are 2 5— L 


2 
США E 
(a) 30° (b) 60° (c) 90° (d) 45° 
(2 ) The measure of the acute angle between the two straight lines whose slopes 
are 2 » — 7 equals ............... 
(a) 30? (b) 60? (c) 45? (d) 54? 
(З ) The measure of the acute angle between the two straight lines whose slopes are 5 ә 5 


approximately equals ............... 


(a) 28° (b) 14° (c) 39" (d) 15? 

( 4) LI The measure of the angle between the straight lines whose equations are X = 3 
»y-24 equals oee 
(a) 90? (b) 45° (c) 60? (d) 30? 


(5 " The measure of the acute angle between the two MN lines 
Ts (0 »-2)+k (3 >— 1) andL,: T= (0 55)+k (2:5 D equals 22g 


а 30° (b) 45° (с) 60° (d) 90° 
( 6 ) The measure of the acute angle between the straight line : 


6 X—3 y+5=0 and the straight line whose slope is i equals eris 
(a) 135? (b) 60? (c) 30? (d) 45? 
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( 7 ) The measure of the acute angle between the two straight lines L} : y 3 X-5 = 0 
and L, : x-'[3 y -6 = (CGMS: кызыш. 


(a) 30° (b) 45° (c) 60° (d) 90° 
( 8 ) The measure of the acute angle between the two straight lines 
І, :1= (2,5) +К(-3 91) »L,:2X-3 –- уедџаїз........-. 
(а) 30° (b) 45° (с) 60° (d) 50° 
( 9 ) The measure of the angle between the two lines 
L :X+2y+5=0 > 1,:1= (054) + k (1 »2) equals «0.0.0... 
(a) zero (b) 45? (c) 90* (d) 135? 
(10) The measure of the angle between the two straight lines L, : r- (1 52)+k@ 5-4) > 
L,:4X43y-520is с 
(a) 0? (b) 30? (c) 45? (d) 60? 
(11) The measure of the acute angle between the two straight lines L, : 2 X € 3 y = 15 
sL, : T= (—=2›,—1)+К(1 »—3) approximately equals ............... 
(a) 52° (b) 51° (c) 39° (d) 38° 
(12) The measure of the acute angle between the two straight lines L, : 2 Х-у-3 = 0 
sL, :X=k sy = 1 + k approximately equals .............. 
(a) 19° (b) 71° (c) 18° (d) 72° 


(13) The measure of the acute angle between the two straight lines X = 3 y and X+2y=0 


(a) 15° (b) 30° (c) 45° (d) 60° 


(14) The measure of the acute angle between the straight line : X — 2 y + 3 = 0 and the straight 
line passes through the two points (4 » — 1) » (2 » 1) approximately equals ............... 


(a) 71° 34 (b) 19° 28 (c) 70° 32 (d) 18° 26 

(15) The measure of the acute angle between the two straight lines : үз X-y=5 • y=2 
equals «dba 
(a) 30? (b) 60° (c) 45? (d) 120° 


(16) The measure of the angle between the straight line which passes through the two 


points (0 » 3) » (- 3 » 0) and the straight line y = 0 equals ----.---------. 
(a) 30? (b) 60? (c) 45? (d) 90? 
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(17) CO The measure of the acute angle between the straight line whose equation is 
т = (2,2)+1(1 » 1) and the straight line whose equation is X = 0 equals сезсе 
(a) 30? (b) 45? (c) 60? (d) 135? 
(18) If the measure of the included angle between the two straight lines : 
X=7 » у=ах+2 equals 90° > then a = «0... 
(a) zero (b) 1 (c) 90 (9) – 1 
(19) ІА (2,1) ,.В (2 3) С (2 ,-– 4) 
» then the measure (1) of the acute angle between AB з ВС СИРНИКИ 
(a) tan l (1) (b) tan` ! (2) (с) tan ! (4) (d) tan ! (3) 
(20) The set of values of k which makes the measure of the acute angle between the two 


straight lines + Ку- 8 =0 » 2X-y-5 = 0 equals is сааат ение 
1 1 
@ {3-4} © {-3>4} oll (d) {3} 
(21) The equation of the straight line L that has a positive slope and passes through the 


point (4 » 1) and makes with the straight line 3 X — y + 4 = 0 an angle » the tangent of 


its measure — 4 ОРЕМ 


(а) у- Х-3=0 (b)y-X+3=0 ()yt+7X-29=0 dy-7X+29=0 
(22) LL] The opposite figure shows a triangular 

piece of land › its vertices are 

A(6.0) › B(-6;0) › C(O >6)>then: 


First : The measure of the acute angle 





between AC and the X-axis equals «es X 

(a) 30? (b) 60° 

(c) 45° (d) 135° А 

Second : The measure of ће angle between the straight lines AC and BC 
&Gü sls samsectsneces 

(a) 30? | (b) 60? (c) 45? (d) 90? 
Third : The vector equation of the straight line AC is assawa 

(a) r 2 (6,0) - k (1 ,0) (b) r 2 (6 0) -k (0 51) 

(c) r = (6 :0)-k(-1»1) (d) т = (6 90)+k (1 51) 
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Fourth : The vector equation of the straight line BC is 


(a) t =(0 56) +k(-1 91) 
(c)t=(650)+k(-1>1 





(b) r (0 56) - k (1 » 1) 


(d) r (0 56) - k (1 50) 


Fifth : The cartesian equation of the straight line which passes through the point C 


and parallel to AB 1S HH 


(a) y 26 (b) X26 


(c)X+y=6 


Sixth : The area of the triangle ABC equals сз е 


(a) 24 (b) 12 


square units. 


(c) 36 


(d)X-y =6 


(d) 48 


T Find the measure of the acute angle between each of the following pairs of straight lines : 


FIIL :ax-3y+7=0 » L,:4X+6y-S5=0 › La: 
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(1)L,:r=k(1 +0) » 
(2) 0811; :г=(0,1)+к(1,1) > 
(3)L,:X+2y+5=0 
(4) GUL, :x+2y+3=0 ; 
(5)L,:3y *2X-6z0 ^ 
(6)L,:z- 3-- 
(7)L,:3y=5 ; 


(8)L,:r=C2>.-3)+k(1 5-2) » 





» then find the value of a which makes 


L,:r=(3 »-2) +k (15-2) 


1, 


L,: 
L, : 
L 


2" 


I 


L, 


2) 


:2X-y-3= 


12 Х+5у= 1] 


L,:X=3+2k 


0 


» y=3k-1 


a 
- 5-=3 


( 1 ) The measure of the angle between the two straight lines L, and L, equals 0° 


( 2 ) The measure of the angle between the two straight lines L, and L, equals 90° 


Find the equation of the straight line : 


( 1 ) Passing through the point (- 1 » 3) and makes with the straight line : +2 у +6= 0 


an angle 0 where tan 0 — 5 


(2 ) Passing through the point (2 » – 2) and makes with the straight line 


T= (2 »5—1)+k(3 »— 4) an angle of measure 45° 


Straight line 


4 If Ө is the measure of the angle between the two straight lines : X-y +6=0 


and a X-2 y + 4 = 0 where cos 0-2 » find the value of : a «f or 14» 


G If the measure of the angle between the two straight lines: ky +X=652X+y=3 


is 8 where tan 0 = i > find the value of : k «2 or = » 


6 If the measure of the angle between the two straight lines :3 X-5y-1=0 
and k X — y = 3 equals 45° find the value of : k «-+ or 4» 


EB If the tangent of the measure of the angle between the two straight lines : 


r=(053)+k(253a) » T2 (4s D «K(1 , 2) equals 2 ; 


then find the value of : a «9 = » 


C Find the equation of each of the two lines passing through (3 » — 1) and the measure of the 
angle between them is Ө where tan Ө = n э 
knowing that their slopes аге т and žm where m >0 


ABC is a triangle in which A = (052) » B=(351) » C=(-2;3-1) 
Find the measure of angle A « 105° 15` 18» 


10 Find the measures of the angles of the triangle ABC whose vertices are A = (4 » 7) » 
B=(-2 »—1) аас = (2 5-4) « 26° 34 390° 463? 26 » 


Find the measures of the angles of the triangle ABC whose vertices аге A = (2 5 3) » 
B=(5 > 1) and C=(—2 » 1) » then find the area of the triangle to the nearest unit. 


« 7 square units » 


(P CQ ABC is a triangle in which = (0 5) » B=(2 5-1) апіс = (6 53) 
Prove that the triangle is isosceles » then find the measure of angle A and find its area 


to the nearest hundredth. « 53° 8 5 16 square units » 


(E) ABC is a right-angled triangle at A » the equation of BC is r = (1 » 1) +k (- 1 »3) and 
the equation of AB is r = (- 1 »5) +k(1 »2) Find : m (Z ACB) diy 


(T) a If the triangle ABC is right at B where = (253) » В = (5 ,7) andC = (1 » y) 


» find the value of y » then find the measures of the other two angles. « 10 » 45° 945° » 
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{F ABC is a triangle in which A = (-3 52) › В = (3 ›- 13) » C=(5 »3) and Dis the 


midpoint of BC. Find the measure of the acute angle between : AD and BC «56°10» 


СЭ GQ A ABC is a triangle in which = (5 57) » B=(155) » C=(4>52) 


( 1 ) Find the coordinates of the point D which divides BC internally by the ratio 1 : 2 


( 2) Prove that : AD | BC ( 3 ) Prove that : AD = BC 


( 4 ) Find : The measure of the acute angle В | (5) Find: The area of the triangle ABC 


n IfA=(5;7) » B=(>5-1) » C= (3 э 5) » then prove that : the straight line 
г = (3,1) + К (2 » 1) makes with the two straight lines AB and AC an isosceles 


triangle whose vertex is A 


18 Prove that : The triangle whose equations of its sides are: 3 X +4 y = 36 › 
Х-7у+13 = 0 and7 X+ y = 9 is right-angled and isosceles. 


| Choose the correct answer from those given : 





Problems that measure high standard levels of thinking - 





( 1 ) The measure of the obtuse angle between the two straight lines y — (2 -3 ) (X +5) 


›у= (2 +3) (X — T) Med dd 
(a) 150? (b) 60? (c) 135° (d) 120? 

( 2 ) The tangent of the angle between the two straight lines L, and L, is 4 » the slope of 
L, equals twice the slope of L, » then the slope of the straight line L} = +--+ 


(a) + 4 (b) +1 (c) 1 » + (d) All the previous. 


( 3 ) In the opposite figure : 
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—— Ѕегаідћё line 
( 4 ) In the opposite figure : 


If cos Ө = d » then the coordinates 
5 


of the point B = --............ 
(а) (8 » 0) 
(b) (7 ›0) 
(c) (6 0) 
(d) (4 » 0) 


( 5) In the opposite figure : 


ЕЛ 
3 3 
(c) 4 (d) 5 
( 6 ) In the opposite figure : 
The value of Кох=............... 


( 7 ) In the opposite figure : 


If the equation of AB is X -2y £ 6-0 
and BC = 2 АС . then tan Ө = ............... 








2) Find the equation of one of the two equal sides in right-angled triangle if the equation of the 
hypotenuse is 3 X + 4 y + 4 = 0 and the coordinates of the right vertex is (2 » 2) 
«Х-7у+12=0ог7Х+у-16=0» 
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If the line L makes an angle whose cosine is Ж with the line LD: 3 X-y 4-520: 


what is the slope of L ? 





Find the equation of L if it passes through the point (1 »— 2) « undefined ori » 
ГЇ Prove that : The angle between the two straight lines : у = 1+5 X+6andy-bX+1=0 

has à constant measure for all values of b # 1 and find the measure of this angle. «45° » 
Г] In the opposite figure : у іа 
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The equation of "d 


L is X+7y=7 and 
the equation of 
L,is3 X-4y =0 


Find in degrees the measure of 





the obtuse angle © » then find 
the coordinates of the points A and B 


« 135? sA(7 +0) 5 В (0 » 1) » 


Exercise The length of the perpendicular 
Eight . froma point to a straight line 


Lj From the school book yourself 
First \ Multiple choice questions 


e Choose the correct answer from those given : 





( 1 ) The length of the perpendicular from the point (— 3 › 5) to 


y-axis equals эзсе length unit. 
(a) 3 (b) 5 (c)8 (d) - 3 

( 2 ) The length of the perpendicular from the point (— 3 » 5) to 
X-axis equals не length unit 
(a) 3 (b) 5 (c) 8 (d) – 3 

( 3 ) The length of the perpendicular drawn from the origin point to the straight line 
3 Х-4у-– 15 = 0 equals сезе length unit. 
(a) 15 (b) 5 (c) 3 (d) 4 

( 4 ) The length of the perpendicular drawn from the point (3 » 1) to the straight line 
4X+3 y—5=0 equals veee unit length. 
(a) 2 (b) 3 (c) 4 (d) 5 

( 5 ) The length of the perpendicular drawn from the point (0 » — 4) to the straight line 
X + 5 = О equals + length unit. 
(a) 0 (b) 4 (c) 5 (9) – 5 

(6 ) Ш The length of the perpendicular drawn from the point (1 » 1) to the straight 
line whose equation is X + y = 0 equals ее length unit 
(a) 2 (b) 42 (c) | (d) 0 
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(7 ) The length of the perpendicular drawn from the origin point to the straight line 


T= (1,2)+К(4›3)едца1з length unit. 
(a) 3 (b) 4 (c) 5 (d) 1 
( 8 ) The length of the perpendicular drawn from the point (0 » 2) on the straight line 
т=@›,1)+К(3,—4)едиав «ecce length unit. 
(a) 5 (b) 1 (c) 2 (d) 3 
( 9 ) The length of the perpendicular drawn from the point (— 2 » — 4) on the straight 
line r = (3 50) + k (6 » 8) equals = length units. 
(a) 1.6 (b) 2.6 (c) 0.6 (d) 3.6 
(10) The length of the perpendicular drawn from the point (– 2 » — 5) on the straight 
line L: X=-2+4ks5y=—3k equals 00er length units. 
(a) 1 (b) 2 (c) 3 (d) 4 
(11) The distance between the point (1 » 5) and the straight line passes through the two 
points (5 » — 3) » (1 »0) equals ·-------------: length units. 
(a) 2 (b) 3 (c) 4 (d) 5 


(12) The distance between the point (1 » 5) and the straight line passes through the point 


(2 »— 3) and the vector (2 »— 1) is its direction vector equals зз: length units. 
(a5 (b) 245 (с) 345 (4) 4*5 


(13 InAABC:A (3 57) B (7 »— 1) » C (3 »2) » then the length of the perpendicular 
drawn from A to BC equals ·---::-----.-.. length units. 


(a) 3 (b) 4 (c) 5 (d) 1 

(14) In the given figure : 
The straight line 3 X - 4 y +9 = 0 is a tangent рц 
to the circle M where М (1 »2) a N 


© 
/ on 
» then the radius of the circle equals зе | M, | d 
(a) 5 (b 45 pM D 
(c) 4 (d) 3 
(15) The area of the circle with centre (4 » — 1) and touches the straight line 
L:r=(1 >1)+k (12 5) equals ·-------..--:-: square units. 
(a) 8 7t (b) 9 7t (c) 6 7t (d) зл 


aa eee Straight line — 


(16) L The distance between the straight lines whose equations are y-3=0 » y+2=0 


equals «ases. length unit. 
(a) 3 (b) 2 (c) 1 (d) 5 
(17) The distance between the two straight lines t= (-150)+k(4 5-3) ,6X+8y-9=0 
eguanian 
(a) d (b) 1 (©) 2 (d) 2 
(18) The distance between the two straight line L,:3X-4y+20=0 
: 4:3 X-4y + 10 = 0 equals ............... length units. 
(a) 2 (b) 5 (c) 4 (d) 5 
(19) The distance between the two straight line : т = (2›,0)+К(12›,—5) 
T= (4.6 0) +k (12 »—5) equals ............... length units. 
(a) 1 (b) 2 (c) 3 (d) 4 


(20) If the length of the perpendicular drawn from the point (2 » k) on the straight line 
2 Х+у+ 1 = 0 equals {15 length unit then опе of the values of К=з... 
(a) — 4 (b) — 5 (c) - 8 (d) — 10 
(21) If the distance between the two straight lines L,:3X+4y-12=0 
»L,:6X+8 y+c=0 equals 3 length units »c>0 > then c = esses 
(a) 54 (b) 6 (c) 30 (d) 3 
(22) In the given figure : 
The length of the perpendicular drawn 
from A to the straight line BC equals ............... 
(a) 2 (b) 3 
(c) 4 (d) 5 





(23) In the given figure : 





'The length of AB = Sinaia length unit. 
(a) 1 (b) 2 
(c) 3 (d) 4 


(24) The equation of one of the two straight lines whose slope = = and the length of the 
perpendicular drawn on it from the point (2 »— 1) equals 2 length units is ............... 
(а) 5 Х+ 12 y—28=0 (b 5 Х+ 12 у– 24 = 0 
(с) 5 Х+ 12 у + 24 20 (9) 5 X—12y - 28 = 0 
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ü Find the length of the perpendicular drawn from the point A to the straight line L if : 
(1) А = (2 »1) 1:3 Х+4у-– 30 = 0 


(2) А=(4 5) à LitedsoDd+<kGo—-4) 

(3) KI A=(0 50) » Lir=(055)+k@ 4) 

(4)Ә ША = (2 5-4) >, 1:12Х+5у-43=0 

(5) ША = (5 › 2) >» 1:8 Х+15у-– 19 = 0 

(6) А = (2 5-7) >» L:X+y+9=0 

(7) A=(2 9-6) ы: +2 = 
(8)А=(2{Ы›-{а) > L:(a-b) X42 {аЬу-2а{Ь=0 




















Я If ABC is a triangle in which = (3 55) › Bz(-1»2 andC = (7 »-4)» 
find the length of the perpendicular drawn from A to BC « 4.8 length units » 

















£3 Calculate the radius length of the circle whose centre is M — (3 ›— 1) and touches 
the straight lineL:4 X +3 y+6=0 « 3 length units » 











©) Find the distance between the point (1 » — 2) and the straight line passing through the 








point (2 »— 3) and makes angles of same measure with each of the positive direction of 


the X-axis and the negative direction of the y-axis. «Т2. length units » 


























£3) If the length of the perpendicular drawn from the point (1 » c) to the straight line 


2X+3y+5=0 equals 413 length units » find the value of : c «2or — 


» 


























ГЦ If the length of the perpendicular drawn from the point (5 » 1) to the straight line 





З Х-4у+с = 0 equals 2 length units » find the value of : c «5or- 15» 























u If the length of the perpendicular drawn from the point (7 » – 1) to the straight line 
a X + y = 0 equals 24/10 length units » find the possible values of : a «Зог 13 » 
9 




















Г Prove that : The two straight lines L, :2X+y-3=0 » Ly: г= (5,8) + (12) аге 
parallel, then find the distance between them. P. T5 length units » 














9 ГГ} Prove that : The straight lines whose equations are 3 X — 4 y – 12 = 0 and 
6 X—8 y +21 = 0 are parallel » then find the distance between them. « 4.5 length units » 
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10 Prove that : The two straight lines L, p (052) -k(552) > L, p (2 5—3) +К(10 »4) 
are parallel» then find the distance between them. «| 29 length units » 


0 C Roads : Two adjacent roads, the path of the first road is represented by the equation 
3 X—4y- 7 =0 and the path of the second road is represented by the equation 


3X-4y+11=0 
Prove that : The two roads are parallel, then find the shortest distance between them. 


« 3.6 length units » 


SS a 


12 If the straight line whose equation is 4 X — 3 y = 12 intersects the two axes at the 
two points A » B » find : 


( 1 ) The area of the triangle OAB where O is the origin point. 


( 2 ) The shortest distance from the origin point to the straight line AB 


« 6 square units » 2.4 length units » 
13 If the points A-(-4 51) » В = (2 53) and C = (- 2 »6) are the vertices of a triangle » 
find : 
( 1 ) The length of BC 
( 2) The cartesian equation of the straight line BC 
( 3 ) The length of the perpendicular drawn from A to BC 


(4 ) The area of A ABC « 5 length units 3 X+4y — 18 2 0 › 5.2 length units » 13 square units » 


——— 


14) Find the area of the triangle whose vertices are A = (3 52) » В = (2 › 5) апас = (1 »—3) 


« 15.5 square units » 


(2 ABCD is a parallelogram in which А = (—1 54) > B=(35~2)andC=(-15—5)Find: 
( 1 ) The coordinates of D 
(2 ) The length of BC 
( 3) The equation of BC 
(4 ) The length of the perpendicular drawn from A to BC 
( 5 ) The area of the parallelogram ABCD 


«(—5 91) 95 length units 33 X-4 y—17=0 57.2 length units » 36 square units » 
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(О Prove that : The points А = (3 5-1) » B=(-552) » C=(-2,4)and D = (6 » 1) are 


the vertices of a parallelogram and find its area. « 25 square units » 


























[T] Prove that : The points А = (2 :3) » B=(622) » C=(-2 5-2) апар = (– 2 > 1) аге 


the vertices of a trapezium and find its area. « 18 square units » 


(T) гц Geometry : ABCD is a trapezium in which AD // BC » if A (21) » B(553) > 
C(6.1) » D(4»y) » find the value of y » then find the area of the trapezium ABCD 





« — 3 » 12 square units » 





i) Find the equation of the straight line where the vector ( 1 » 7) is a direction vector to it 
and the length of the perpendicular drawn from the point (3 » 1) to it equals 3 42 length 
units. «7X+y+8=Oor7 Х+у-– 52 = 0 » 


20 Prove that : The two points (1 » 1) and (— 2 › 3) lie on two different sides of 
the straight line : 2 X — y + 3 = 0 and at equal distances from it. 





2 Do the two points (1 » 4) and (— 2 » 3) lie on the same or different sides of the line 


2X-y4320? 


Prove that : The straight line : 3 X — 4 y + 3 = 0 touches each of the two circles in 
which their centres are the two points ЇЧ, = (5 »2) » №, =(-2 › 3) and their radius 
lengths are 2 » 3 length units respectively » then show if the two circles lie on one side or 


on the two sides of the straight line. 





Ж) Са Geometry : A circle of centre is the origin point in which two chords whose equations 
ае4 X-3y - 1020 » 5X-12y +26 = 0 Prove that : The two chords are equal in length. 





24 Prove that : The point (11 » 8) is the centre of the inscribed circle of the triangle in which 








the equations of its sides are: r=(—3 520) c K (150) » 3X+4y=5 
and 5 X+12y+5=0 





PL) Prove that : The point A (4 » 6) lies on one of the two bisectors of the angle between the 
two straight lines 9 X- 13 y-8=OandX-3y+4=0 


Find the area of the quadrilateral ABCD whose vertices are: A=(2 50) » B=(451)> 
C=(3 »5) and D=(-4 28) « 23.5 square units » 
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MEM ThirdN Problems that measure high standard levels of thinking 


E) Choose the correct answer from those given : 
( 1) ABCD is a square where A (2 » – 3) » the equation of BC is4 X 43 y —9=0 > then 
the area of the square = ·.··-.......... square unit. 
(a) 2 (b) 4 (c) 6 (d) 8 
(2) ABC is an equilateral triangle in which A (2 »— 1) and the equation of BCis X4 у=2 
» then the length of any side of A ABC = eseese length unit. 


2 6 6 
(a) iB (b) 18 (c) Li (42 
( 3 ) The equation of the straight line whose distance from the origin 4 units and makes an 
angle of measure 120° with positive direction of X-axis is ===- 
(a) X 443 y «820 (3 X-y £420 
(с) 43 xy £220 (d)3 X-- y 820 
( 4 ) The intersection point of altitudes of the triangle whose sides coincide with the 
straight lines: X20 у= 0 Х+у= 115 -----.---.-.-.. 
1,1 b) (0 50 1,0 a(i,t 
(a) (1 » 1) (b) (0 » 0) (c) (1 »0) (9 (= > 
a” 3 
(5 ) If c is the length of the perpendicular drawn from the origin to the straight line 


X + by 22c » then b could be equals ·--..-.-.-.:.:. 

(a) 1 (b) 43 (o) 1 (d)c 
( 6 ) In the opposite figure : 

If the equation of L| is2 Х+ 3y - k = 0 

› the equation of L5i$2 X -3y - 120 


» the equation of L, is2X+3y—4=0 
the areaof(AABC) _ 1 
the areaof(AADC) 2” 

(a) 3 (b) – 5 (c) 5 (d) - 3 





then k can be equal -.-....-...—. 
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E Find point on the straight line X + y + 9 = 0 that far from the straight line X - 2 y - 2-0 
a distance 5 length unit. « (- 11 92) *$(-21 » 12)» 


FRA >4) » B(4»6 > CC 152) and (2,0) » find the length of CD where C and 
D' are the two points of intersection of the two perpendiculars dropped from C and D to 


the line AB 5 





length unit » 
45 
4 Find the equation of the straight line which passes through the point (2 » — 4) and the 
length of the perpendicular drawn to it from the point (0 » 0) equals 2 length units. 
Show that there are two straight lines satisfying these conditions. 


«X-2=Oor3 X+4y+10=0» 


5 If A = (3 » 5) and B = (11 » 11) are two fixed points » find the point (or points) C which 
belongs to the X-axis where the area of A ABC = 30 square units. 


«(2 ‚0 Jor( — 41,0)» 
[3 Prove that : The points A=(—3 »-3) » В = (4,4) » C=(-1>4)andD=(-3 »2) 
are vertices of an isosceles trapezium» if AC(|BD- {Е +, then find the coordinates of 
the point E and the length of the perpendicular drawn from it to BA 
«(- 43,2), 5592 


9° O T length units » 
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Exercise General equation of the straight line passing 
Nine through the point of intersection of two lines 


(|. From the school book 





| First \\ Multiple choice questions 


e Choose the correct answer from those given : 


t 1 } The point of intersection of the two straight lines: X+4=0 sy—3 = 015 99999 
(a) (4 › 3) (b) (3 » 4) (с) (— 4 ›3) (d) (4 »—3) 

( 2 ) The equation of the straight line which passes through the origin point and the point 
of intersection of the two straight lines: X = 2 s y 2518 999999 


(а) 5 Х-2у=0 (D2X-5y20 (0) 2Х+5у=0 (05 Х+2у=0 


( 3 ) The equation of the straight line which is parallel to the y-axis and passes through the 


point of intersection of the two straight lines : y 245» X -iy IS aes: 


(a) y 23 (b) X 23 (c) y 24 (d) X24 


| ‘ 4 ) The equation of the straight line passes through the intersection point of the two 


straight lines L,:X+2y-4=0 » L,=X- 2 y = 0 and parallel to the X-axis 


(a)X=2 (b) y=] (c) y 23 (d) y -2 


( 8 y The equation of the straight line passes through the point of intersection of the two 


| straight lines: 2 X+y=3 » X+4y+2=0 and parallel to the y-axis iS ^ 


(a)y-220 (b) X—y 22 (c) X- 220 (d) X220 
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( 6 ) The equation of the straight line passes through the point of intersection of the two 


straight lines : X + y 3,2 X— y = 6 and passes through the point (2 » — 1) is +--+ 
(a)X-y+3=0 (b) X-y-3z0 
(c)X+y+3=0 (d)2X—-y-3z0 

( 7 ) The vector equation of the straight line passes through the point (3 » 1) and the point 
of intersection of the two straight lines 3 X--2y -720 » X+3y=7is ee- 
(а)г= (2,1) +k (351) (b) r=(1 93) +k (25-1) 
(c)r=(3 91) +k (25-1) (d) r=(3 91) +k(—1 52) 

( 8 ) The equation of the straight line which passes through the point (3 » 4) and the point 


of intersection between the two lines L, :3 X -2y - 7 z0 
jL,:r2(-250) + k Q 52) is is 
(а) Х-у+1=0 (D X-y+2=0 
(с) Х+у-1=0 (d) Х+у+2 = 0 
( 9 ) The vector equation of the straight line passes through the intersection point of the 


two straight lines L, : X -520 L4: Х+у = 13 and its direction vector (4 » 1) 
8 1 2 


[| аео. length units. 
(a) r=(451) +k (558) (b) r=(5 96) +k (451) 
(c) г = (5,8) +k (451) (d) r=(5 5-8) +k (1 94) 


(10) The equation of the straight line passing through the point of intersection of the two 
straight lines: 3 X-Sy-13=0 » 2y-3X+7=0 
and parallel to the straight line : r = (- 1 »1) +k (5 4) iS 
(а) 4 Х+5 у-– 14=0 (b)4X-Sy+14=0 
(05X-4y-14z20 (d)4X-Sy-14=0 

(11) The equation of the straight line passing through the point of intersection of the two 


straight lines:2 X -3y -220 » 3X-y-— 14 = 0 and makes with the positive 


direction of the X-axis a positive angle of measure 135° is ............... 


(a) X+y =0 (b) Х+у= 2 (c) X- y 22 (dy-X22 
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1 Find the equation of the straight line which passes through the point of intersection of the 
two straight lines : 3 X+ 2 y 2 4 and 2 X+3 у = 1 and passes through the point (1 »— 1) 


«у+1=0» 


©) Find the equation of the line passing through the point of intersection of the two lines : 


2 De apis. 94X+3 у—3 = 0 and the origin point. «2X+3y=0» 





€) Find the vector equation of the straight line which passes through the point of 
intersection of the two straight lines whose equations are T=k (352) » 3X-2y=13 


and parallel to the y-axis. oa ax 2)+k(O 91)» 





t Find the equation of the straight line passing through the point of intersection of the two 
straight lines X —3 y +5 = 0 and 2 X — y — 4 = 0 and parallel to the straight line 


X-2y+1=0 «5 X-10y+11=0» 


5 Find the equation of the line passing through the point of intersection of the two lines 


5X-y= 5 and X +2 y= 1 and perpendicular to the second line. «2Х-у-2=0» 


(7 ш Prove that : The two straight Нпев:2Х-3у+4=0 9 г= (1 » 2) + К (- 2 » 3) are 


intersecting orthogonally » then find their point of intersection. « (1 92)» 


EB LL] Prove that : The two straight lines: X - 4 y + 1420 and4 Х+ y - 5 = 0 аге 





perpendicular; then find their point of intersection and the equation of the straight line 


passing through the point of intersection and the point (2 › 1) «(-253)»2y-* X-420» 





C) Find the equation of the straight line passing through the point of intersection of the two 
straight lines : 2 X + y — 1 = 0 and X — y + 3 = 0 and cuts from the negative direction of 


the y-axis a part of length 3 length units. «8X+y+3=0» 





C) Find the equation of the straight line passing through the point of intersection of the two 
straight lines 5 X — y 2 5 and X + 2 y = 1 and cuts from the positive directions of 


the coordinate axes two equal parts in length. «Х+у-1=0» 
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(mL :зх+2у-7=0 » L;:r2 C290) -k G2) 
» then find : 
( 1 ) The Cartesian equation of the line L, 
( 2 ) The measure of the angle between the two lines L, »L, 
( 3 ) The point of intersection of the two lines L} »L, 
( 4 ) The equation of the line passing through the point of intersection and the point (3 » 4) 


( 5 ) The length of the perpendicular drawn from the point of intersection of the two lines 


to the straight line whose equation is: 3 X -4y -9 = 0 


( 6 ) The area of the triangle determined by the two lines L, » L, and the X-axis. 


t) Life : Two straight roads » the equation of the first is: 3 X-4y — 14 z 0 › 

the equation of the second is: 4 Х+ 3y 2 = 0 

Prove that : The two roads are perpendicular: then find : 

( 1 ) Their point of intersection. 

( 2 ) The equation of the line which passes through the point of intersection and the point 
(3 »—2) 

( 3 ) The shortest distance from the point of intersection of the two roads and other road 
whose equation is : 4 X +3 = 0 


( 4 ) The area of the triangular region enclosed by the two roads and the y-axis. 


ИШЕ Problems that measure high standard levels of thinking 


ET) Choose the correct answer from those given : 





X 








( 1 ) The point of intersection ofthe two different straight lines : = + T =]; a 2 = 115: 
La 
(a) (a » b) (b (Za; 4 b) 
a+b a+b ab ab 
OCF i) CS. 25 
( 2.) For any value of k the equation (2 + k) X + (1 +k) y = 5 + 7 k represents эзе 
(a) parallel straight lines. (b) straight lines intersect at (— 2 » 9) 
(c) straight lines intersect at (2 » — 9) (d) nothing of the previous. 
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Straight line 


e Find the equation of the straight line passing through the point of intersection of the two 
straight lines : X + y = 4 and X — y = 2 and the length of the perpendicular drawn to it from 


the origin point = 1 length unit. «y-1200r3X-4y-5z0» 
































o: Find the equation of the straight line passing —" the point ofü intersection of the two 
straight lines : r- —-(5.2)*k(253) › r= = (11 54)+ k (3 » 1) and the length of the 


perpendicular drawn from the point (— 2 » 1) to it equals 5 42 2 length units. 
«7 X+y—-37=0» 


4 IfA=(151) » B=(7 >4) and D=(2 »7) are three vertices of the cyclic quadrilateral 
ABCD in which m (Z B) = 90? » find : 


( 1 ) The equation of BC 
(2 ) The equation of CD 
( 3 ) The coordinates of the point C «y+2X-18=056y+X-44=0 :( = ‚10 ), 
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First : Accumulative quizzes on algebra 


Second : Accumulative quizzes on trigonometry 


> Third : Accumulative quizzes on analytic geometry 










Accumulative quizzes on algebra 


6 


» on lesson 1 - unit 1 


oot cm 


Choose the correct answer from those given : 


I i Sei 


(1)IfA-| 1 3 5  [|isasymmetric matrix »then X = - 


= 1 S 6 


(а) — 1 (b) zero 


atas 2 » B= 
-1 4 


k 


(c) 4 (d) 6 


| мее e „Һеп k = a- 


(a) -2 (b)- 2 (c) 8 (d) - 6 
1 5 
ome 3 Jeter ays pial 
al 4 
(a) 8 (b) 12 (c) zero (d) 10 
1x 2 | p 
coe |> TO 6 | »then X y = terres 
-1 6 5 5 
у 
(а)— 15 (b) -2 (c) 2 (d) 15 


JU Л 
(а) 15 (b) -c- 
(6)IFA = sin 30° 1 
р 60° cot ^ 
s then M + S= Nn 2 erriei 
(a) 2 (b)- 1 
] +1 | 
ОЦ 4 
1 = С 
(a)X^—420 
(с) X?-220 


л. 


P Jandabed=1 ‚0<Х< 2 „Шеп X=... 


JU JU 
(c) 74- (d) = 
m — CO: 4 ] 
= in n : and A = B 
s + sec” 45° n + cos* 90? 


(c) - 2 (d) 1 


н | » then the equation whose roots a^ 52 d is 


(b) Х2+4=0 


(d) X^4220 


eee. ee d 


Lh bic ea eo ee we ш 


= ._IO,W_OOOOO0 Oem Quizzes 


(ay irx -(*:" Ж | х0, * and 2 = Y sthen a+2b= m 
—&a 


(a) 4 (b) 8 (c) 10 (d) 12 
( 9 ) The matrix (3 2 1) of order +: 


(а) 2х 1 (b) 1 x3 (c) 3 x2 (3x1 
ao v[* ; | =31 where Lis the unit matrix .thena-b-«-cc-d---- саи 
v 
(a) 5 (b) 6 (c) 7 (d) 8 


(11) If the matrix A of order 2 x 2 and xy = s ћепа X ajo ха, ха = 


(а) 4 (b) 2 (с) 1 (à) 4 
X 2 3 
(12) IfA=| z y n |» which of the following sufficient to find the value of X ? 
—3 5 m 
(a) A=A' (D A=—A' 
(c) Ais a diagonal matrix (d) nothing of the previous, 
S mer, 


till lesson 2 - unit 1 12 7 





Choose the correct answer from those given : 


( 1) If the matrix À is of order 2 x 3 , then the number of its elements equals сс 


(a) 3 (b) 2 (c) 5 (d) 6 
(2)IfA+A'=O > then A is Avr matrix. 

(a) row (b) column (c) symmetric (d) skew 
cor И H 4l | hen X + y S m 

(a) 1 (b) 4 (c) 5 (d) 5 








Algebra . — нге 


5 9 6 4 \! 
4 z 
( T 4 |+ 4 
| _4 11 0 
O : I 
(a) e! Jj о(! 1 (d) 


( 5 ) For any square matrix B # О 5 the matrix A = B — Bt ............... 
(a) Symmetric. (b) skew symmetric. 
(c) zero (d) unit matrix. 
( 6 ) If the matrix A is symmetric and skew symmetric in the same time » then -000.111012 
(a)A=O (b) A=] 
(c) Ais a diagonal matrix. (d) Ais arow matrix, 
( 7 ) If Ais a matrix of order 2 x 2 where dye 2 Z »B is a matrix of order 2 x 2 where 


Z 


by ,=2-y s then A + В = ............... 


| 1 1 Ie] 2 | 
elt В e e eb 22) of, 


N N 
М 


а b eU 
(8)If| d e f | a skew symmetric » then exes =. 
X y 7. 
(a) 1 (b) zero (c) - 1 (d)e 
( 9) If A is a symmetric » which of the following could be a rule to find the elements of the 
matrix A ? 
(а) ау, =2y-z (D а, =у+7 (с) ay, = y* (@ а, =3y+2z 
| 
(10) (4 na 4 1 | —— CS 
1 3 5 3 
(a) 1 (b) 2 (c) 3 (d) 5 


t 
anx? = | =O >then X=. 


x ee: 2 3 E eal 
b d) I 
of? E of? 1 o $ (d) 
(12) (X55 Sii 


(a) O (b) X (c)2X (d) zero 


u EN _ Quizzes 


aim 


till lesson 3 - unit 1 





Choose the correct answer from those given : 


(1) If A ; B are two matrices where AB -| : | ; then BÍ A! = ns 


2 3 2 -] 5 -1 5 3 
e(? 3) eg 1) eG 3) e(1 3) 


( 2) If A is a matrix of order 2 x 3 » B' is a matrix of order 1 x 3 » then the matrix AB is of 


Order nn 
(а)3 х1 (b) 2% 1 fe) T x2 (d) 3 x 3 
зэ i \ bw] |+! ; then X = аашаа 
3 L/\-3 x 
(a) 3 (b) —3 (c) zero (d) 4 
| 2 x\_ly P _ 
å) If = „Шеп X EE 
pui Ё — 1 | Ё -1 diii 
(a) 2 (5) -2 (c) 6 (d) - 6 


cras ? ) ston A® = E Ke . 
3 =A 


4) 230 | | b 2 (0 4 
е la 1 0 | 
590 1 4 d a 4 
"1 (a 1 е 0 1 
ОЧ g^ оху 2025 > ) > thon = anA 
хар P a 5 
(a) 2 (b) 2 (c) 15 (d) 5 


(7) If Ais a matrix of order 2 x 2 апад + At = I » then the sum of the elements of A 


(a) 4 (b) 2 (c) | (d) zero 


(Y: Y ei] | teal ) OW Lol, lsd 9 





Algebra . 


eot ЖЕ je 
1 ojlo 2 


0 0 2 0 0 2 1 2 
а 
e(' ;] e 4 e(t ] of ;] 


( 9) If A » B are symmetric matrices » then the matrix (A B A) [S eH 
(a) symmetric. (b) skew symmetric. 
(c) diagonal. (d) zero matrix. 
(10) If O is a zero matrix of order 2 x 2 5 then the number of its elements is = 


(a) zero (b) Ø (c) 2 (d) 4 


л A ; B=(2 3)» then BA ==. 


2 6 2 -4 
(a){-4) (b) (4) ©(*, 2 of? M 
axis? i l }sthen A? = ences 
з 1 


4 1 4 9 1 -3 1 -3 
b d 
os 1) Ol 1 ei) €G 2) 





Choose the correct answer from those given : 








2 0 0 
( 1 ) The value of the determinant | _ ү 3 O equals „еее 
4 2 5 
(a) 10 (b) 30 (c) 15 (d) 5 


" ‚ B=(2 5) > then (BA) =. 


()(4 -1) e Е ©| y | (4) (—6) 


-14 —10 


citas 


10 





_ _ Quizzes 
(3)IfAG ,5) » B(2,0)andC(-3 93) 
» then the area of A ABC equals -------. eene square units. 


(a) 28 (b) 14 (c) 7 (d) 2 


2 
( 4) The solution set of the equation : 2 





=й ү 
1 |= zero in Cis тт MARREN 





(a) 2 (Б){—2,2} (c){-2i52i} (@{-i>i} 
X y X-y 4 y 
5 If =4 Шеп ae рне 
(5) Z [ 2 £ 41 
(a) 1 (b) 10 (c) 12 (d) 16 
(6) HA=(% f Jis a skow symmetrix matrix » then 2 f + 3 e = зс 
e y 
(a) f (b) X y (c) e * y (d) X 
(ra=. | Jana as | ‚ athena +b +e4d= —MÓ 
0 Í б d 
(a) 25 (b) 26 (c) 27 (d) 28 
( 8) If 3 + sin Ө 1— cos 0 = zero » then the value of = зс 
4 sin 0 
JU JU JU 
(a) JT (b) 75- (c) 5- (d) -7 


cias (2 Е |е B х А = «аан 


-1 -6 2 $ 3 2 3 -6 
b d 
et. :] o|? | o, Е of? Е 


(10) ЕА = (2 3) 9 B=(% Jj . AxB = (9 6) then X+ y = = "— 


1 у 
(а) 3 (b) 5 (c) 7 (d) 9 
amis Éi l |"? then X = «e 
2 XA 12 X 
(a)3 or - 2 (b) - 3 or 2 (c)3 or 2 (d) - 3 0r-2 
a» ШЕ ЭУ Jas (1 0 мед ххуха=. I 
1 0 0 Z 1 2 
(a) 1 (b)— 1 (c)2 (d) 4 
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Algebra — E 





Choose the correct answer from those given : 


| 


aos MIT "-— 





| 4 2 4 5 -6 5 -—6 
| | | 
o, Е ые $ of M" of, M 


aas? 1 еп 1 Ewa adidas 


3 3 2 ] 2 5 3 
Js 4 o. 3) of, ki oA 


(3 ) The values of X which make the matrix | x 
2 x-2 
BIG мазун 


(a) 4 5-2 (b)-4 52 (c)-45-2 (d) 4 52 


з 


| has no multiplicative inverse 


( 4 ) The area of the triangle whose vertices are A (4.55) » B(65—1)andC(1 56) 


equals зе square units. 
(a) 16 (b) $ (с) 32 (d) 24 
cos C $ Jand A =A"! xB > then B= = Sesser 
— 7 4 — 7 8 Ме = mmm E я, 
а b С d 
of; | e 1 o1 " (7 
2k-1 2 
(6 ) If =2 k? + 1 , then the value of k =... 
3 k+1 
(a) 2 (b) 4 (с) 6 (d) 8 


( 7 ) If Ais a square matrix of order 2 x 2 and|2A|=8 » then |3 A | 5 00 


(a) 9 (b) 12 (c) 18 (d) 24 
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1 


яш mw 


Е tsi‘ Quizzes 








(8 ) If Ais a square matrix » then the matrix (А + eS 






































(a) symmetric. (b) skew symmetric. 
(c) zero (d) diagonal. 
А Е ам? =—A y then k = «e . where k EZ 
(a) 1 (b) – 1 (с) zero (а) З 
aoi? |J a )={ 2 ) sthena tb = I — 
3 -1 b 6 
(а) 3 (b) 4 (c) 5 (d) 6 
a b ak kc 
(11) If = 6 and = — 24 , then k = veers 
C d b d 
(a) 4 (b) 3 (c) - 3 (d) - 4 
a 5 b 2 а 1 a 0 V 
(12) If =Q ; =0 5 = () sthen| -1 b Q ee 
5 2 C 1 e : 
2 23 с! 
(a) x 10 (b) x 50 (c) x 100 (d) + 20 


alm 
or?! May, 





(a) (— 1 51) (b) (— 1 »— 1) (c) (0 » 3) (d) (-3 »- 3) 


(2)1fA- (3 2) >» B= | » | » then the only possible operation of the following 








IS · saabaansrpPLcaaA 
(а) А + В (b) A! + B' (c)AB (d) AB! 
1 
(3) If 0 2X 5 = 8 X s then the S.S. 1S eesse 
о 0 X 
(а) 12 »-2] œ {0,-2,2р ([l.) 0940,55} 


13 





Айдега_ a —ÀÀÓ—À _ 
2 6 6 -9 
coa? И э s-[ ^ P) then AB = 


(a) I (b) 21 (c) 4 I (d) 31 


( 5 ) When solving the two equations:aX+by=4 » cxX+d y =2 » the multiplicative 


| ‚ [а 
inverse of the matrix | 


; оша to be equas (7! | »thenX+y =. 
C d ] =2 


(a) 2 (b) 3 (c) - 4 (d) 2 
cya (X d 9 АхА = А? sthenXxy= а АРРА 
y Z 








(a) – 3 (b) - 2 (c) 2 (d) 3 
( 7 ) IL » M are the roots of the equation : X^—4 X — 10 2 0 ; then the value of the 
2L -1 
determinant equals ...- 
(a) — 17 (b) – 12 (c) - 8 (d) — 6 


cix «(2 S )=0 then X= : 


E 8 ([-2 -5 -» 3i fed 0 
e^ | Oe ) of 5) OF " 


( 9 ) The point which belongs to the solution set of the inequalities X22 5 y«2 » X+y>3 


jS ers seas ats 
(a) (5 » 1) (b) (3 » 2) (c) (2 »2) (9) (2 » 1) 
(10) The arca of the triangle with the vertices (1 » 6) › (0 » 10) » (0 50) 
equals ·--............ square unit. 
(a) 5 (b) 10 (c) 15 (d) 20 
sino 0 0 


(11)If} 2 cscg о |+| 9120 cos O| -o i then X= sss 
^а " —cos0  J sinO 


. (a)l "EM (b) —1 -(c) zero (d) 2 sin 0 
(12) The solution set of the inequality: X+5 <3 X+1<2X+2inRis eee- 
(a) R - [1 »2[ (b) ]1 52] (c) 2 (d) {1 »2] 
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Quizzes 


elm 


till lesson 2 - unit 2 WIE | 





Choose the correct answer from those given : 


( 1) The point that belongs to the S.S. of the inequalities: Х> 2 » y> ] » X+y23 


lS жишк ns 
(а) (3 » 1) (b) (1 » 2) (c) (3 »2) (d) (1 ›3) 
ann |? y then X = emm 
(a) 2 (b) 3 (с) 4 (d) 5 


( 3) If A is a matrix of order 1 x 3 » Bt is a matrix of order 1 x 3 » then we can perform the 
Operation «semen 
(a)A+B (b) B! + A! (c) A B! (d) AB 

( 4 ) If the matrix | Р ‚ | has no multiplicative inverse » then Х= eceves= , 
(а) – 2 (b) zero (с) 2 (а) З 


( 5 ) If the area of the triangle with the vertices (К ›0) » (4 50) 5 (0 » 2) is 4 square units 


(а) zero or - 8 (b) — 4 or 4 (c) zero or 8 (d) 8 or- 8 
( 6) If Ais a square matrix and A? =I s then AW! 2 eee 
(a) O (b) A (с) 2 А 
( 7 ) The given figure represents the region 
of solution of system of inequalities 


, then the minimum value of the objective function 


P=3 X+2yis debuts REN 
(a) 6 (b) 8 
(c) 12 (d) 13 
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Algebra 


( 8) The shaded region in the given 


figure represents the solution set 


of the inequalities з. 
(а) Х> 1 ,у>2 
(0)1<Х<3,2<у<4 
(c)1<X<3,2<y<4 
(9) Х+у>3 ,Х-у=<7 








(9 ) If the matrix A = | i 
A ed 
(а) 1-1,2} (b) {0 ,— 1! 
(10) 1-Х 12 «l^ ] 
Е x| | 10 
(а) 2 (Ь) 5 


(E 502} 


(c) 6 


y Ji Skew symmetric » then XC ~- 


(d) {0 51} 


(9) +6 


(11) If twice the number X is not less than 3 times the number y s then ee 


()2X«3y (b)2X<3y 


()2X»3y 


(92 Х> Зу 

















(12) The point that belongs to the region of solution of the inequalities: X=15X+y25 


: y 2 2 and makes the objective function p = 2 X + y is as small as possible 1s 


(a) (0 + 5) (b) (4 53) 


(c) (1 » 4) 


(d) (3 » 2) 


eee eee eee 





Choose the correct answer from those given : 


( 1) (sin Ө + cos 0) —2 sin Ө cos Ө = vee (in its simplest form) 

(a) 2 sin Ө cos Ө (b) 1 (c) 2 (d) sin? 0 — cos” Ө 
(2) tan ð oot eñ e 

sec Ө 
(a) sin 0 (b) cos 0 (c) sec 0 (d) csc Ө 
sin (Жө) 

= 

(а) гап Ө (b) cot Ө (с) 1 (d) -1 
(4) sin (90° — Ө) csc (90° – Ө) = vee (in its simplest form) 

(a) 1 (b) sin? Ө (c) cos? Ө (d) sin Ө cos Ө 


(5)If X-y = 30° , then tan (X + 2 у) tan (2 X +y) = s 

(а) 1 (b) zero (c) - 1 (d) 243 
(6) If sin Ө — cos Ө = 1 where 0 € |o ‚| „Шеп sin Ө COS 0 2 eresse 

(а) + (b) 5 (c) 52 (d) р 
( 7 ) If sin  - csc 025 , then sin? Ө + csc? Ө = es 

(a) 1 (b) 5 (с) 29 (d) 25 
(8) If tan023 ;then sec” Ө = s 

(a) 9 (b) 10 (c) — 10 (d) 0.9 
(9 )3 tan O cot 8 + 2 ѕіп Ө сѕс Ө + cos Ө Sec Ө = eee 

(a) 1 (b) 3 (c) 5 (d) 6 
(10) In the given figure : 

ABCD is a parallelogram » then 





cos A+ cos B + cos С + cos D = «e 


(a)—1 (b) zero (c) 1 (d) 4 
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Trigonometry - 


(11) If 3 sin Ө+4 cos Ө = 5 , then 3 cos Ө - 4sin0 = ves 
(a)5 (b) 4 (c) 3 (d) zero 


(12) The numerical value of the expression : 5 cos Ө x 3 sec Ө = 


(a) 1 (b) 21 (c) 8 (d) 15 





Choose the correct answer from those given : 


( 1 ) The general solution of the equation : 


COS Q = 118 vere where n EZ 

(a) n T (b)2nm (menm — (X«2nm 
(2) | p 1 зета 

(а) 2 (b) 2 cos? Ө (c) sec? Ө (d) csc? Ө 
( 3) sin Ө cos 0 cot 0 + sin? 0 =... (in its simplest form) 

(a) —1 (b) zero (c) 1 (d) 2 


(4) If cos Ө =4 9 oE | 27. 2m [ thene = шириин, 


(a) $ m bin (c) л ain 
(58 ЕХ,уЄ[0,2л[ » @=X+y > then the set of values of 0 satisfy sin X sin y = 1 
equals sss 
(a) [t 5270} (b) {53.30} о [7.38 a [x 
( 6) If X € [о 7| » then the solution set of the equation cos X = = is the same solution set 
of the equation .-...-.-..-... 
(a) tan X = 2 sin X (b) 2 cos? X = cos X 
(c) 2 cos? X - 3 cos X 22 (d) cos + X1 
(7) sin? Ө + cos? 0 + tan 0 =... 
(a) 1 (b) sec? Ө (c) cot? 0 (d) 2 tan? Ө 
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а Quizzes 


(8) Ifk=4sin3 X—5 s then k Ge 

(а) [-4 » 4] (b) [8 » 11] (c) [5 » 7] (à) [- 9 » - 1] 
(9) If tan @=1 » then one of the values of 8 is «sss... 

(a) 30° (b) 60° (c) 135° (d) 225° 
(10) If 359 = 1 , where 9 & ]0 »2 t| » then 0 = eee . 

(a) 45° (b) 90° (c) 180° (d) 270° 


sin? 0 + cos? 0 _ 


(11) If tan 0 2 4 » then 


M» Ra bbaass Pa E E 


sin? Ө – cos? Ө 
(a) 17 (b) 1 (©) +5 (d) - 1 


(12) The solution set of the equation : sin X + cos X = 0 where 180? < X < 360° 


(a) {210°} (0) 1225° (c) {240° } (d) {315°} 






till lesson 3 - unit 3 


SR a ara 


Choose the correct answer from those given : 


( 1) In the opposite figure : А 
т (2 O) ее o 
(a) 56° 27 (b) 39° 48 
(c) 33° 33 (d) 50° 12 ee, 


(2) In the opposite figure : 





XY = ees cm. (to the nearest cm.) 
| (a) 9.8 (b) 6.9 

(c) 8.4 (d) 14.6 
(3)1f6E[0 л] › cos8+1=0 then 0 = ^ 

(a) O (b) 90 (c) 180 (d) 270 
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Trigonometry — — 1 0 > 
(4) Ifcot 0 = 5 then esc? Ө = ............... 
(a) 3 (b) 3 (с) d @ 3 
( 5) In the opposite figure : 
BC is a diameter in circle M AB = 8 cm. ff NN 
:m (Z ABC) = 0? , then the area of A АВС = em? C M B 
(a) 8 cos 0 (b) 8 cot O (c) 32 tan 0 (d) 32 sin 8 


( 6 ) ABC is a right angled-triangle at B » AB = 3 cm. » its perimeter = 12 cm. 


„Шеп m (4 С) = ereenn 





(a) 37° (b) 14° (c) 18° (d) 53° 
( 7 ) The general solution of the equation cos Ө = — 1 is --............. where n EZ 

(а) T +n (b) +n (c) X -- 270 n (d) T +271 
(8) fosc @-—1= l , then cot 0 + аа 

(a) + (b) 5 (c) + (d) 1 


(9 ) If 2 sin X—1-0 » where X is the greatest positive angle » X € [0 , 360°] 





then X = sese 

(a) 150° (b) 315° (c) 330^ (d) 30° 
(10) sin? (4 - Ө) + cos? (Ө - 1) E P 

(a) zero (b) 1 (c) sin? 0 (d) cos” Ө 
(i) Ifsin@=— » eco, T [ tenti «tan? Ө - 

(a) mx (b) m ©) 2 (4) А 
(12) The general solution of the equation : 

3 cot (т — Ө) ={з ÍS HH (where n EZ) 

(а) e 23tn (5) e tn (c) +270 (9) Ж + 
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Quizzes 





ai m 





Choose the correct answer from those given : 

(1)If0°<0<180° » 13 tan 0-1 =0 > then 0 = eee 
(a) 30° (b) 60° (c) 120° (d) 150° 

( 2) Itis possible to solve the right-angled triangle except the case in which 
the givens аге e= | 
(a) lengths of two sides of the triangle. 
(b) lengths of two sides and measure of the included angle between them. 
(c) measures of two angles of the triangle. 
(d) length of one side and length of the hypotenuse. 


( 3) The general solution of the equation : tan Ө =Ẹ 3 15 7 


(a) e n 3t (b P+ 2n0 (с) +200 (d) t n3 
(4 ) sin (90° — Ө) csc (180° – 0) = >een (in the simplest form) 

(a) — 1 (Ъ) 1 (с) їап Ө (d) cot Ө 
(5) If sin A+ sin B = 2 » then evesen 

(a) cos A+ cos B = 0 (b) cos A—cos B= 1 

(c) sin A— sin В = 1 (d) sin (A + B) 2-1 


( 6) If A ABC is a right angled-triangle and the lengths of its sides are :a sa+1 ›а-– 1 
where a > 1 „Шеп the measure of its greatest angle is approximately === 
(a) 36° 52 (b) 48° 18 (c) 53° 8 (d) 62? 42 

( 7 ) From a point on the ground surface 40 m. away from a tower base » the measure of 


elevation angle of the top of the tower is 72° » then the height of the tower to the nearest 


nete 15тен vid: 
(a) 120 (b) 121 (c) 122 (d) 123 
( 8) (sin? 40° + cos” AO) PTT 
(a) 1 (b) -1 (c) 5 (d) — 5 
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( 9 ) In the opposite figure : 
ABC is a right-angled triangle 
atA » AD LBC ; AD = sin? 0 
„Шеп ВС = ............... 
(a) sin Ө (b) tan Ө (C) cos 0 





(10) In the opposite figure : 
The angle of elevation of the top of a tower of length 50/3 m. 


“UIE LOS 


is measured from two points A and B on the same horizontal 





line as the tower base » their measures are 30° 5 60° respectively 


» then the distance between the two points equals эз: m. 

(a) 1004/3 (b) 5013 (c) 100 (d) 50 
(11) The expression : = EM in the simplest form is +--+...» 

In ra — 

(а) — tan? Ө (b) — cot? Ө (c) tan* Ө (d) cot? 0 

(12) If ese Ө — cot 0 = + , then csc Ө + cot 0 = --............. 
5 
_1 1 
(a) (b) 5 (od (d)1 
Age! ma, 


ul еттт din unit 3 





Choose the correct answer from those given : 
( 1 ) The perimeter of the circular sector whose area is 18 cm? and length of its arc 


Is 6 cm. equals ·--..-......... cm. 


(a) 18 (b) 12 (c) 9 (d) 15 


( 2 ) In the opposite figure : 





AC M REN cm. 
(a) 13.2 (b) 8.3 | 
(c) 3.7 (d) 5.9 е я 
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( 3) The general solution of the equation : cos (90° - 0) = 1 is 7 (where п EZ) 
(a) Un (b a «27n (c) 230 n (d) 6+ 27а 
(4) sin? Ө + cos? 0 + tan? 0 – sec? Ө = --------------: (in its simplest form) 
(a) 1 (b) – 1 (c) zero (d) 2 


(5) From a point on the ground surface 35 m. away from the base of a house » a man 
measures the elevation angle of the top of the house » its measure was 45° » then the 


height of the house is «777 m. 
(a) 45 (b) 35 (с) 25 (d) 55 
( 6) In the opposite figure : 


M and N are two distant circles » а, апа а, FA 
a 
EM. ^ 

are the areas of the two sectors and à, 7 5 © 





then Ө = зе 
(a) 72? (b) 80° (c) 90° (d) 100° 
( 7 ) The area of the circular sector » the measure of its central angle is 120? » in a circle of 
area 24 cm? equals +++: em? 
(a) 24 (b) 16 (c) 8 (d) 36 


( 8) The perimeter of a circular sector is 12 cm. and its area is 9 cm? » then the measure of its 


central angle Ге Зардал 


rad 


] ad (b) | ad (c) 5 (а) prad 


(а) > 
(9) If 25 sin 0 cos 8 = 12 > then cos Ө — sin Ө = -------:------: 


13 13 


(a) + wet (c) a (à) 4—- 


10) sin 8 4 cosO „............... 
( о seco 


(а) 1 (b) sin Ө + cos Ө (с) сѕс Ө ѕес Ө (а) tan Ө 
(11) I£ 0 € Jo 2X > 2 cos 9 +13 20 » then one of the values of 0 is +777 == e 
(a) 30* (b) 60° (c) 210* (d) 240* 


(12) If 0? < X < 360° » then the number of solutions of the equation : 
3 sin X = tan X is = T ' 


(а) 2 (b) 3 (c) 4 (d) 5 
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Choose the correct answer from those given : 


( 1) sin? 0 + cos? 0 + cot? 0 = — — 


(d) cot? Ө 


(d) 8 


(d) 120° 
where n EZ 


(дф e 2nm 








(a) sec” 0 (b) esc” 0 (c) tan? 0 
( 2 ) The area of the circular sector which the radius length of its circle is 4 cm. 
and the length of its arc is 6 cm. equals ·.-..-......... cm? 
(a) 24 (b) 12 (c) 10 
( 3) If sin Ө + cos 0 = 0 , where 0 < 0 < 180° » then GSren 
(a) 45° (b) 133? (c) 60? 
( 4 ) The general solution of the equation : cos Ө = 1 is eee. 
(a) n 2t (b) 2 n IU (©) Penn 
( 5 ) In the opposite figure : 
D € BC , AD- DB - DC =5 cm. 
:m (4 ADB) = 80? 
SAC = orem cm. 
(a) 10 sin 40° (b) 10 sin 50° (c) 5 sin 80? 


(6) If sec 6 — tan @ = 2 5 then sec Ө = .............. 
(a) 5 (b) 1 (c) 4 


( 7 ) In the opposite figure : 


The length of ВС =............... cm. 
(a) 5 (b) 6 4 
(033 (d) 3 


( 8 ) The number of solutions of the equation : 
cos? @—4cos@+4= О equals ·-.--.......... 


(a) zero (b) 1 (c) 2 
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(d) 5 sin 40? 


(d) 2 


(d) 3 


"Unc 
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( 9 ) The area of the circular segment whose central measure is 30^ and the radius length of its 









circle is 21/ 3 cm. equals зз cm? 

(a) 2+2 (b) zt -3 (c) +3 (4) 2-2 
(10) E О eR 

(а) 3 (b) 1 (c) 3 sin? Ө (d) sec” 0 
(11) In the opposite figure : 

The area of the shaded region | 

equals ss cm? $ 

(a) 8 7L (b) 16 7L 

(c) 4 7t (d) 27 “mes 
(12) In the opposite figure : 

The radius of circle M is 10 cm. 

» BC =AC »m (Z ACM) = 36° 

» then the area of the shaded region = cm? 

(a) 20 IU (b) 30 л 

(c) 40 IU (d) 50 Л 


till lesson 5 - unit 3 


Choose the correct answer from those given : 


( 1) If X is the side length of the equilateral triangle whose area is 943 cm? 


А then Х= ereere cm. 
(a)6 (b) 643 (c) 343 (d) 3 
( 2.) The radius length of the circle of the circular sector whose area is 45 cm? 
and the length of its arc is 10 cm. equals эзе с cm. 
(a) 4.5 (b) 3 (c) 9 (d) 6 
( 3) The area of the regular pentagon whose side length is 12 cm. 
equals ++: cm? (to the nearest cm?) 
(a) 131 (b) 991 (c) 50 (d) 248 
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( 4 ) The area of the convex quadrilateral whose diagonal lengths are 12 cm. » 8 cm. and the 
measure of the included angle between them is 30? equals зене em; 


(a) 48 (b) 108 (c) 24 (d) 96 
( 5) If@€[0 7 » then the value of Ө which makes the roots of the equation : 

X? + 2 X +2 cos Ө = 0 are equal is TII 

(a) 2 (b) £ ©) 2л dem __ 
( 6) In the opposite figure : 

М is a circle » MC = б cm. 

sm (Z AMB) = m (4 CMB) = 40? 

» then the area of the shaded region = ·-............. cm? 

(a) 4I (b) 5 3t (c) 6 7L (d) 7 7t 


( 7) If a - = 30? » then the numerical value of the expression : 
sin (3 a + 2 b) + sin (9 a + 8 b) = .-............. 








(a) 1 (b) 43 (c) zero (d) -1 
(8 ) In the opposite figure : 
The area of A ABC equals э. cm? 
(a) 24 С 
(b) 28 PNB 
(c) 32 | 
(d) 35 
( 9 ) The area of the circular segment whose chord length is 18 cm. » and the radius length of 
its circle 18 cm. approximately equals ·----......... cm? 
(a) 29 (b) 28 (c) 30 (d) 60 
(10) The general solution of the equation : cos Ө = 0 is --.---.-.-..... (where n CZ) 
(a) ttn (b) 27tn (c) + tn (d) A «2mm 
(11) In the opposite figure : D 8cm. A 
ABCD is a parallelogram 2 (150 p j 
it'S area = «ee cm? C B 
(a) 16 (b) 20 (c) 24 (d) 36 


(12) In the opposite figure : 
BD = бст. » the area of the figure ABCD = 241/3 cm? 


D A 


m (Z BEC) = 120° , then AC = ............... cm. 
(a) 12 (b) 14 C - B 
(c) 15 (d) 16 
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A. Third : | Accumulative quizzes on analytic geometry кеа! пә, 


оп lesson 1- unit 4 wy 


Choose the correct answer from those given : 
(1) On the Cartesian plane »if£ A(4»—3) » B (454) » C(-25- 1) and CD is 
equivalent to AB › then the point D is 7 


(а) (- 2 » 6) (b) (2 » — 6) (c) (0 » 7) (d) (0 » — 7) 





( 2) If ABCDEF is a regular hexagon whose centre (M) which of the following directed line 


segments are not equivalent ? 
(a) AB » FM (b) AB »ED (c) AB»MC (d) AB. MD 
( 3) A car covered 20 metres due north » then it covered the same distance due west » then the 
displacement of the car is v0 
(a) 40 metres due west. (b) 40 metres due western north. 
(c) 2012 metres due western north. (d) 2042 metres due western south. 
( 4) Which of the following is a vector quantity ? 
(a) The time (b) The temperature 
(c) The displacement (d) The mass 


( 5) If a cyclist travels 12 km. due to the north » then travels 4 km. due to the south from the 


point he reaches » then the total distance covered by the cyclist during the whole journey 


— km. 
(a) 12 (b) 4 (c) 8 (d) 16 
( 6) ABCD is a rectangle » if a particle moves from A to C then to D » then its 
displacement эзе 
(a) of magnitude AB in BA direction. (b) of magnitude AD in DA direction. 
(c) of magnitude AD in AD direction. (d) of magnitude DC in DC direction. 


( 7 ) ABCD is a square » its diagonals intersect at M. If X » Y are the midpoints of AB » BC 


respectively » then X Y is equivalent to «e 
(a) CM (b) AC (c) CA (d) AM 


(8) If the the point B is the i image of the point A (2 » 3) by reflection in the y-axis and C (1 »— 3) 
з AB i is equivalent to CD » then the coordinates of the point D 15 00e 


(а) (- 2 » 3) (b) (2 »— 3) (c) (-3 » 3) (d) © 3 »— 3) 
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till lesson 2 - unit 4 


Choose the correct answer from those given : 
(1)1f A = (6 5-8) s then |A |=... 


(a) 6 (b) 8 (c) 10 


(2) А=(3 »—2) > C=(-2 » К) are parallel » then k = --..----. 


(a) -2 (b) 3 (c) 4 


(3)IfA- C4 92) 5 B=G »— 5) then A+2B= "t 


(a) (2 »8) (b) (8 » 2) (c) (2 »- 8) 


(4) А = 6131-6; , then A in ће polar form = 
(a) (12 › 30°) 


(b) (12 › 150°) (c) (12 » 2109) 


(5) A = (3 T) „then 2 A = UT 


@) (653) (5 (64) о (3,2) 
(6)1f|-4A|- 5|IKAT s then k = o: 
4 5 
(а) +5 (b) +7 (c) +5 


(7)IfC=(51) » D=(-254) „еп [C+ iD]. 


(a) 25 (b) 7 (c) 5 
(8)IfA=(-152) › B=(57) » Cz (7,12 »thenC - 


(a)2 A-B (b) A+2B (c)2B-A 


(9) КА = (3,6) . B=(X-5,10) sand A В, then X= 
(a) – 20 


(b) – 18 (c) — 16 


(100£A-23i-4j; , B 
(a) 9 (b) 10 (c) ii 
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(d) 14 


TEPEE] 


-4 
(d) =4 
(d) (-2 58) 
(d) (12 › 330°) 
JU 
(4) (3 E ) 


(d) +4 


ваязаавшатте а 


» & hbGR RA ERR 


(d) — 15 


B-j.C-(5.X) , men [ANABI Els с. | 


(d) 12 
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(ШҤА=21-] » B=i+j » C=it3 jand A L(kB 4 C) епке 


(a) - 1 (b) 1 (c) 3 (d) 4 
(12) If A =—3 B еп. 

(a) - 3 A -B (b) A з В act in the same direction 

(c) AL B (А/В 


till lesson 3 – unit 4 





Choose the correct answer from those given : 

(1) If AB = CD where AB2 (654) > С= (C153) s then D = s l 
(a) (5 » 7) d GS 9-7) (c) (- 5 97) (d) (7 »7) 

( 2) The vector М = = 12} is expressed in the polar form а: — 


(a) M «(12 I) (b) M = (1242 F 


eov 








(c) M = (1242 > т) ( M=(1242 , > 


(3 ) In the opposite figure : 
ABCD is a parallelogram whose diagonals intersect at M D A 


» then each of the following expresses AC except eee 


(a) AB + BD (b) 2 AM 

(c) AD + DC (d) BC DC C B 
(4) In AABC ; if D is the midpoint of BC 

then A ACA ee 

(a) BC (b) DA (с)2 РА (d) CB 
(5) If A ; B are two non-zero vectors » and |А+В|= |А-В| , еп «ee 

(a) A=-B (b A=B (c) А/В (d)A.LB 


( 6 ) The measure of the angle between the two vectors КЧ Гү 3i „ Bai +43 j 


(a) 45° (b) 30° (c) 60° (d) 15° 
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= 
t 


(7) АВ _ ВА = —m 
(a) Zero (b) 2 AB (c) 2 BA (d) О 
(8)IfA=20i-15j » B=7i+24jandM=A+B › N=A-B ,then сс 
(a) MIN (b) M.LN (© M=N а 1м |= 1 
(9 ) In the opposite figure : F E 
ABCDEF is a regular hexagon 
, then (AB- CB) + AF + DE- " А Р 
(а) ЕЕ (b) AE 
(c) AD (d) AC Mti 
(10) In the opposite figure : " : m 
ABCD is a rectangle › E is the midpoint of AD 
hen Bb EA = TC nein 
(a) EB (b) BE B 
(c) EC (d) CE 
(1) f3A+B=(5 5-2) » AB=(—3 510) > then A =... 
(а) (2 »- 1) (b) C1 »2) (c) (2 » - 3) (d) C 2 $3) 
(12) fA (k »2) » B(1;- 1) andl| ABI 2 5 s then k = ees 
(a) 5 (b) – 3 (c) 5 ог – З (а) 15 
ка! "тәл, 


till lesson 4 – unit 4 ic EA ) 





Choose the correct answer from those given : 


(1) If F, = 2i – 5 j 9 F, - +2 j affect on one point » then the magnitude of the resultant 


force = onn san newton. 

(a) 243 (b) 9 (с) 342 (d) 942 
(2) Ку, = 1206 › vy2-90e s then Vay = eee 

(a) 210 e (b) 30e (c) -30e (d) -210e 
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( 3) In the opposite figure : 


Quizzes 





ABC is a triangle » if D is the midpoint of BC 


; E is the midpoint of AD , then 


oe AE 
(a) 1 (b) 2 


(4) ЖА =(6,8) » B=@G22k) > A LB > then k = seis 


(a) 2 (b = 
( 5) In the opposite figure : 
OA = ОВ = бст. »m(Z О) = 120° 
» then | АВ | Soeren cm. 
(a) 6 
(с) 643 
( 6) In the opposite figure : 
ABCD is a rectangle 


E is the midpoint of CD 
» then AE + DE e- E iaa itn 
(a) AB (b) AC 


A 
С р В 
(c) 4 (d) - 4 
(c) =” (d) -2 
B 
(b) 12 wy 
(a) 612 
D E C 
A B 
(c) 2 AD (d) GA 


( 7 ) If the vector (A – 2 С) is equivalent to BA » then B is equivalent to vr 


(а) 2 А (b) C 


( 8 ) In the opposite figure : 


| А | = 4 length unit » then A meses 


(a) (2.213) 
(6) (213 »2) 
о (4 3) 
à (үз »2) 


(c) 2 BC (d)2C 





(9) If the forces F; = (8 2,2 m) , F,=ai+3j : F, =—5i+(b +2) j act at one 


point and the system is in equilibrium » then 


(a) 13 (b) — 13 


mo. cm ba аана а ORE 


a 
а = 
(с) 1 (d) – 1 
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(10) In the opposite figure : 
If F, = E; = 3 newton › then the resultant 
of the two forces F, and F, is В =........... es 
(а) (3 » 180°) 
(b) (6 » 180°) 
(c) (3 » 90°) 
(d) (6 » 90?) 





(11) In the opposite figure : 
ABCD is a square › AY « XY = k XC 





„Шеп k = sss 
(a) 1 (b) 2 
(c) 3 (d) 4 

(12) If A ; B are two unit vectors »then «s 
(a) lA + B | 22 (b) lA-Bl22 
() | A « Blz2 ( | A + Bl «2 





Choose the correct answer from those given : 





(1) If OC = (12 ND ) is the position vector of the point C with respect to the origin point O 


» then the мер Т 

(а) (6 ›6) (b) (6 ,6үз) c) (64356) (6435-6) 
(2)IFA(7 55) > С(5,-2) ,ћепАВ+ВС-=............... 

(a) (12 » 3) (b) (- 2 »- 7) (c) (2 »7) (d) (7,—2) 
( 3) If C (4 › 6) is the midpoint of AB where B (2 58) »thenA = ooo. 

(a) (6 » 4) (b) (6 » 14) (с) (3 97) (9) (2 »—2) 
(4)IFA=(k +5) › B= 20516) , ALB othen ka e 

(а) =4 (b) 4 (c) 5 (d) —5 


32 








Quizzes 





( 5) In the opposite figure : 


ar TN S 
If (1,2) ›В (6,2) » XY // BC "ACT 5 
» then the coordinates of the point X is «++ 
(а) (2 » 4) (b) (4 »2) 


(c) (-2 34) (d) (— 4 92) 





( 6 ) The vector represents a uniform velocity 6 km/h. for a car moving due to the western 


(34214312 j (b) 342 i-342 j 
(с)-3]21+3{2 j (9) 672 1+67ү2 j 
(7 ) All the following are unit vectors except «+ 
(а) (1 +0) (b) (0 » — 1) (c) (0.6 » 0.8) (d) (1 » 1) 
(8)IfECCABand AB24BC › A(-154) » B (354) » the coordinates of C is =e 
(a) (0 » 4) (b) (4 » 2) (c) 4 » 0) (d) (2 »4) 
( 9 ) The ratio of division that the X-axis divides the line segment AB where 


A(Q55) » B(75-2)is e 
(а) 5:2 (b) 2:3 (c)3:2 (d)2:5 
(10) In ЛАВС,А (3 , 5) » B(7 210) › C(2 53) » then the coordinates of the point of 


intersection of its medians 15 oe 


(a) (4 » 6) (b) (6 » 4) (c) (6 » 9) (d) (9 » 6) 

(11) In the given figure : A 
If 4 AC 23 AB : then the coordinates 
of the point B is + С (D DAS b 
(a) (- 5 » 14) (0) (- 4 » 16) 
(с) (3 » 20) (d) (- 2,2) 


(12) If the position vector A- (43 ә 1) is rotated around the origin by an angle of measure 


45° clockwise » then the polar form of the vector A after rotation is «+ 


(a) (2 » 30°) (b) (2 » 315?) (c) (2 » 345?) (d) (2 » 15?) 
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Choose the correct answer from those given : 


( 1 ) The equation of the straight line passing through (2 » — 3) and is parallel to X-axis 


(a) X 5-0 (b) y £320 (с) X-320 (d)y-3=0 


( 2 ) The vector equation of the straight line: 4 X +3 y= 12 is ---......-..... 


(a)r=(—4 56) +k (4 53) (b) r= (6, 4) +k (3 54) 
(c) T (6 »—4) +k (3 94) (d)r-(6.—4)4k(-3 »- 4) 
( 3) In the opposite figure : 
All the following express AE except «m E D 
(a) AC + CD + DE X 
(b) AB + BD + ED 
(c) AD + DE ia 
(0) AB + BC+ CD + DE mu 


( 4) If u= (2 »—3) is a direction vector of a straight line » then all the following vectors are 


direction vectors of the same straight line except the vector ·-:.::--.....-. 
(a) (- 2 3) (b) (—-2 »- 3) (c) (4 5-6) (а) (— 4 +6) 


( 5 ) If the point A (0 » 0) is the image of the point B (4 » 2) by reflection in the straight line L 


» then the equation of L is ·-:--.-----.... 
(a)X=2y (b)2X+y=5 (с) 2 Х-у= 5 (d) Х+у= 6 


( 6 ) The vector represents the displacement of а body covered distance 40 cm. due to eastern 


SOUTH 1% ssec: 
(а) 2012 1+ 20*[2 j (b) - 2042 i+ 2042 j 


34 





___ ______ ————————————— Quizzes 





(1)KAGs-5) » В(-1›5) › М(6›Ю) and AB // M » then k = es 
(a) — 15 (b) — 10 (c) - 5 (d) 5 
(8 ) The ratio by which the y-axis divides AB where A (2 95) » B(6 57) equals сезсе 
(а) 1 : 3 externally. (b) 3 : 1 internally. 
(c) 1 : 2 externally. (d) 3 : 2 internally. 
(9 ) In the opposite figure : 
The equation of the straight line OC is «eniin 


(а)у = Х 





(0) у= х 
()у= = x 
(дф у= тп Х 


пет, 


(10) The straight line : 6 X — 8 у = 48 makes with the coordinate axes a triangle 


its perimeter = ss length unit. 
(a) 48 (b) 24 (с) 12 (d) 8 


(11) The perpendicular direction vector on the straight line X=3+2k » у=4-К 


AG en 

(а) (2 »- 1) (b) (1 » 2) (с) (2,1) (d) (4 » — 2) | 
(12) The equation of one of the two straight lines bisecting the angle between the coordinate 

AXES 15 eee 

(a)y=2 (b) X=2y (с)уу=Х (d)y=4x 


eim 


till lesson 3 - unit 5 WIE 





Choose the correct answer from those given : 


( 1) The measure of the acute angle between the two straight lines rs (2 92) + k (1 » 1) and 
the straight line X = 0 equals чс 


(a) 45? (b) 30° (с) 135° (а) 60° 
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( 2 ) If the perpendicular direction vector on the straight line is n- (3 » 4) » then the slope of 


this straight line is ---............ 


a 4 3 кы 
(а) 43 (b) 3 (c) 4 (d) 4 
(3)IfABCDisa parallelogram » then BA + BC + DB = ............... 
(a) zero (b) Zero (c) AC (d) DB 


( 4 ) The measure of the angle between the two straight lines L,:X+2y+5=0 
»>L,:r=(1 »4)+k(1 >2) equals зе 


(a) zero (b) 45° (c) 90° (d) 135° 
(5)IfB (053) » C(3 50) andA lies in the third distance between B and C ; then the point 
Rl E | 


(а) (1 52) (b) (2 5 1) (c) (C1 »—2) (d) (-2 »— 1) 
(6)IfA=(m-1,2) » B=( ,— 4) and À // B then the value of m c " 
(a) E (b) zero (с) E (d) 1 


( 7 ) The measure of the angle between the two Straight lines Х= 1 » y=2 equals =- e 
(a) 30? (b) 45? (c) 90? (d) 180? 

( 8) The measure of the obtuse angle between the two straight lines y = (2 - 3 ) (X + 5) 
sy =(2+43 ) E ЛДЫ emiten 
(а) 150° (b) 60° (с) 135° (d) 120° 

( 9 ) The perpendicular to the straight linc r= (3 52)+k (1 з icy ) makes with the positive 


X-axis an angle of measure с. 


(a) 120° (b) 30° (c) 60° (d) 150° 
(10) Two cars A and B move in a straight line ; if Л = 301 , Vp = 50i 
» then Vap = «entere 1 
(a) 80 (b) 20 (c) — 20 (d) — 80 
(11) If the straight line : = 4 -> = | makes with the coordinate axes a triangle 5 its area = 9 
square units » then b =.......... 
(а) + 3 (b) – 3 (c) 6 (d) +6 


(12) The set of values of k which makes the measure of the acute angle between the two 


straight lines X +k y—8 = 0 А 2 X-y-5 = 0 equals is NE. I S iode 
(a) {3-4} œ {-3-4}  ofselb ws} 
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Quizzes 








Choose the correct answer from those given : 
(1) If (6 ›4) › (3 » m) are two direction vectors of two parallel straight lines 
» then m = +: 
(a) 4 (b) 3 (c) 2 (d) = 
( 2) The equation of the straight line passing through the two points (3 » 0) › (0 »— 2) 
y 


(a) +7 =0 (b) X +45 ()%-F=0 @%-7=! 


(a) 45° (b) 30° (c) 90° (d) 60° 
(4) The length of the perpendicular drawn from the point (1 » 1) on the straight line : 
X + y =0 equals --- length unit. 
(a) 2 (Б) 42 (c) 1 (d) zero 
(5)Intriangle ABC >B (355) > C(-35- 7) » DC BC such that 
the area of A ABD — E the area of A ABC »thenD = +--+ 
(a) (3 » 7) (b (3. »2) (005-0) @41,1) 
(6) If u= (3 »—4) is a direction vector of the straight line » then all the following are 
direction vectors in the same direction as the line except 7 
(а) (- 3 »4) (b) (9 » — 12) (c) (3 » 4) (d) (1.5 »- 2) 
( 7 ) The distance between the two straight lines 3 X — 4 y + 2020 » 3X-4y+10=0 


equals +--+ length unit. 
(a) 2 (b) 3 (c) 4 (d) 5 
( 8) The length of the perpendicular drawn from the point (— 1 » 4) to the y-axis equals 
— length unit. 
(a) 7 (b) – 1 (c) J (9) 4 
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Analytic Geometry 


(9 ) ABCD is a square » A (2 » — 3) , the equation of CD 3 Х-4у+2 = 0 then the area of 


the square ABCD = ............... square units. 
(a) 4 (b) 9 (c) 16 (d) 25 
(10) The measure of the angle between the two vectors A = 27 +43 q : B =— 4i 
Ва cuente 
(a) 45? (b) 60? (c) 120? (d) 150? 
(11) AB + BC + CD + DA —.............. 
(a) CD (b) BD (c) O (d) CB 
(12) The length of the perpendicular drawn from the origion to the straight line 
r= (5 50) +k (4 » 3) equals сз: length units. 
(a) 15 (b) 5 (c) 3 (d) 4 


«S ma, 


till lesson 5 - unit 5 M12 7 | | 





Choose the correct answer from those given : 
( 1 ) The measure of the acute angle between the two straight lines : 


X-3y+5=0 » X-«*2y-7z0equals ·--............ 


(a) 60° (b) 30° (c) 45° (d) 75° 

( 2 ) The length of the perpendicular drawn from the origin on the straight line : 
r - (10 50) +k (4 53) equals v.. length units. 
(a) 15 (b) 5 (c) 6 (d) 4 


( 3 ) The equation of the straight line passing through the origin and the intersection point of 


the two straight lines: X21 , y 221S ee 

(a) Х-у=0 (b X-2yz0 (02X-yz0 (422 Х+у=0 
(4 ) In the opposite figure : DADE teste 

(a) AB + AC 

(b) AB + BD Fi / 

(c)2 AB+2CD | à 

(d) ВА + СА Z. 
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_ = | Quizzes 


( 5) Which of the following points lies on the straight line r- (2,1) *k(15-3)? 
-5 -3 1 3 1 -7 
(a) (3 »-2) o) (=3 4) с) (F yo (a) (52,2) 


(6 ) The straight line : + + i — 1 makes with the coordinate axes a triangle 


its area equals зс з square unit. 

(a) 4 (b) 7 (c) 14 (d) 28 
( 7 ) In the opposite figure : 

ABCD is a trapezium AD + BC =k YX 

» then the value of K = se where К EIR 

(a) —2 (b) -1 (с) 1 (2 © ч 





(8) If uj —(251) > m = (— 2 » 4) are direction vectors of two straight lines » then the 


measure of the angle between these two straight lines equals 6n 
(a) 45? (b) 60? (c) 90° (d) 180° 
( 9 ) The vector equation of the straight line passes through the intersection point of the two 


straight lines L, : X — 5-0 y L,:xXt+y= 13 and its direction vector (4 » 1) is 999999 


length units. 
(a) = (451) +k(5 98) (b r=(5 6) +k (491) 
(c) r= (558) * k (4 » D) (d) г= (5,8) +К(1 ›4) 
(10) If the two straight іпеѕ:у=5 Х+с » у=а X + dare parallel »thenaz 7 
(а) 5 (b) - 5 (c) - 4 (d) 4 
(11) The coordinates of the point lies at = the distance between А and В where AB is a line 
segment and A (3 »—2) » B(-1 53) 18 s 
(a) (1 93) w (7-4) (0435-0) (454) 
(12) The equation of the straight line passes through the intersection point of the two straight 
lines L, -X+2y-4=0 » L,=X-2y=0 and parallel to the X-axis | ee 


(а X=2 (b) y=1 (c) y 23 (d) y 22 
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> First : Final revision on algebra. 
. Final revision on trigonometry. 


Final revision on analytic geometry. 

















Matrices and determinants 


^ Order of the matrix р 





If the number of rows of ће matrix equals m and the number of its columns equals п 
» then the matrix is of order m x n 




















For example : A= |2 uj is of order 2 x 3 
ш es ә er pae 9 83429 
A Some special matrices _ 
— — — — The row matrix ——— — The column matrix 
Consists of one row and any number Consists of one column and any 
of columns » as : | number of rows » as: 
(1 2 з), (È -D 










— The square matrix — — The zero matrix O 
The number of its rows equals the All of its elements are zeroes » as : 











number of its columns › as : 0 | О О | 
Q 3 
0 0 
0 
The diagonal matrix —————-- — ———— The unit matrix I— 
It is a square matrix and all of its It is a diagonal matrix and all elements 
elements are zeroes except the of the main diagonal equal one » as : 
elements of its main diagonal » at least {1 0 
one of them is not equal to zero » as : | 1 0 | 0 1 0 
? 
1 0 0 
Жы. 5 T t 0 o 1 
» | O 0 0 
0 1 








Algebra ——— oo 





| \\Matrix transpose | 





The transpose of the matrix A is denoted by A' and it is the resulting matrix from 
replacing the rows by columns and the columns by rows. 





3 


» 5 
: С ;Jotena- ad 4 


For example : If A= | н 


| Notice that: (A5 = A 





If A is a square matrix »then : 


* Ais called a symmetric matrix if and only if A = A! 





* A is called a skew symmetric matrix if and only if A = — A! 


1 -2 5 
For example : A=\ —2 3 6 | is asymmetric matrix 
» 5 б 4 
re 
because: A' 2| -2 3 6 |zA 
0 -3 
),A-| 3 0 4  |isaskew symmetric matrix 
-2 -4 0 
0 3 -2 
because: A'=|-3 0 -4 |-.A 
(2 4 0 


| 1 | The equality of two matrices | 


_ The two matrices A and B are said to be equal if : 





e They have the same order. * Their corresponding elements are equal. 


The concept of equality of two matrices is used in solving some equations. 


For example : 


E ч 2 == -(? 2 `3) шеп x= 3 › у-Х=5 ›Шепу=8 
у-Х 1 —2 5 ] -2 
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To multiply a real number by a matrix » we multiply the real number by each element of 
the elements of the matrix. 


8 2 "| 


— A——O e es $$ = pM 
= 





\ Adding and subtracting matrices 


If A and B are two matrices of the same order m x n • then : 


өе A+B is a matrix of order m x n and each element in it is the sum of the two 
corresponding elements in A and B 


e A — B =A + (- B) is a matrix of order m x n and each element in it is the sum of 
the two corresponding elements in A and — B 


For example : If = 3 -2 К А в=|° -3 Е | Notice that 9— = 
=2 5 -4 —-1 2 -2 — 
A>B sA+B А – В 
Е -35 1 all of them are of 
3 


then A+B 2 3 EE eg -3 i) 
-2 5 -4 = 


D 
‚л-в=|? 9 ane 3 2 
-2 5 —4 ї e 3 


the same order 2 x 3 

















If A is a matrix of order m x Í and B is a matrix of order r x n »then : 
AB is possible if l =r (i.e. The number of columns of A = the number of rows of B) 


and the resulted matrix from the product is of order m x n 


3 2 
For example : tA =| ^ = Е > B=|~1 0 
3 ] #2 
4 5 
, then the number of columns of A = the number of rows of B = 3 


amm - 
-. AB is possible and of order 2 x 2 » where AB = | н 4 ET 
Е 4 


x bobo db Nr det Miri a н 
(3) (3) + (1) (1) + (2) (4) (3) (2) + (1) (0) + (2) (5) / \0 














Algebra 
|Remarks — 
e (A+B) =At+ В! 





• (AB)'=B'A! 





| Determinants ) 








elfAisa square matrix of order 2 x 2 where A = а а) » then : 



































" " а 855 
| i “49 
|А |= BS ай 822 — 951915 
251 225 
4 27 
For example : " ; - (4 x 6) - (2 x (—7)) = 24 + 14 = 38 
а а а! 
° If Ais a square matrix of order 3 x 3 where А = а а. а» |» еп: 
ат а, 835 
“aa | d ад а аз Әт а» 
ГА |= 4 9» yg | = Ay, _ рр ка,» 
ар а Aes аз а; a3; 3 43; а, 
2 3 =] 
For example:|-2 0 4|22(0x(3)-] x4)-3(2x(-3)-1x4)—C2x1- 1 x 0) 
| 1 -322(0.4)—3(6-4)- (2-0) 
| ——8—6422-—12 
Notice that 
It is possible to expand the determinant using the elements of any row or column by using 
£o — d 
theruleofsigns:|- + = 
+ = + 








* The value of the determinant of the triangular matrix = the product of the elements of 


its main diagonal. 








a See лар 
Bé. 0 Ayn gg | = Ay 855 44 
0 0 as, 
2 -] 5 
For eample 3 -2|22x3»*(-LD2-6 
UE i 
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a b 1 
the area of A XYZis|A|whereAz l|c d 1 
e f 1 








Notice that : If A=0 » then the points X » Y and Z are collinear. 


For example : If XYZ is a triangle where X=(1 52) » Ү= (3 »-4) and Z = (—2 »3) 





| 2 1 
» then A= + 3 —4  l|byusing the elements of the 3% column: you get : 
$3 1 





A= 4 [(9-8)-(3 +4) +(-4-6)]= 4 (1-7-10)=-8 


-. The area of A XYZ = |А |= |- 8 | = 8 square units. 








The multipl icative inverse of a 2 x 2 matrix 


IfA= | - b | » then the multiplicative inverse of the matrix A which is denoted 
c d 


by the symbol A^ 1 is defined (existed) when the determinant of A + 0 


where AA ! = A^ !lA-I 





For example : If A= | -2 A , then А7! is defined because A # 0 
3 -4 


—2 2 
where A= rire tna 


aa afe -b\_a(-4 -2)_(-2 -! 
U A\-c a] 214-3 —2 -3 al 
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Algebra 


Solving equations 





СЕМ Solving two simultaneous equations in two variables 





It is possible to solve the two simultaneous equations : 
aj X*b;yzce, » a,X+b,y=c, by using: 
Ө The determinants (Cramer's rule). Ө The multiplicative inverse of a matrix. 


o By using determinants (Cramer's rule) 











We find the values of the determinants : 























a b C b a C A A 
= А, = | ! " A, = ] l ‚Шеп X = —* 9 y= 
25 by ^ by dy 2 
2 —3 
For example : lf2X-3y=4 , 3X+4y=23 Hentai ‚3+9=1? 
3 4 
4 -3 4 | 
А, = = 16+ 69 = 85 , A, = = 46 – 12 = 34 
25 4 3 23 
A A 
а. cu DNE OO к em d es 
МЕ ege P d oncle acia 








e By using the multiplicative inverse of the matrix | 





We write the two equations in the form of the matrix equation : | à by | x | = | d | 
а b, 


і.е. in the form AX = C where A =( ы ч з х = X | and C -| 1 | 

a b, y 
„Шеп X = A~'C and from that we deduce the values of X and y 
For example : 12 X—3y 24 » 3X+4y=23 


th ља "E ye 57 алак. 4 
EERE a}? E72 -123 


2 Es 
"X2A!CwhereA-|A|- 2849-217 
3 4 | 
4 3 4 3\/4 
-1_ 1 _ 1 
Е -5[ | à aie >) 33) 
_{-Х-\——ү—{[-85-\—[—5 —- - 
(= G- 3 | ". Х= 5 апау = 2 
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To solve the equations : a, X + b} y +c; Z= d} ‚ aXt+b,y+c,z=d, 


anda, X + b, y + c3 Z = d; 


We find the values of the determinants : 


























aj b; C1 d, b, Cy 
A = а, b, C 9 Ax = d, b, A 
43 b, C4 d, b, C3 
a d Ct a, 0; d, 
a, d, C3 a, b, d, 
А А 
then x= Ey yay ae 
For example : 


f2X+3y-z=1 » 3X+5y+2z=8 » Х-2у-32=- 1 


























2 з æl 
A2|4 s 3l-2C1544)-3(09-2)* C1) C 6-5) 
Poe «3 
m- 432 Boy Tes 90 
1 8 wi 
А,=8 5 0 |=1(-15+4) -3 (24+ 2) + (-1) C 16 +5) 
md 2 ad 
-—11+66+11=66 
2 1 æl 
A,-|3 8 52596-2442) —16-9.—2) 4:31) G38) 
| i mx 
АДА ds 11 Hi 
2 3 1 
A=|3 5 g |=2(-5+16)-3 (- 3-8) +1(-6-5) 
{ -3 sl 
-22433-—11-244 
A A 
хоба 255.2221. 
x= og HS › у= e] 
A 
_ А, A44. 
== шн чер 
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Algebra 





Solving linear inequalities 
| k \ Solving first degree inequalities in two variables ) 


The boundary line L : 2 X + 3 y = 6 divides the plane into two halves S, and S, 

















2Х+3у>б6 isLUS, 





2X+3y<6 isLUS, 
Notice that : 


The boundary line L is represented 
by a solid line because the set of its 








Remeart — The following figures are the итү representation of the solution — 


© The solution set of the inequality : 


* The solution set of the inequality : 


points is a subset of the solution set. 


where S, US, U L = the set of points of the plane » апа: 


ү 





* The solution set of the inequality : 
2X+3y>6 155, 

* The solution set of the inequality : 
2X+3y<6 isS, 


Notice that : 


The boundary line L is represented 
by a dashed line because the set of its 
points. is not a subset of the solution set. 


sets of the given inequalities under each figure in IR x IR 


y 


і 
Ї 
І 
i 
| 
| 
| 
i 
| 


a 


| і 
d 
(1 
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Solving systems of linear inequalities graphically _ 
To find the graphical solution of two inequalities or more : 
o Determine the region of the solution of each inequality »as S, >S, > Dy See 


e Determine the common region between S, » $5 » 54 »...... 


by finding S, N S, (S, ..... » then it is the solution set of the given inequalities. 











Remark | - ————————————À 
We can describe each quadrant of the four quadrants of the orthogonal cartesian plane by 


using a system of linear inequalities as the following : 





y y 
x xX х` % 
y y 
First quadrant : Second quadrant : Third quadrant : Fourth quadrant : 
X>Osy>0 xX<Osy>0 xX<Osy<O X>Osy <0 


CED 


Solve the following system of linear inequalities in R x R graphically: Xs1 » X+y< 3 


L, : X= 1 is parallel to the y-axis and intersects 
the X-axis at (1 » 0) 

L, : X+ y = 3 intersects the two axes at (3 50) 
and (0 $3) 

The solution set of the inequality : 

X<1isS, where S, = L} U the 

half plane in which the point (0 » 0) lies 

; the solution set of the inequality: X + y < 31s S, 


where S, = the half plane in which the point (0 » 0) lies 





г. The solution set = S, ( S, and it is represented by 


the shaded region. 


(V: Y eod еа (Colla OW Lol, маіз! 49 














Algebra ee | —————n 
| ) 


Linear programming is one of the scientific methods that is used to give the best decision of 





Linear programming and optimization 








solving a problem that satisfies a certain object in view of some restrictions and available 


abilities and dependes on : 
QD Representing the system of inequalities that expresses the stipulations. 
e Determining the objective function : Р= X+ т y where { and m are constants. 


eb Substituting by the resulting points from the intersections of the boundary lines that 
represent the solution set of systems of the inequalities » then chossing the point that 


satisfies the required. 


For example : 

If the opposite figure represents 

the solution set of the system 

of the inequalities: Х> 0 ,yz0 
Х+2 у<8 апаз хХ+2у < 12 

» then to find the point (X » y) from 

the solution set that makes P maximum 


where P = 50 X +75 y » we find : 
Р] 50 (4) + 75 (0) = 200 





[P], = 50 (2) + 75 (3) = 325 
[Р = 50 (0) + 75 (4) = 300 
| [P]o = 50 0) +75 (0) 20 


'. The maximum value of the objective function is 325 at the point B (2 $43) 
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Second : Final Revision on Trigonometry 








If 64 and X? are the radian measure and the degree measure of 
a central angle in a circle of radius length r subtends an arc of 
length / „Шеп: 





Notice that 


To convert from the radian measure (6%) of the angle to the degree measure (Xx) and 
vice versa , we use the relation : 





2 180° 
X = 0 x ac a 
- < NEM (to convert from the radian measure to the degree measure) 
л 180 que „- s 
EUIS Т 180° 


(to convert from the degree measure to the radian measure) 


The trigonometric identities 


If the terminal side of the directed angle of measure 0 in the standard position intersects the 
unit circle at the point (X » у) » then : 


The relation between | 
Ө and - Ө 





| Reciprocals of the trigonometric 
й functions 


| 
— 
i 


nct. > esc Ө = ——— sin(-0)2-—sinO › cos (—8)=cos Ө 

| cos 0 sin Ө 
э — ш š "T жен ш {ап (-0) = – (ап Ө › csc (—0) =— csc Ө 

tan Ө sec Ө 





sec (-0)2secO › сої (-8)=-cotO 


| 1 | 
sin @=——— » їапӨ:—— 
cscO ^ ~“ cot Ө 
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 Pythagorian The relation between Ө 
| | identity p TO . | and (90° — 0) 
Бе SE | А ./ (90-0) 
е sin? Ө + соѕ20 = 1 | 7 d EN A * sin (90° — 0) = cos 0 
|. OSA X,Y) 
sin” Ө = 1 — cos? Ө х [ = 38 | | „Х 
> then А , \ M | cos (90° — Ө) = sin Ө | 
cos” Ө = | —sin* Ө | Г “а | 
1 (X,-Y) 





e 1] tan? Ө = sec? 0 


sec’ Ө — tan? 0 = 1 














` The relation between 








e tan (90° — 0) = cot O 














» then ; А tan 0 » sin Ө * csc (90° — 0) = sec Ө 
sec^0- 1-2tan^O0 | | | | | 
4 and cos Ө Үй | 
e cot? Ө + 1 = csc? Ө | tan Ө = Sin 9 * sec (90° — 0) =csc O 
> А соѕ Ө | 
csc” 0—cot^ Ө = 1 
» then А , А ө 205 6 * coL (90° — Ө) = tan Ө 
| csc“ 8 — 1 =cot* Ө | | in 0 | | 
| Remark - - - 
The relations between the 90 
trigonometric functions of the 2,9 | — 9f 
guae V 
related angles are identities › d ` 
sin and csc All the functions 
and we can remember them are positive are positive 
qo | 
from the opposite figure. 4 9 le : 
| 180 -—— - Te" 0 
For example : $ ) = 
| , tan and cot cos and sec 
к (90° + Ө) = соз Ө are positive are positive 
» tan (360? — Ө) = – tan Ө » ... each of them is D A. sut 
= а == Сх 
m () 19 | 
| a trigonometric identity. | е 
270 


à 
LI 
P == 


The general solution of the trigonometric equation 


If D is the smallest positive measure satisfying the equation » n € Z »then : 


| The general solution of the equation : cos Ө =a is Q=+ B+2 Nn 
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For example : 


If cos Ө = + (Positive) 


“. The smallest positive measure satisfying the equation 15 


B = 60° (first quadrant) 


'. The general solution is 0 = + T +2Лп 


The general solution of the equation : sin @ = а 


is @=P4+2Un,6=(T-P)+20n 


For example : 


If sin Ө = > (negative) 








Final Revision . 


-. The smallest positive measure satisfying the equation is В = 180° + 30° = 210° (third quadrant) 


2. The general solution is 0 = 


‚Ө=(л- Z л) +20n=- 


6 


1 
Л +2Лп 


14200 


The general solution of the equation : (ап Ө =a is0 - В+ Л п 





For example : 


If tan 0 2 — 1 (negative) 


.. The smallest positive measure satisfying the equation is 


B = 180° — 45? = 135? (Second quadrant) 


7. The general solution is 0 = i JU 7U n 





sin 0 2 0 
5ш Ө=1 
sin 0 =-1 
cos 8=0 
cos §= 1 
cos 0 - -1 


its general solution is : 
its general solution is : 
its general solution is : 
its general solution is : 
its general solution is : 


its general solution is : 


The general solution of : the trigonometric equations of the quadrantal angles | 


0-J7Un 
JU 
=7+270 
0 2 n 
0-37 +271 
JU 
— +J 
0 2 П 
Ө= 2 Лп 
Өө=Л+2Лп 
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Trigonometry . 
Remarks - == — ——— — — - ——— 
Q- 1 scos Ө< 1 and — 1 < sin Ө x 1 for all real values of Ө 


So » we find that the two equations : sin O =a » cos Ө = a don't have solution in R 


‚аб [-1 51] 
e» To find the general solution of the trigonometric equation in the form : 


соѕӨ=а > sinO@=a or tan@=a »onan interval follow the following steps : 


(1) Let В be the measure of the acute angle which satisfies the equation : -- 


соѕӨ = |а| » sin@=|al or їапө= |а| 90 
(2) Determine the quadrant іп which the angle lies according 
sino Cse СААП functions 
| to the sign of a "Look to the opposite figure" : tula 5 
180 ———————+= () 
(3) Find the values of the angle Ө where : (180«B) | (366-B=-B) 
А И и ; COS з Sec 
e If Ө lies in the first quadrant » then Ө = В быз. Чы Уй 
* If 0 lies in the second quadrant » then Ө = 180? — B 
270 


* If 0 lies in the third quadrant › then Ө = 180° + В 
e [f 0 lies in the fourth quadrant » then 0 = 360° — B 


Solving the right-angled triangle 


Solving the right-angied triangle is evaluating the unknown measures of its s i and l the n 
unknown lengths of its sides. m 











To solve the right-angled triangle , we use — ) 














* Pythagoras' theorem : 
(АС)? = (AB)? + (ВС)? 


* Trigonometric ratios : 
| 





Opposite AB Adjacent вс Opposite AB 


Hypotenuse | ~ AC ^. SOS. Uis Hypotenuse “АС” Hnos Adjacent. BC 











sin Ө = 
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Angles of elevation and angles of depression 


= 


{ | Angle of elevation | 


If a person looked from the 
point A to an object at the 
point B above his horizontal 
sight » then the included 
angle between the horizontal 













ray AC and the seeing ray 
to above AB is called the 
elevation angle of B with 
respect to A 


i.e. / CAB is the elevation 
angle of B with respect to A 





Notice that 


| Angle of depression | 


If a person looked from the 
point B to an object at the 
point À down his horizontal 
sight » then the included 
angle between the horizontal 
ray BD and the seeing ray 
to down BA is called the 
depression angle of A with 
respect to B 


i.e. /. DBA is the depression 
angle of A with respect to B 





The measure of the elevation angle of B with respect to A = the measure of the depression 


angle of A with respect to B 
i.e. m (Z САВ) =m (Z ABD) 


Areas of some geometric figures 


e The area of the triangle — > length of the base x height 










Í 
z AB x CD 


e The area of the triangle = 4 the product of the lengths 
of two sides x sine of the included angle between them 


= 5 AB x AC x sin 


e The area of the triangle =f S (SC AB)(S - BC)(S-AC) 


where S equals half of the perimeter of the triangle ABC 


г И 3 2 оом A 
Notice that : The area of the equilateral triangle = E l where l is its side length. 


Дм, 
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Trigonometry  ... _ у ————————== 


В Quadrilateral ) 











1 
2 
of its diagonals x sine of the included angle between them 


= + AC x BD x sin Ө 


* The area of the quadrilateral = — product of the lengths 




















* The area of the rectangle = length x width = BC x AB 








* The area of the rectangle = $ the square of its diagonal length 


x sine of the included angle between the two diagonals 








C =? = + (AC)? x sin Ө 
* The area of the rhombus = i the product of its diagonal 
lengths 
= i AC x BD 














| • The area of the square = the square of its side length = ( АВ) 


| 


• The area of the square = 4 the square of its diagonal length 























Regular polygon ) 
e It is a polygon in which all interior angles 

are equal in measure and all sides are equal in length. 

| * The area of the regular polygon in which the number 


of its sides is n sides and the length 


of its side is X — n n X? cot 20 


Notice that 
h The measure of vertex angle of a regular polygon in which the number of its sides is 


(n — 2) x 180? 
n 





n sides = 


€» We can divide the regular polygon in which the number of its sides is n sides into 
a number n of the congruent isosceles triangles and the measure of the vertex 
angle of each of them = — 
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The circle and its parts (circular sector and circular segment) 


The area of the circle = 7 r2 















where r is its radius length 


| Notice that : 


The circumference of the circle = 2 Лт 


The circular sector 


The area of the circular sector = 4 fr 


— 1 grad 2 - X x Tre 
75 = ——-; 


Notice that : 


• Х and 64 are the degree measure and the 
radian measure of the angle of the sector. 















• The perimeter of the sector = 2 r + { 








The area of the circular segment = i r? (9!*d _ sin Ө) 


Notice that : 


„МС L AB › then the length of CD is 
the height of the circular segment. 


• The perimeter of the circular segment 
= the length of its arc + the length of its chord. 


(A: Y eom] OS | (rua) OW ceu; ука} 97 





Мы, Vectors 


\ The directed line segment ) 





It is a line segment which has a starting point » an ending point and a direction from the 
starting point to the ending point. 


* AB = ВА (because they are different in the direction) but AB-- BA 
• The norm of AB is denoted by | АВ | = the length of AB " 
|e | ABI 1ВА | 


—“ Equivalent two directed line segments | —— 





AB is equivalent to CD (AB E CD) 
If the following two conditions verified : 


© | a81-Icpl 


€» AB and CD have the same direction. 


AB=-DC 
If the following two conditions verified : 


Ө aBI-IpcI 


e AB and DC are in opposite directions. | 
| Notice that 














AB and CD can not be in the same direction or in opposite directions unless one 
straight line carries them or two parallel straight lines. 


_ |Remember the position vector ) 


The position vector of a given point A with respect to the origin point 


Is the directed line segment OA and it is denoted by the symbol A 





y 


* If OA is the position vector of the point A (X » y) » then : 
e| A | = the length of OA = = 
e If | А | = | (the unit) » then A is called the unit vector. 


ei (1 +0) and j = (0 » 1) are the fundamental unit 


vectors in the two coordinates axes. 
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а 















е O= (0 0) is the zero vector and it has no direction and sometimes denoted by the 
symbol О 

e Jf OA is the position vector of the point A (X » y) and 0 is the measure of the positive angle 
which OA makes with the positive direction of X-axis » then there are three forms for A: 


Ð Cartesian form | Ө Polar form | | @ in terms of i ana ĵ | 
Re |М || eren _ 









Notice that 


• х= |А | соѕ Ө > then cos Ө = 


| Example 


Write the vector A = (3 : Ao) in the polar form. 


— 3 
[A 1-49 +3 =27з ПРОРОКЕ ТОИ ИЦ ПИГ 
du ГАЇ cs 2 
—— = —— =— <0 7. Ө lies in the fourth quadrant. 


IAI 25 2 


г. Ө = 360° — 30° = 330° SA = Q3 » 330°) 


WR. ey - | Alsino oO S ER AR 
[А | [А | 


ssin Ө = 


| Example 





| Write in terms of the fundamental unit vectors A- (10 5 135° ) 


си х= [А | cos Ө = 10 cos 135° -— 542 5 y =| A l sin Ө = 10 sin 135° = 542 


„А = (52,542) 5А =-5№2 i+542 j 


e If B (X, »y,) and C (X, »у,) » then the position vector OA 


y, (Х,У) 


which is equivalent to the vector BC is getten from the relation : 
OA = BC - OC - OB 
іе. А = (X5»y) - (X4 sy 0 = 0G - X1 *ya7y)) 
For example : 
If B-(3»1) апас = (2 55) » then: 
BC =C-B=(2 55)-(3 91) =(1 +4) 





i.e. The equivalent position vector to BC = (— 1 54) 
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ausum Operations on vectors 








Multiplying a vector by a real number E 


ÉfA-(X.y ER? , kER 


» then : N 
| —À- X. 

kKA=k(X sy)=(kX sky) 

Notice that 





Oi ava 





F^ k 20 {then )— A and К A have the same direction 
| and K == 


І k <0 (еп )—> А апак А are in opposite directions 


Ohi Kell XI 








Geometrically |. "— 


А (C D A A 
C B ^ H C D B ( B 
AB+BC-AC | AB+A@=AD | AB«AC-2AD | AB-AC-CB 





For any two vectors A = (X , » y у) and B- (X» »у,) 


Notice that 

„А+В=В+А -(-А+В-)+С=АЖ(ЮВ+С)=А+В+С 
eA+(-A)=0 * AO ДА 

elfA+B=A+C sthen B=C «A-B-A«(-B) 
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Parallel and perpendicular vectors _ 





. For any two non zero vectors A= ВЕРЕ j^ Y,) and B= (X, »у,) 





А/В ALB 5 
Ms if : К | Ж 
The slope of A The slope of A x 
= the slope of B the slope of Bai 
RAP? jp, и. esee d 
X; X X, X; 


Le| X, y 1У2- Xy, =0| | і.е. X, X, y, у, = 0 





апа vice versa. 


Applications on vectors 


Geometric applications - 








e To prove that the e points A > A » B and C are collinear using vectors » 
we prove that : AB =k AC where k is constant. 
e To prove that the quadrilateral ABCD in which AC (1) BD= 1M} is a parallelogram 
using vectors » we prove that : 
The two diagonals bisect each other 
i.e. We prove that : AM = МС, BM = MD 
or two opposite sides ar are parallel and and equal 1 in length 
i.e. We prove that : AB = DC or AD = BC 
Q To prove that the quadrilateral is a rectangle » rhombus or square » then we should 
prove first that the quadrilateral is a parallelogram as previous » then : 


e To prove that the parallelogram is a rectangle » we prove one of the following 


properties : 
(1) Two adjacent sides are perpendicular. For example : AB L BC 
(2) The two diagonals are equal in length. For example : | АС | == | Вр | 
e To prove that the parallelogram is a rhombus » we prove one of the following 
properties : 
(1) Two adjacent sides are equal in length. For example : | AB AB | - = =| BC BC | 
(2) The two diagonals are perpendicular. For example: AC LBD 


° To prove that the parallelogram is a square » we prove one of the properties of 
the rectangle and one of the properties of the rhombus together. 
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| l Physical | applications. ) 


The: resultant force F ceF | —— ——— | ——є—є—————_ 














| The resultant force of some forces acting on an object are subjected to the operation of 
adding vectors. Р 


=> ———]1-——— 
+ F,+F,+-- 3 F 


~ an 


i.e. The resultant force F= F; 


| For example : 


If we considered the unit vector e in the direction of body motion „Шеп in the case оѓ: 

















| 
| 


|——— Body motion on a rough plane — — - The vertical motion — — — — 
m; The resultant (Resistance force) E DU 
(Friction force) +» (Impetus force) Е ~ В =30 кемі fet ac = | шш 
K=3 newton l,—5 newton force F = 50e A |. | : ~ 
TERR RRR + (30 е) = 20е 
The resultant force F = 5 е + (-3)ez2e Le. | 
I. == 
Le. • Magnitude of the g 
e Magnitude of the resultant = 2 newtons. resultant = 20 kg.wt W530 ke-wt | 


e Direction of the resultant is in the direction 
of body motion. 


* Direction of the resultant ^ (Weight force) 
is in the direction of weight body. 

















н | The relative velocity | S$ ——_ . —— 














If the actual velocity of the body A = У, and the actual velocity of the body В = V, „Шеп: 
| The relative velocity of the body B with respect to the body А = V ga апа: 


ve Vs- У, 3 Von =V,-V, 
For example : 


If we considered the unit vector e in the direction of the motion of the car A › the velocity 
of the car A = 80 km/h. and the velocity of the car B = 60 km/h. 





* [f the two cars A and B move in the same direction » 80e S oz 
then V,, 260e-80e--20e 


i.e. 
The driver of the car A feels that the car B retreats 
with velocity 20 km Л. 





° [f the two cars A and B move in opposite directions » 





MM MÀ —— 


then Vg, 2-606 80е= – 10e 80e T O 
| = мм 
I.e rp а, 

| = AIN D» — ih DO. 
The driver of the car A feels that the car B moves in = Fai 7 





| the opposite of its direction with velocity 140 km./h. 
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— — —[|Tnternally division | — — — —  ['Externally division | — 


Final Revision 













m ç 
pc Oe 
7 B (Х,У) 
(X3) а (X) (х) 
IfC EAB If C C AB ,C& AB 
» then C divides AB internally. EN E then C divides AB externally. 





— 


where r » r, and r, are the position vectors OC » OA and OB 


for the points C » A and B respectively. 


І m,X,+m,X, m +m 
e The cartesian form : le у) = (1272 T - 1—25) 
1 2 1 2 | 


Remarks .— —— ———— — wm, 
@ In the case of internally division » the two values m, and m, are positive. 
sa Mg 
і.е. — > 0 
"T 
e In the case of externally division » one of the two values m, and m, is positive and the 
other is negative. 
m 
ie. — <0 
m 


1 =. нейз. 





— ~ tr 
ЄЎ If C is the midpoint of AB > then r = | 2 : (the vector form) 


X, +X. Vit Vo 
(x pst 2 9 ) ) 








(the cartesian form) 


The slope of the straight line 


| If the straight line L passes through the two points (X , »y |) and (X, » y) 
yo yi 
X= Х, 





» then its slope (m) = 
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Analytic Geometry _ 


For example : 

The straight line which passes through the two points (1 » 3) and (4 » 2) 
. 2-3 —1 
its slope (m) = —— = — 

"— I" 


| If @ is the measure of the positive angle which the straight line L makes with the 






positive direction of X-axis » then its slope (m) = tan 0 








For example : 
If the straight line L makes a positive angle of measure 135? with the positive direction of 
X-axis » then its slope (m) = tan 135? = – 1 


| If u = (а » b) is a direction vector of the straight line L ; then its slope (m) = 2 
For example : 
If u = (2 »— 3) is a direction vector of the straight line L ; then its slope (m) = > 


aX+by+c=0 > then its slope (m) = = 


If the equation of the straight line L is in the form : | 
b 








For example : 
The straight line whose equation is 2 X — 3 y + 1 =O » its slope (m) = = = 2 





If the equation of the straight line L is in the form : y = b X +c » then its slope (m) = b | 








For example : 


The straight line whose equation is y = = X + ә » its slope (m) = = 


Remarks - — $m 


ee The slope of X-axis and the slope of any horizontal straight line (parallel to X-axis) are 
equal to zero. 


Ф The slope of y-axis and the slope of any vertical straight line (parallel to y-axis) are undefined. 


© If L, and L, are two straight lines of slopes m, and m, respectively » then : 
* L;/L,em,zm, 
i.c. The two parallel straight lincs have equal slopes and vice versa. 


(unless one of them is parallel to one of the two coordinate axes) 
| © If the slope of AB = the slope of BC , then the points A » B and C are collinear. 
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The direction vector of a straight line 


69 The straight line whose slope т = P » then its direction vector u = (b » a) 





For example : 


The straight line whose equation is 2xX-3y+5=0 sits slope (m) = a — = - 5 


» then its direction vector u = (3 » 2) 


© The straight line which passes through the two points 


C (X, »y D and D (X, »y 5) 
» then its direction vector u — CD-D- C= 6 -Xi5y5-Y)1) 








Remarks з ———_ 
Gp If the direction vector of the straight line L 1s u- a » b) » then the direction vector of the 


perpendicular straight line to the straight line L is N= (—b 5 a) or (b »— a) 
e The direction vector of any straight line parallel to X-axis i 1= (1 50) 


© The direction vector of any straight line parallel to y-axis j = (0 » 1) 


— —— —À 


The different forms of the equation of the straight line 


@ The different forms of the equation of the straight line which passes through the point A(X, »y i) 


and its direction vector u- (a » b) 


The vector | The parametric | The cartesian 
equation equations equation 
=i 


r=A+ku X=X,+ka 
і.е. sy=y,tkb 
| (X у) - (X, у) +К(а » b) 





eo The different forms of the equation of the straight line which passes through the two 
points P (X, » y ,) and N (X, ,у,) 
L.e. 


its direction vector u = N-P 2 (Х,- X4*y5-y4) 


(4: ё) Y ers | (leal) old Lek, ald] 65 
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. . |Thevector| |The parametric | — Tesi К 
equation equations atior 

r=P+k(N-P) X=X,+k(X,-X,) УУ ып 

] | X-X; Х›-Х, 

Le. (X sy)=(X, »yj) ly "yi *tk(y5- y) 





e The cartesian equation of the straight line whose slope 


is m and intercepts from y-axis a part of length | b | 
(i.e. intersects y-axis at the point (0, by) 
is y=mX+b 

€ The cartesian equation of the straight line which 


intersects X-axis at (a » 0) and y-axis at (0 » b) 





(i.e. intersects from the two axes 


two parts of lengths | a | and | b | ) 
X y 
s oa BR 
© If the two straight lines Lj : a, X + b} y+c,=OandL,: a,X+b,y+c, = 0 intersect 
at a point » then the general equation of any straight line passing through the point of 


intersection of L | and L , Other than L | and L А 
is а X+ Буу +e, +k (a, X+b, y+c,)= 0) 


Where К z 0 


Remarks ——___— —— 

26 The equation of the straight line aminel passes through the origin point O (0 , 0) is: 
• The vector equation is : r= =k u » Where u Is the direction vector of the straight line. 

| • The cartesian equation is : y = m X » where m is the slope of the straight line. 

E$ The straight line which is parallel to X-axis and passes through the point (X, »yi) 

e The vector equation is : r- (X, уу) +К(1 0) 
* The cartesian equation is : y = y 1 

EÈ The straight line which is parallel to y-axis and passes through the point (X, »y4) 
* The vector equation is : r = (X, »у у) * k(051) 

* The cartesian equation is : X = X; 
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The measure of the angle between two straight lines 


| Ө 15 the measure of the included angle between the two straight lines L , and L, whose 






Mm ,— My JU 
slopes are m , and m, »then tan Ө = | where ac [0 ; =| 
2 


1+m,m 





With noticing the following : 
@ If the tangent is positive » then we obtain an acute angle. 
e» If the tangent is zero » then the measure of the included angle = zero 
‚Шеп m , = m, and the two straight lines are parallel or coincident. 
e» If the tangent is undefined » then the measure of the included angle is 90° 
‚ еп m, m, = – 1 and the two straight lines are orthogonal (perpendicular). 


Ө The measure of ће obtuse angle = the measure of ће supplementary angle of ће acute ап gle. 


The length of the perpendicular from a point to a straight line 







e The length of the perpendicular (L) drawn from the point (X,Y) 
(X, » y4) to the straight line whose equation is : aX + by + с | 








= Q is determined by the relation : " 
| Aes ce eae eT er 
| The length of the perpendicular (L) = lax; tby;*el 

| EC i 


Remarks 


(D If the length of the perpendicular drawn from the point (X, » y) to the straight line 
aX + by + c = 0 equals zero » then the point lies on the straight line. 





e The length of the perpendicular drawn from the origin point (0 » 0) 

to the straight line : aX + by + с = 0 equals — ied. 
a^ + b^ 

e» The length of the perpendicular drawn from the point (X, » y) to X-axis = ly, | 





© The length of the perpendicular drawn from the point (X, » y) to y-axis = | X; | 


Ө If (X, »y,) and (X, » yj) are two points in the Cartesian plane which contains the 
straight line : aX + by + c = 0 and the two expressions aX, + by, +c and aX, + by, + 
c have the same sign » then the two points (X, » y4) and (X, » y5) are on the same side 
of the straight line » and if they have different signs » then the two points are in two 
different sides of the straight line. 
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Fi School book examinations in algebra and trigonometry 


. School book examinations in analytic geometry 





Modet (È 


Answer the following questions : 


a Choose the correct answer from the given answers : 
( 1) The point which belongs to the solution set of the inequalities : 
X>2 s у>1 » X-«yz3iss 
(а) (2 » 1) (b) (1 » 2) (c) 3 »2) (d) (1 » 3) 
(2) If A is a matrix of order 1 x 3 » B' is a matrix of order 1 x 3 » then it is possible to 
carry out the operation «+ 


(a) А + В (b) Bt + А" (с) AB! (d) AB 
( 3) The solution set of the equations :2 Х-Зу=1 » 3X+2y=8 18 vc 
(а) 1 »2)} (b) 12» 0j (010253) (d) 1G 2] 


( 4) The perimeter of a circular sector is 10 cm. » and the length of its arc equals 2 cm. » 
then its area in square centimetres equals «s 


(a) 4 (b) 8 (c) 10 (d) 20 
( 5 ) The solution set of the equation : sin X + cos X = 0 where 180° < X < 360° 


(a) {210°} (b) {225°} (c) {240°} (d) {315°} 











F) [a] Solve the system of the following linear equations using matrices : 
2X-23yz4 , 3X+4y=23 
[b] Prove the identity : sin Ө sin (90° — Ө) tan Ө = 1 — cos” Ө 





E} [a] Find the area of the triangle whose vertices are (- 4 » 2) » (3 » 1) »(- 2 »5) using 
matrices. 


[b] Find the solution set of the equation : 2 sin X + 1 = 0 where X © jo .27[ 











X 0 0 
] Xx 
0 2 X 
[b] A boat was observed from the top of a lighthouse of height 50 metres » it was found 
that its depression angle is of measure 35°. Find the distance between the boat and the 


C [a] Find the values of X which satisfy the equation : = 3X 








top of the lighthouse. 














C [a] AB is a chord of length 8 cm. » is opposite to a central Tank of measure 60° 
Find to the nearest tenth the area of the minor circular segment whose chord is AB 
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[b] Determine the solution set of the following inequalities graphically in IR xR: 
X20 ; y20 , X+3ys7 , 3X+4y<s14 


» then find from the solution set the values of X » y which make the value of the 
function : P= 30 X + 50 y is greatest as possible. 


ПІ (2 


Answer the following questions : 
a Choose the correct answer from the given answers : 


(1) If A is a matrix of order 2 x 3 5 B' is a matrix of order 1 x 3 » then AB is a matrix of 
ОГАЕ оа 


(а) 3 x 3 (6) 3x1 (c)2 x1 (d) 1x2 
( 2 ) The point which belogns to the solution set of the inequalities : 

Х>0 » y20 › 2Х+у<4 › X«3y«6is ee 

(a) (1 »- 3) (b) (3 » 0) (c) (2 » 3) (d) (1 » 1) 


(3) 14/7 * | 10 os then Х = ............... 


(а) 2 (6) З (с) 4 (9) 5 
(4) 1+соёӨө= s in the simplest form. 
(a) sin? Ө (b) cos? Ө (c) sec* 0 (d) csc? Ө 





,» [a] Solve the system of the following linear equations using Cramar's rule : 
2X-3y=3 , Х+2у= 5 


[b] Prove the identity : сов ACA =] cos? X 


3 [a] Find the matrix A which satisfies the relation : 


Ax 2 2 = "i 
4 3 8 13 


[b] Find the general solution of the equation : cos ( Л _ ө) e > 





2 


Quies 4) > prove that : A*—5 A+ 221= 0 


[b] The measure of the central angle of a circular segment is 90? and the area of its surface 
is 56 cm? Find the length of its radius. 





FJ [a] From a point on the ground 50 metres distant from the base of a vertical pole » it is 
found that the measure of the elevation angle of the top of the pole is 19° 24 
Find to the nearest metre » the height of the pole from the ground. 


[b] Find the maximum value of the objective function : P = 2 X + y given that : 
Xz0 » y20 › 2X+3ys18 » -4X+y2-8 
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e, Second : | 


emma 
Answer the following questions : | 
{| Complete the following sentences : 
(1)]1À52i143j » B23i- Jsthen2 A - Be 
(2)fA-2C 25D) » С=(- 3 k) are parallel 5 then k = 
(3)fA2(-454) » B2(5.- 8 » CC AB where AC: CB-2:1 


(4) If the two lines L,:3X-2y+7=0 » L,:aX+3y+5=0are perpendicular 
s tlien d sesso rentes 
( 5) The vector equation of the line which passes through the point (2 » — 3) and its 


direction vector is (3 94) 518 esee 





Я 2111-8 А |= 5IKA | find the value of k 


[b] Find the length of the perpendicular drawn from the point (1 » 2) to the line whose 
equation is: 5 X—12y - 7z0 





3 [a] ABCD is a quadrilateral » E is the midpoint of AB > Fis the midpoint of CD 
Prove that : BC + AD = 2 EF 
[b] Find the equation of the line which passes through the point of intersection of the two 
lines whose equations are: 2 X+y=Sandr=(1 »0)+td › 1) 


and passes through the point (5 » 3) 





C) [al If the point C (2 » 5) divides AB by the ratio 4 : 1, where A (8 »3) 


» find the coordinates of the point B 


[b] Prove that the triangle whose vertices are the points Y (452) » X 355)» Z(-55-1) 
is a right-angled triangle at Y » then calculate the area of the circle which passes 


through its vertices. 





GPL, :3x«2y-720 » L,:2X-3y+4=0 find: 
( 1) The measure of the angle between L} » L, 


( 2) The vector equation of the line which passes through the point of intersection of the 
two lines L, » L, and the point (5 » 4) 
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Model (2 


Answer the following questions : 
п Complete the following sentences : 
(1) ЕА = (2,3) » B=(—152) then ABS e 
(2)fA-(45,2) » B-(1,-2) s thenlA- Bl» 
(3) КА = (3,4) » B=(6 5-8) «then the X-axis divides AB by the ratio ..————- 


(4) The measure of the angle between the two lines whose slopes are i ;—2 








Я [a] fk | 4 Al =||-3 A |, find the value of k 


[b] Find the equation of the line which passes through the point (-1 › 0) » and the point of 


intersection of the two lines whose equations are: 2 X-y+4=05,X+y+5=0 








аА = (3,4) > B=(55-1) » C=(2 5—2)are three vertices of the 
parallelogram ABCD ; find the coordinates of the fourth vertex D 


[b] Prove that the two lines : r= (054)+t(1 5-2) » 2X+y+2=Oare parallel 


» then find the shortest distance between them. 

















(3 [a] ША = (1,4) » В = (5-1) » find the coordinates of the point C which divides AB 
internally by the ratio 2 : 1 
[b] A circle whose centre is the origin point» prove that the two chords drawn in the circle 
whose equations are : 


3X+4y+10=Oand5 X- 12 y + 26 = 0 are equal in length. 





G ABCD is a trapezium in which AD // BC 
IfA(7>-1) » В(3,-1) » C51) » DG>y): 
( 1 ) Find the value of y 
( 2 ) Find the area of the trapezium ABCD 
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Answer the following questions : 
{ тАБ=з1+3] › BC=Fothen| AC) xeon 
(a) 6 (b) 342 (c) 1 





(d) 5 


2 | A cyclist covers 5 m. from a fixed point (О) due to the north » then 12 m. due to the east » 


then the total distance covered during the whole Journey =... m. 


(a) 13 (b) 12 (c)7 


E) In the opposite figure : 
D is the midpoint of BC 
» E is the midpoint AD 
Prove that : AB + AC =2 EB + 2 EC 











C From the top of a light house 80 metres high » the measure of the angle of depression of a 


fixed target on the see equals 80? , then the distance between the fixed target and the top 


of the light house equals ............... to nearest metre. 


(a) 78 (b) 79 (c) 80 (d) 81 

















tj The equation of the straight line which passes through the intersection point of the two 


lines X- 520 » y—3=0 and the origin point is ............... 








(а) 5 Х-Зу=0 (0) 5 Х+3Зу=0 (с) 3 Х-5у=0 (d3X45y-0 
2 4 | 
Окв = 3 » AB=I , then the matrix A = ©... 
ҮТ. 5 10 5 10 5 2 4 
(a) эз i | (b) з 1 (с) "den (d) E 
10 Ki 10 5 10 5 5 10 




















T The intercepted negative part of y-axis by the straight line : 2 X — 3 у-6= 0 


equals -aaa length unit. 


(b) 3 (c) 6 (d) 5 
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Gir A=(k>k+3) » В=(2К›5 К—3) » then one of the values of k which makes А/В 


(a) 3 (b) -3 (с)2 (d) — 2 





СОА -(5,2) » B2 Q5 and C 2 A-B » then the polar form for C is шш 


1 2 —1 
10 The value of "a" which makes | 3 а MESS 
—1 4 -2 








(a) 5 (b) -2 (c) 1 (d) 3 





Ш If the straight line which passes through the point M (2 » 3) and u is a direction vector to it 


where u = (- 1 » 2) » then the parametric equations of the line L are ............... 





























(a X22-k » y=-34+2k (b X22-k » y=3-2k 
(c)X=2+k » y=34+2k (DX-2-k » у=з+#7К 
Brra-(' ? 71) sthen 2." = 566 
4 27 6 
A 6 —2 4 4 4 8 2 8 
(a) (D|6 -7 (с)| 6 -14 (d|3 -14 
8 -14 12 2 6 -2 12 =f M 
13] If A= (5,25 > — T) » then the vector A in terms of the fundamental unit vectors 
equals — Ur 
57, 2143 = "B3 53 NI NM i 543 ~ 
(а) 51+—У—] (b) TIS (c) i+ 5 J (d) 51-5] 
IT] The simplest form of the expression dinge cos X tan X sin X cos CO d een 
sin X sec X 
(a) cot X (b) tan X (c) cos X (d) csc X 


15 The value of X which satisfies the equation : 5 sin X = 12 cos X where X € [0 57] 


П, ре cones (to the nearest second) 





(a) 157° 23 48 (b) 112°3712 (с) 22° 37 12 (а) 67° 22 48 


Г) AE is a median in A ABC » is the centroid of the triangle ABC » A (5 » 4) » М (7 ›8) 
5 then AE — жшт жа 


($7) (2,5) | 9059 (d) (1 »2) 
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(giu? DES : d—c=7 ,then| 3 *? b+ 2) _ "— iiis 
С d | € d 
(a) 5 (b) 14 (c) 9 (d) 19 
Т) Find the general solution for the equation : — an SX = — 1 
tan (90° + 4 X) 
| asnx 0 0 | 
(T) If 1 acosX 0 = а? cos? X + 8 9 then а = ·..-.-..-..... 
sec X cot X atan X 
(В (b) -2 (с) -8 (d) 2 


20 The point which belongs to the solution set of the inequalities X>2 » y<4 5 X-y< 


(a) (2 » 3) (b) (0 » 4) (c) (3 »3) (d) 3 +1) 





2 – 2 
Ge2x«[, 0 )=о » then the matrix X = -...-... 


-2 0-2) fad =I 2 2 МЕ 
e, ч e ч oft, " e. o) 


22 The measure of the angle between the two lines 
L :X+2y+5=0 , L :r=(1 54) +k (1 92) equals ............... 


(a) zero (b) 45° (c) 90° (d) 135° 


e The length of the perpendicular drawn from the origin to the straight line3 X — 4 y = 10 
equals ............... length unit. 


(a) ] (b) 2 (c) 3 (d) 4 


E The area of the circular segment where the measure of its central angle is 30? and the 
length of the radius of its circle is 2 13 ст. США sorriam 


(а) T 2 (b) t -3 (c) t +3 (4) 5—2 
25 The area of the convex quadrilateral whose diagonals lengths are 12 cm. » 13 cm. and 


cosine the included angle between them is n. EQUALS MANI 


(а) 30 (b) 72 (c) 60 (d) 144 
ЈЕВ (053) » C(3 +0) and A lies at third the distance from B to C > find the coordinates 
of the point A. 
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Я) Find the maximum value of the objective function P = 3 X + 4 y under constraints : 


X20 > y20 » Xt+ys3 › X-ysl 





28 The ratio in which the X-axis divides the directed line segment BA where 
А (3 2) » B(5»56)equals 


(а) 2: 5 internally. (6) 5:2 externally. (c) 1 : 3 internally. (d) 3 : 1 externally. 


——_ 


mira=(* 


ч ‚па Аё 
4 








30 In the opposite figure : 
Circle M » MC = бст. 


, m (Z AMB) = m (4 CMB) = 40? 





» then the area of the shaded part = зе ; 


(a) 4 JU (b) 5 Jt (c) 6 JU (d) 7 IU 





131! The shaded area іп the opposite figure represents the solution set 


of the inequalities у> 2 » X z 0 апа............... 
(а) Х+2у-650 
(b)X+2y+6<0 


(c)5X+2y-620 








(d)X+2y+620 

EP) In the opposite figure : 5 n 
ABCD is a trapezium » if AD + BC =k yx s x 
s then K = ee where k ER 

C B 

(a) – 2 (b)- 1 (c) 1 (d) 2 

Hv, =70е › Vp 2 — 20 e » then v y = онно e 
(a) – 90 (b) - 50 (c) 50 (d) 90 
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Answer the following questions : 


; -2 "T 
п If the slope of a straight line = у? then its direction vector is 


(a) (3 s- 2) (b) (—3 52) 


(c) (6 » — 4) (d) All the previous answers are correct. 


F3 It / and m are the two roots o 
| 42 2 | 
lm [^| 


m m 


» then value of 





(a) zero (b) 1 








EJ In the opposite figure : 


If the equation of the straight line AB is 


» then parametric equation 
(a) X344Kk 5 y=44 
(b)X=44+3k 5 у=4+ 
(c) X343k 5 y=44 
(d)X=4+4k 5 у=3 + 





of the straight line OC is 


3k 
4k 
4k 
3 k 


(1 If the measure of the elevation angle of the parachute from a 


lake level оор иь. еј т. 


(а) 120 (b) 60 


В The shaded region іп the oppo 


the S.S. of the inequalities 
(a)X>1sy>2 

(0) 1<X<3 5 2<y<4 
(c)isXs3 , 2<у<4 
(d)X+y23 5 X-ys7 
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f the equation: X^—3 X 41-20 


ваша нца вів яа й а 





point at 60 т. height above 
a lake level is 30° and measure of the depression angle of the reflexed image of the 
parachute in the lake from the same point is 60° 5 then height of the parachute from the 


site graph represents 
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(3) (sin? 5° + sin? 10° + sin? 15° + --- + sin® 90°) = 1e : 
(a) 14 (b) 85 (092 (d) 104 


7 if А =і+ 3} ‚ В=—101+ l iare two parallel vectors » then EE 


(a) — 30 (b) 6 (c) - 6 (d) 3 








(3 Length of the drawn perpendicular from the point (1 » 1) to the straight line : X + y =0 


equals e length unit. 


@) 12 (b) V2 (c) 242 (2 





a Measure of the acute angle between the straight line r = (2,2) + k (1 » 1) and the straight 
line X = 0 18 eee EEN 


(a) 45° (b) 30° (c) 135° (d) 60° 








A-0115] , B=71+24jadM=A+B > М= А-В, еп 
j j 
@)M//N (b) MLN (c)M=N ка MIsINI 





Ш General solution of the equation : 3 cot (4 — 0) -43 lS RR 
о) Холл ftn (c) e 23tn (à) S emn 


(P) In the opposite graph : 
A-(153) ›В = (555) 
„Шеп which of the 
following represent AB 






(a) (b) (c) (d) 


———Ó—— maamaa = 





13 If A is a symmetric matrix » then which of the following can be a rule to deduce the element 


of matrix A ? 


()a72i-j ^ (aii (c)a,; cid @а,=31+2) 
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14 If a zero matrix O its order 3 x 3 , then number of elements of the matrix =. ашыш: 


(а) zero (b) Ø (c) 3 (d) 9 


15 Find the maximum value of the objective function P=3 X + 2 y under conditions : 


X20 >» y20 5 2Xz<3y , 2y+Xs7 


| sin 50 608 58 | 
Dras cos 5 0 sin50| — mE 


(a) 1 (b)- 1 (c) 5 (d)- 5 


17 The area of a circular sector is 45 cm? and the length of the diameter of its circle is 


20 cm. » then perimeter of this circular sector equals ·---........... cm. 
(a) 20 (b) 19 (c) 39 (d) 49 
18) The area of the regular hexagon in which the length of its edge is 8 cm. equals з... cm? 


(a) 1243 (b) 2443 (c) 9643 (d) 14443 


In the opposite figure : 


m(ZC)z.--e to the nearest degree. 
(a) 30 (b) 35 
(c) 36 (d) 45 





20 All of the following are unit vectors except «es 


(a) (1 , 0) (b) (О a 1) (c) (1 9 1) (d) (0.6 > 0.8) 





Pi) In A ABC : AB- CB + AC - oo 
(a) AC (b) CA (c) 2 AC (d) 2 AB 


FF) The direction vector of the straight line whose parametric equations are Х+3 = 2 К,у= 5 
теннисе 


(а) (2 5 0) (b) (2 = 3) (c) (2 9 3) (d) (2 3 5) 


FEJITCC AB , 3 AB=5CB > then С divides BA by the ratio с... 
(а) 2:3 (b) 3:2 (с)3:5 (d) 5:3 
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en The measure of the angle between the two straight lines З X25 » y=3 [S ee 


(a) 30° (b) 45° (c) 60° (d) 90° 


lf AB =2i+ j » B(3 5-1) » then the point of A is зс 











(a) (1 »—2) (b) (- 2 » 1) (с) (2 » 1) (d) (1 » 2) 
X 12) |2 1 
mu TL ibm 
(a) 2 (b) 5 (c) 6 (d) + 6 





@pirax(? vf) = athen As eee 








2 
si 3 a =i =i d 1-4 
b d 
ШЕ | of Е e А ө (3 1 
Dir A = — 2i- 21 » then the - form of A is 2 Bio 
JU 3 IT 
90724) (272,22) (с) (202,22) @ (212,47) 


MrA=3i-4j » B=j » C=(55% , find the value of : [А [+[В|+[С| 











30 Find the area of circular segment whose chord length is 18 cm. and the radius length of its 


circle is 18 cm. to the nearest cm? 





31 The solution set of the inequality: X+5<3X+1< 2X+2 IN IRS «e 


(a) IR - [1 » 2] (b) ]1 »2] (c) 2 (d) {1,2} 


— —————— ———X — —— — —— — os Ў _—“__ - 


32 Find the different forms of the equation of the straight line which passes through the point 


(1 5 3) and is perpendicular to the straight line : r = (2 » 5) +k C 2 » 1) 


EF) Find the area of the triangle whose vertices are AQ »4) » B(-254) » С(0›-2) 


1 
(NM ie) Y egi [6 | Gal) OW Shawl, wake 5 
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Answer the following questions : 
{В ABCD is a parallelogram : AC N BD = {М}, then AB + AD = азл 
(a) CA (b) BD (c) 2 MC (d) 2 DM 





|2 | If (a » b) belongs to the solution set of the inequality X + 2 y > 5 where a » b are integers › 
then the least value of the expression : 2a + 4b = ............... 
(a) 5 (b)- 5 (c) 10 (d) 6 


ty IfA(-251) » B253) , С(-2,– 4)are three points » then the measure of the acute 


angle between the two straight lines AB s BC is oan. 


(d) tan ! (57) (b) tan”! (4) (c) tan`’ (+) (9) tan"! E: 











п If ABCDEF is a regular hexagon whose geometrical centre (M) which of the following 
directed line segments are not equivalent ? 
(a) AB > FM (b) AB ; ED (c) АВ, MC (d) AB; MD 


С The matrix | ê е | has multiplicative inverse at ............... 
a 


(а) а= 6 (b)a=+6 
(c) a ER- {6} (d)a€mR- 16 ,— 6} 
MES x-20 o0 7 Е 
[3 Find the solution set of the equation | 3 х-3 О|= zero 
4 — 1 X 








—— —————————————— Áo _____ 


En The length of the perpendicular drawn from point (— 3 ; 5) to the X-axis equals ............... 
length unit. 


(a) 8 (b) 5 (c) 3 (d) 2 


[J If the area of the triangle whose vertices (k > 0) » (4 50) › (0 » 2) is 4 square unit 
> then k = ... em 


(a) zero ог — 8 (б)-4ог4 (с) zero or 8 (d)8or-8 
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(J In A ABC » if sin? A + cos” B = 1 » then A ABC is е ! 


(a) an equilateral triangle. (b) an isosceles triangle. 


(c) a scalene triangle. (d) a right-angled triangle. 


Т) If ABC is a right-angled triangle at B and AB > BC : the area of A ABC = 30 cm? 
„АВ + BC = 20 cm. » then m (Z A) & e 


(a) 77° 19 (b) 54° 37 (c) 26° 18` (d) 12° 41 
Ш In the opposite figure : 

If OB bisects Z AOC in a unit circle 

» then OA + OB + OC = а 

«2 OB (b) 2 OB 

(с) (424 1) OB (d)3 OB 








12 (1 A small factory produces metal furniture 20 cupboard weekly at most of two different 
kinds A and B. If the profit from kind “A” is 80 pounds » and the profit from kind B is 100 
pounds. The factory sells from kind A at least 3 times what it sells from the second kind. 


Find number of cupboard from each kind to satisfy the greatest possible profit to the factory. 





a 


b a+b+c+f 
Г) If| d e f lisaskew symmetric »then: —————— & eem 
d+X+yt+zZ 
x у *^ 
(a) 1 (b) zero (c) - 1 (d)e 
14 In the opposite figure : А 
If 4 AC = 3 AB » find the coordinates of the point В. 
C(4,-1) D (1,8) B 
15 Measure of the acute angle included between the two straight lines 
{зх-у=4 А у = З equals ЕТАН 
(а) 30° (b) 45° (c) 60° (d) 90° 
(TJ If csc Ө - cot 0 = 1 » then csc 0 + cot 8 2 «e 
E iL 
(a) 33 (b)5 (c) эз (d) 1 
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E) If EM = (4 39 4) › find the polar form of the vector EM 


01112 |=2|кА |, thenk=......... 





(а) 6 (b) + б (c) - 6 (d) 24 

119 ABCD is a square in which A (2 » — 3) and the equation of CD : 3 X—4 y - 2-0 > then 
the area of the square ABCD = .··......... square unit. 
(a) 4 (b) 9 (c) 16 (d) 25 
-— sin? Ө = I 
] + tan“ Ө 
(a) 3 (b) 1 (с) 3 sin? Ө (d) sec? 0 

21 The shaded part in the opposite figure represents Y 


the solution set of the inequalities : ............. 


(а) Х>3 5 y«2 — 77 ; 
(b Xz3 5 yz2 
(c) Х+1<4 5 y+1<3 | 2 


(d) X124 3 2yx4 





H)Ifxy2Q.3) , yz=(4 S then XZ = on 
(a) (6 > 8) (b (2 » 2) (с) (8 »8) (d) (4 53) 


— —— i —M e >->-> 


23 If the perimeter of a circular sector equals 10 cm. and the length of its arc equals 2 cm. , 








then its area = =-=- em? 


(a) 4 (b) 8 (c) 10 (d) 20 





24 The distance between the two parallel straight lines : г = (4 0) + k (4 › 3) 








‚аХ-8у+4 = 0 equals ·---.-....... length unit. 
(a) 20 (b) 0.2 (c) 28 (d) 2.8 
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25 The vector equation of the straight line which passes through the point (2 » — 3) and 
perpendicular to X-axis IS 57 
(аут =(2 »—3) *k( 30) (b) r = (3 92) +k (051) 


К rex uy o EO эй) (d)rz(-3.2)*k(051) 


(JIfA--10i«kj > B=i+3 jand ALB > then k= men 
10 3 








21! The solution set of the equation з tan Ө = 1 where 90? < Ө < 270? IS +: 





(a) {30°} (b) {150°} (c) {210°} (d) {240°} 
a^ ixi e j| > thon x= — 
1 3 5 3 
(a) 1 (b) 2 (c) 3 (d) 5 





ux-( 4 hen Lanë 
0 1 


1 lol AN 
e|! 7 (2 z of? i ШЕ r) 
0 1 0 1 0 mi 0 1 
| 


30 A plane 1000 metres high was observed by a person at an angle of elevation of measure 


40° , find the distance between the plane and the observer to the neanst metre. 


31 If u = (3 »— 4) is a direction vector for a straight line » then all of the following are 


direction vectors to the same straight line except the vector «s 


(a) (—3 ›4) (b) (9 » — 12) (c) (3 » 4) (d) (1.5 » — 2) 


| | = 


гл (х A 5 AxA !=A? ,thenXxy= FA "e 
y 2 


— 


(a) 3 (b) 2 (c) -2 (d) -3 
Hv, =25е › Va =- 10e > then Vyp m сезет e 
(a) 35 (b) – 35 (c) 15 (d) — 15 
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* Answer the following questions : 
ED If tan 8 23 , then sec? 0 =............... 
1 ау 9 
(а) 9 (b) 10 (c) 35 (d) 15 





PS Measure of the acute angle between the two straight lines: X23y » X+2y=0 


(a) 15? (b) 30? (c) 45? (d) 60° 


EJ Which of the following points lies on the straight line r- (—2 oT) *k(15-3) eee 


- = 4 аі -7 
(а) (52 ›-2) eC. єс) ($ 9-4) d (67,2) 
п If d = (3 » 4) is a direction vector of a straight line » then its slope equals -.............. 
3 а =4 =3. 
(а) 4 (b) $ Or (d) = 


GPrA=>2) , B=2i-jandif ALB , епк... еа 
(а) 1 (b) 1 (c) +1 (d) zero 


[3 In the opposite figure : 


The area of the shaded region =... ст? 
(a) 10 7t (b) 20 IU 
(c) 30 IU (d) 40 7t 





1 If the matrix A of order 3 x 2 and the matrix AB of order 3 x 1 » then matrix B 


Of order ............... 

(a)2 x1 (b)3x1 (c)3x3 (d)2 x3 
(J1A-G;-2 , B=(751) thenl A +2B||= -length unit. 

(a113 (b 542 (c) 11 (d) 17 
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С) Area of A ABC in which АВ =5сш. » AC-4cm. » m(ZA)= 60 


(a) 542 (b 543 (c) 5 (d) 10 


10) If position vector A= (73 з 1) rotates around origin with an angle of measure 45° 


anticlockwise » then the polar form of the vector A after rotation IS «e 


(a) (2 » 30°) (b) (2 » 45°) (c) (2 » 75°) (d) (4 » 75?) 





a If ABCD is a quadrilateral in which BC 23 AD ; prove that : AC + BD -4 AD 





12 To make system of equations : a, X + b y= › а, X+b,y=C, 


has unique solution » it must be ............... 
































(| 21 611-0 (b) % 9:59 (| Бо — (d) ^i P120 
az 2 ^ b, d» 5 “› b, 
13 The point which belongs to eso set of the inequalities : 
2Х+у<4 › Х+3у<615............... 
(а) 3-4) (b) 2 » D) (c) (1 »2) (d) G »- D) 





[Т) In the opposite figure : 
The objective function 
P= = X + у is minimum at which of the 
following points ? 

(a) (0 ; 4) (b) (0 » 5) 
(c) (2 » 1) (d) & »5) 








15 In the opposite figure : 
[А | = 4 cm. » then pc 


(a) (2 243) (b) (243 » 2) 
(с) (413) a) (43 »2) 
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16 If A > B are non-zero vectors and | A+B | = | А-В | s then ·---. 
(a) A = B (b) A and B are equivalent. 


(c) A and Bare parallel. (d) A and Bare perpendicular. 


17) A light pole of height 8 metres gives a shade on the ground of length 5 metres 5 then the 
measure of the the elevation angle of the sun at that moment to the nearest degree 
equals .............. 


(a) 32? (b) 51? (c) 39° (d) 58? 


18 The length of the perpendicular drawn from the origin to the straight line r = (5 »0) + k (4,3) 


equals ............... length unit. 


(a) 15 (b) 5 (c) 3 (d) 4 


IT) 2 sin 6 3 = 0 where 90° «0 < 270° , then 9 - 
(a) 60° (b) 120° (c) 240° (d) 300° 


20 The perpendicular direction vector on the straight line X=3+2k 5 у=4-К 


equals .....5::: 
(а) (2 » 10) (b) (1 » 2) (c) (2 51) (d) (4 5-2) 
4 MI n. mM m 
If -I.;th = Wives eA 
a 5 Je. M es 
(a) 1 (b) 2 (c) 3 (d) 4 


22 Represent graphically the solution set of the following inequalities together : 


Х=4 5 y<X+2 5 X«*2yz-2inRxIR 


Tr AB=(2 53) , CB=(—3 55) , then AC =. 








(a) (5 »— 2) (b) (8 » 1) (c) (- 2 » 5) (d) (2 » 5) 
nix — 1g 5.2 then x= 

24 h atl Я еп 
(a) 3 or - 2 (b) - 3 or 2 (c) 3 or 2 (d) - 3 0r-2 
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25 sin? X + cos? X--6ot^ X 2 recassa 


(a) 1 (b) cot? X (c) csc? X (d) sec? X 





26 The area of circular sector equals 45 cm.” and the length of the diameter of its circle 


equals 20 cm. » find the perimeter of this sector. 





Я) If A (0 » 0) is the image of the point B (4 » 2) by reflexion on the straight line L » then the 


equation of Lis s 


(a) X22y (b)2X+y—-5=0 (с) 2 Х-у= 5 (d) Х+у-6= 0 


аА 


——— 
m| 3 ixsy|- 5 >) find the value ого. 
Xy 3 a 5 


— T 


Т) In the opposite figure : 











yv ipo AY 3 

ХҮ BC y= - 

„Шеп X = — — nÓÀ 

(a) (2 54) (b) (4 › 2) 
(с) (2 ›4) (d) (452) 











— = 


&T) If M is the midpoint of XY > then XM + YM = 


(a)2 XM (b) 2 YM (c) XY (d) O 





@ҥх+( | | ‚ Y=(-3 5) ,еҮХ= 


(79) (b)(-9 10) e? s (d) (1) 
Фих+{? 15) =0 stex-- 
(c) «e 








33 Find the distance between the two straight lines: 3 X-4y * 2020 » 3X-4y+10=0 
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Mathematics 


[. 


Answer the following questions : 


y 








(A. 





= 
EI 
) " 





3 1 ıı {2 1 
FEDIA = and A`! = hena unna 
5 2 X 3 
(a) 3 (b) - 3 (c) 5 (9) – 5 
£316 Al = | В| s then занен 
@)A=B (b)A=-B 
(c) A =+ B (d) It can't be find the relation between A э В 


€D If A and B are the two images of the point (3 » 1) by reflection in X-axis and y-axis 


respectively » find the point that divides AB internally in the ratio 2 : 3 


п The point that belongs to the S.S. of the system of the following inequalitias : 


Х>2›у>1,Х+у>318 ereen 
(a) (2 » 1) (b) (1 »2) (c) (3 »2) 


5) In the opposite figure : 
If the area of the rectangle AEDF = 27 cm? 


» find area of the shaded part 











(d) (1. $3) 





(3 If 0° < X < 360? , then number of solutions of the equation 3 sin X = tan X is ===- et 


(a) 2 (b) 3 (c) 4 





1| Equation of the straight line passing through the point (2 » 3) a 


(a) X2-3 (b)y=~3 (c) X22 


90 


(d) 5 


nd parallel to X-axis 


(d) y 23 





Final Examination Models 


FPIA+B=( 512) » А=21+9),оВ= 


(a) (3 »4) 6312.33) — ©) C3>-3) «b (3112,2) 





[31A- 55) > Be C 1»m) > [AB |= 4 length unit , then m = 11 





(a) zero (b) 5 (с)—1 (d) 5 





Г) Measure of the included acute angle between the two straight lines : 


X-3y+5=0 › Х+2у-7 = 0 equals ereer 


(а) 45° (6) 60° (с) 120° (d) 135° 








П A car moved 20 metres in direction of North » then moved the same distance in the 


direction of West » then the displacement of the car 1S en 
(а) 40 m. in the West direction. (b) 40 m. in the Western North direction. 


(c) 2012 m. in the Western North direction. (d) 2042 m. in the Western South direction. 








(p) 359 ДЕ = 
csc@ sec Ө 


(a) tan O (b) sin 0 + cos 0 (c) sec Ө csc Ө (d) 1 
13 A regular hexagon of area 5443 cm? » then its side length <- cm. 
(a) 5 (b) 6 (c) 7 (d) 8 


u If A is a diagonal matrix in the order 3 x 3 and а; = 5 for each i = j s then сезе 


(а) А =1 (D) А= 51 (с) А=50 (d) A=O 





Э The points A (- 1 » 5) » B (2 »2) and (3 9.1) are зс 





(a) vertices of right-angled triangle of area 5 square unit. 
(b) vertices of isosceles triangle of area 10 square unit. 
(c) vertices of equilateral triangle of area 9 square unit. 


(d) collinear. 
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16 Find the minimum value of the objective function P 2 2 X + 3 y under conditions 


X+ys5 »yzl 5 X22 








i) If the point A (0 » 0) is the image of the point B (4 » 2) by reflection in the straight line L » 
then equation of L is .. 
(a) X22y (b)2X+y=5 


(c)2X-y=5 (d)X+y=6 





18) From the top of a rock 100 metres high » the measure of the depression angle of the boat 


which is 200 m. away from the base of the rock equals (in radian) = „Тай 


(а) 0.08 (b) 0.46 (с) 0.25 (9) 0.24 


_——  __————-—-— —__—_—_ е_—_—_——— — — ——— — ——— — ————i —— 


Г] The area of the circular segment whose diameter length of its circle is 8 cm. and the 


measure of its central angle 15 1.2"° equals approximately ............... cm 


(a) 8.57 (b) 2.14 (c) 4.28 (d) 1.07 





—— o eee НЕ I —Àt— 








Я) The length of the perpendicular drawn from the point (3 › 1) to the straight line 

















4Х+3 у—5 =0 equals ............... length unit. 
(a) 2 (b)3 (c)4 (d) 5 
Pa) If 35 9 = 1 where 0 E |0 ,27[ , then 0 = t 
(a) 45 (b) 90 (c) 180 (d) 270 
22 If the polar from of OA is (12 э x } » then the polar form of AO is 
JU 2 JU 4 Jt 5 IU 
PE) If the slope of a strai ght line = + » then its direction vector is ......... 
(a) 3 »-2) (b) 3 »2) (c) (6 »-4) (d) all the previous. 
| X+2 2| 
24 The solution set for the equation = 4 15 usas 
х  X-3| 
(а) 13 ,—2! (b) {2 »- 3} (с){5,—2} (d) {2 ,— 5} 





__ Final Examination Models 


giras 1 d ‚ A=A7! xB » find the matrix B 
2 





Т) The vector equation of X-axis 15 -= 
(a) г = (1,1) + К(0 50) (b г = (1,0) + k(1 51) 
(с) r = к(1 0) (d) r=k (0 » 1) 


ПШ If A is a square matrix in order 2 x 2 ‚|2А|=8 > then |3 А | = =: 





(a) 9 (b) 12 (c) 18 (d) 24 
0 2 5 
28) It} X 0 3 |1 asymmetric matrix »then X = =-=- 
5 3 0 
" (b) 2 (c)3 9-2 





Find the norm of the resultant of the two forces : F, ——- T. үз ] , Р, = (6 ? t ) 





Mir A=(>5k) » В= (2-3) and A LB sthenkz 
(a) 3 (b) 2 (c) - 2 (d) – 3 





ET] The solution set of the inequality 1 < 2 X — ] «5 in Ris не 
(a) |і ›3[ ®© ji » 3] (с) [1 ›31 (@[1 ›3] 


пи СХ Ч {ЈН Ч 2С 
In the opposite figure : 
ABCD is a rectangle 


, E is the midpoint of AD 





,EB4 BA -DC =. — M Ó ез 
(a) EB (b) BE (c) EC (d) CE 


3 1 4 7 
gira-[ 5 i , c= 7) ben ay, een me 


(a) 5 (b) 4 (c) – 5 (d) 3 
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Answer the following questions : 


ЕВ <<. of the two equations : 2 X-3y 2 1 and3 X 42 у= 8 IS vere ө 
(а) {0 » 2} (b) {(2 » D} (с) {0 »3)} (d) {6 »2)} 


F) Find the area of circular sector › length of the diameter of its circle is 12 cm. and measure 


of its central angle 60° 


ED Point of intersection of heights of the triangle in which its sides coincide on the straight 


lines: X20 9 y=0 and X+ y= 1 iş ecese 


(a) (1 » 1) (b) (0 50) (c) ( 0) (b (4 А +) 
pk 1 
Qr к = 15 » find the value of К? + L- 
1 kl k 











В In the opposite figure : 
If area of A ABC = 15 square unit 
» CA = CO > find the equation of L, 





FJ If tan 0 + cot 0 = 2 , then tan??? 0 + cot?9!9 ө —.......... T 











(a) Zero (b) 1 (232 (d) 3 
FA L, and L, are two straight lines » the tangent of the included angle between them equals i and 
the slope of L, equals twice the slope of L, » then slope of the straight line I, esiti 
(а) + 2 (Б) #1 
(с) 1» i (d) All of the previous answers. 
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F =ai+3j э F, =—5i+ (b +2) j are acting in 


C) If the forces Е = (812 , =. л) ч 


9 
one point and equilibrium » then = ЭЛ À 


(a) 13 (b) — 13 (c) 1 (d)- 1 





C If A is a matrix in the order 2 x 3 » B' is a matrix in the order 1 x 3 » then the matrix AB is 
in the order .....-. РАИ 


(a)3 x3 (b) 3x1 (c)2x1 (d)1x2 


([) If C is the midpoint of AB where C = (0 53) » B =(7 6) s then A = eere 
(a) (7 » 6) (b) (3 » 6) (c) (7 7 ›0) (d) © » 6) 





Ш General solution of the equation : cos Ө = 1 is eses- shine 


(a) n Л (b) 2n7t (c) T «nm (d) +217 





12 If the point (4 » k) is lying on the axis of symmetry of the region of S.S. of the two 
inequalities: X+y>a » X-y>a s hen K nsus: 
(a) 4 (b) – 4 (с) а (d) zero 


13 The straight line : 2 X + 3 y = 12 makes with the two axes of coordinates a triangle of area 
R square unit. 


(a) 4 (b) 6 (c) 8 (d) 12 





T) The point at which P has minimum value where Р = 35 X + 10 y from the following 
points 1S: m 


(a) (0 » 10) (b) (0 » 20) (c) (0 » 40) (d) (20 » 10) 





15 In the opposite figure : 
If the elevation angles of the top of a tower from three different 
points on the horizontal line passing through the base of the tower 
are of measures 30° » 45° › 60° respectively 








> then AB : BC = s T танг 
(a) 1:43 (b) 2:3 (o5 : 2 

16) In the opposite figure : D_ X C 
ABCD is a square and AY + XY = k XC „Шеп K = e 
(a) 1 (b) 2 Y 
(c) 3 (d) 4 
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тһе measure of the central angle of a circular segment is 90° and its area is 56 cm? » then 


the radius length of its circle approximately equals ............... cm. 


(a) 9.9 (b) 19.8 (c) 7 (d) 14 





18 The measure of an angle in a rhombus is 50? and its side length is 12 cm. » then its area 


ЇЙ gum cm2 


(a) 36 sin 50° (b) 72 cos 50° (c) 144 sin 50° (d) 72 sin 50° 





кшш шш ———— áÓ''/["— ЕЕЕ, ee LL SG). 


(Dif A =k > 2) > B=(3 sk- 5) and A L B s then k = es 


(a) | (b) 2 (c)- 1 (9) – 2 


Q)irA-3i-4j > B-j › C-(5 X) һе [А1111 


(а) 9 (Б) 10 (c) 11 (d) 12 


21 The number of solutions of the equation : sin? X — 6 sin X + 9 = 0 іѕ............... 


(a) zero (b) 1 (c) 2 (d) 3 





2 
The value(s) of X which makes the matrix | . " | has no multiplicative inverse 


18/ате......-...-..... 


(a) 2 or 4 (b) — 2 or 4 (e) 22 (d)+4 


FE) The shaded region in the given figure 


represents the solution set of the inequalities ............... 
(а) Х> 1 > y>2 

(Di«X«3 >, 2<y<4 

()lsXs53 5 2<у<4 


(d)X+y23 , X-ys7 
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e The length of the perpendicular drawn from the point (1 » 1) to the straight line X + y = 0 

















equals гноен length unit. 
42 
(a) —- (42 (с) 242 (d) 2 
y =» у 
(E) 1f В f =4 » then d 41 РРСРР 
(а) 1 (b) 10 (c) 12 (d) 16 





26 If u = (2 »— 5) is a direction vector of a straight line » then all the following are direction 


vectors for the same straight line ехсері............... 


(а) (- 2 » 5) (b) (6 » — 15) (с) (2 » 5) (d) (- 1, 25) 
t 
gu 2 ep н » then (a b) = ST ETN ; 
(a)(6 7) (b)(7 6) (о (9 4) «(4 7) 





28 Measure of the angle between the two straight lines L, Х=3 5 L r ae (2 55) + k (1 50) 
equals -irere 


(a) 90? (b) 180? (c) 45? (d) zero 





Drax! ?| = 1 » find the matrix 3 A 
-1 1 


&)IfA-(.2 > B=(1>—1)and|| AB ||=5 > then k = v 


(a) 5 (b) - 3 (c) 5 or - 3 (d) 15 





S)A-G.-5 > Be C155 > M=(6>k) and M // AB then k = e 


(a) — 15 (b) — 10 (c) - 5 (d) 5 





32 The polar form of the vector A=-3 j СЯ е 


@(-3%) 6-2) oÆ) 6-38) 








 ҥА=(—1›,2) » В=(3,7) > C = (7 512) » find C in terms of A and B 


7 
(A EO Y ea e | (DUE) OW clou; alsel 9 
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оге 
2 ga Y To 


im? is 


Answer the following questions : 








a If A » B are two matrices where AB = » А | s then B' At = ose 


e 2l o? Е of » @{*, s) 
4 5 =] 5 4 3 1 3 


FJ ABC i is an eauilsteral — in which A (2 s— 1) and the equation of BC is X+ y=2> 





then the side length of the triangle ABC = e. length unit. 
2 6 6 | 
AB RI @ te (4) 2 





ER The S.S. of the equation : sin X + cos X = 0 where 180° < X < 360° equals ·-.-.........:. 








(a) {210°} (b) {225°} (c) {240°} (d) {315°} 
I 2 al 
д ре x-2 m = l m n where L » m » n non-zero numbers s then X =... 
0 0 n 
(a) 2 (b)—2 (c) 6 (d) mn 





5) In the opposite figure : 
If M is the point of intersection of the medians of A ABC 5 prove that : 
MX +MY - MZ- 0 














(3 In the opposite figure : 
M and N are two distinct circles and A i A, 


are the areas of the two sectors. 





E 9 
If A. = 5 . then 0 ZZ Vee pee en ii 


i= 


(a) 72° (b) 80° (c) 90° (d) 100° 
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E] The solution set of the inequality : - X sy s X is ее 


OK ж CM 


(irM=(2.55) » N=(1 53) then 2 M-N 2 сс 
(а) (3 »7) (b) (1 » 2) (с) (3 ›8) (d) (0 » 1) 








C) An equilateral triangle of side length 8 cm. » then its area = em? 


(a) 843 (b) 1643 (c) 2443 (d) 3243 


(ir A = (6 X) 9 B=4i+ 3i , then AB = E 





(а) (- 4 »3) (b) (4 » 3) (c) (4 » — 3) (d) (- 4 »—3) 





Т) In the opposite figure : 


If the area of the square ABCD = 36 square unit and D (— 12 » 0) 


» then the vector equation of the straight line EB is - 
(a) r = (053) +k (3 92) 
(b) r=(0 53) +k(-3 »2) 
(c)r = (—6 9-6) +k (-2 93) 





(d) t =(—6 9-6) + k (2 53) 
EEE 


12 The point which aren't lying in the region of the solution of the inequality : 2 Х-у x 7 
in JR x IR iS eee m 


(a) (0 » 0) (b) (2 ›0) (c) (3 » — 2) (d) (5 » 4) 


SOO 


13 ІЕМ = (2 » 1) is a direction vector of a straight line » then all of the following vectors are 


perpendicular to the straight line except the vector e 


(a) (1 »—2) (b) (- 2 $4) (c) (- 1 »2) (d) (1 »2) 


99 


Mathematics 


(7) In the opposite figure : 














ҤЕ, =i-3j » F,=3i+6 j > then the force F, which makes the resultant of the 
three forces is a unit vector and acts in the direction of positive part 


of y-axis equals ............... 


(a)-3i-3j _ ()-4i-2j (с)-51-3] (d)-4i-3j 








116, If the length of the intercepted part of y-axis by а straight line is twice the intercepted part 
of the X-axis and the straight line passes through the point (1 » 2) » then the equation of 


the straight line is ............... 
(a)2X+y=-4 (b)2xX-y=4 


()2X-y+4=0 (d)2xX+y-4=0 


—_—_—-—-—-—-—-—-—-—- —- _ —— Е — ——-_—————— ——— ——— ———— SS —— 


1 The area of the circular segment in a circle with radius len gth 10 cm. and its arc length 





5 cm. approximately equals =- em? 
(a) 0.13 (b) 0.51 (c) 2.05 (d) 1.03 
(T) In the given figure : MEN IJ! 
The length of ВС = ...... I: 
(a) 5 cm. (b) 6 = сш. 
(с) 3 = ст. (4) 3 ст. 


0) (sin Ө + cos 0)2— 2 sin Ө cos 0 = ч ne 
(a) zero (b) sin 0 (c) 1 (d) cos 0 
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0 0 
e(t 1) 


 ҥА=2ї+3}) » B=k-LDitj » А/В, ек 





(a) 3 (b) 2 (с) -3 (d)-2 


(Di AB- C352) » BC=(0 52) then | AC || = . 


(а){13 +2 (Б)]13—2 (с) 4 (d) 5 





FR) Which of the following points belongs to the solution set of the system : 


X>0 »y>0 » 2X+y>6? 


(a) (1 »3) (b) (0 50) (c) 2 »3) (d) (4 »—2) 





e Find the measure of the acute angle between the two straight lines : 


l :r2(452)*kC 3» D ›0,:2Х=3-у 





25 The matrix k +3 2 | has no multiplicative inverse at X = «oe 
2 x-3 


(a) +3 (b) +413 (c) 5 (d) +5 





rl , m are the roots of the equation : X^ -4 X— 10 20 


24 =1 


> find the value of the determinant A m 











И) In the given figure : 
IL :3X—4y+10=05L,:3X=4y А Ly 
» then the length of the perpendicular drawn 
from A to BC = vse length unit. C B 


(a) 1 (b) 2 (c) 4 (d) 6 
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28) The coordinates of the point C which divides AB internally in ratio 1 : 2 where A (5 »— 6) 








9 B (— 1 , 3) is TT TOU i 

(a) (0 +0) (b) (3 » 3) (c) (- 3 »- 3) (d) (3 »—3) 
E) The general solution of the equation : cos Ө = — 1 is ............... where n CZ 

(2) +07 (b) Pan (c) JU 20Un (d) 2+2ал 





(if AB = CD ы CD =(6 » 4) ; A=(-1 53) sthen Bs наан 


(а) (5 » 7) (b) (- 5 »- 7) (c) (7 5 $7) (d) (5 »— 7) 


Dra- a 5 АВ = 72) «find the matrix B 














32 The polar form of the vector A =3 i+ j aputa 





(a)(2 3E) (b) (4 «3X ) (о (2,2) (a) (4,2) 
33 The area of the triangle with vertices (1 » 6) › (0 » 10) » (0 »0) equals ............... square unit. 
(a) 5 (b) 10 (c) 15 (d) 20 
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Final Examination Models 





Answer the following questions : 
ori al - 1 Jar smen x=: €— € 
3 1/\-3 X 
(a) 4 (b) 5 (c) 1 (d) zero 








2. If A is a square matrix » then (A + AS) is «A 
(a) symmetric matrix. (b) skew symmetric matrix. 


(c) zero matrix. (d) diagonal matrix. 


E) Measure of the included angle between the two straight lines their slopes are 4 and — 2 


(a) 45° (b) 90° (c) 120° (d) 135° 





C If X and y are two integers where Х> 0 » у> О and X + y < 5 »then the number of 


ordered pairs (X » y) that satisfy the previous conditions are oe 


(a) 4 (b) 5 (c) 6 (d) 7 





5) The additive inverse of the vector AB is the vector ===- - 


(a) BA (b)O (c) - BA (d) AB 





O In the opposite figure : 
If D EBC where DA = DB = DC = 5 cm. » m (4 ADB) = 80° 





> then AC = e cm. 
(a) 10 sin 40° (b) 10 sin 50° 
(c) 5 sin 80° (d) 5 sin 40° 





GD 2 sin? 3 X? +2 cos? 3 X? = 
(а) 6 (b) 54 (c)2 (d)2x3 
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0 In the opposite figure : 
A circle whose centre (7 » 8) » the straight line AB is 


a tangent to it at A» then equation of the straight 


line AB is iia Мз ыы dit 
(a) 5 X4 3y 2 95 (b)3X+5y=35 x 
(с)3 Х+5у+95=0 (d) 3 Х+5у=95 





©) If AB = CD where AB=(5 5-11) , C2 C 1,8 , then D = even 
(a) (4  — 3) (b) (- 5 5-7) (c) (4 »3) (d) (6 >- 17) 


(T) Area of the triangle subtended by 


the straight lines: X20 » y=0 and Š + = = 1 equals 


аана Square units. 


(a) 2 (b) 5 (c) 10 (d) 7 


111, If A and B are two unit vectors » then «s 
(a) А+В=2 (b) [A-Bll=2 (с) А+В[>2 (d) lA - B|«2 


12 In the opposite figure : 
If the equation of the straight line ABis:2X43 y=12 
» then the vector equation of the straight line DE соня 
(a) r= (2,3) -k 2 53) 
(b) r =(2 93) +k (3 »2) 
(c)r =(3 52) +k (2 53) 
(d)r=(3 »2)+k@ 52) 




















2 
(F) Find the solution set of the equation d =12inR 
3 X| 
2 If 0° < 0 < 360° and cos Ө + 1 =0 5 then Ө=............. 
(a) 90° (b) 180° (c) 270° (d) 360° 


15 The point that belonges to the S.S. of the following inequalities : 
X20 sy20 o2X+y<4andX+3y <Gis --............. 
(а) (1 »— 3) (b) (3 ›0) (c) (2 » 3) (d) (1 » 1) 
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16 Which pair of the following vectors are perpendicular ? 
(а) (3 0) › (2 5-1) (b) (C2 +5) » (4 »— 10) 
(c) (2 30) » (0 > 2) (d) (1 ,—4) › (2 >— 8) 


ODO) —— 


ü) From the top of a tower 80 m. high. » the measure of depression angle of a body lies on 
the horizontal plane that passing through the tower base equals 24° 12 » find the distance 


between the body and the base of the tower to the nearest metre. 














(a) 8 (b) – 8 (с) 12 (d) – 12 
Ш If sin Ө =~ 9 ac |о » Z| > then 1+ tan? Ө =. ТЕОРЕ ; 

> (b) -= Өт (d) Tea 
А = (2 з T ) ‚ find the Cartesian form of the vios 2A 





(4) In the given figure : 


The area of the shaded part approximately 





Gals. sso cca cm? 
(a) 7.1 (b) 28.5 
(c) 14.3 (d) 2.02 





CF) The perimeter of a circular sector is (4 r) cm. where r is the radius length of its circle » 





then the radian measure of its central angle equals ............... radian. 
1 a 
(а) d (b) 8 (c) 2 (à) d 
23 In the opposite figure : ^" 


M is the intersection point of the medians of A ABC 


—i— — Mn 


,AB + AC =k AM othen k = eee 
(a) d (b) 3 ! y 1 
(с) 4 (d) 2 
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. |а | ak kc] 
е. 4156800 р g |5724 > then ks сс. 
(а) 4 (b) 3 [09-29 (d) - 4 
(If A--7B then. 
(ALB (b A // B c)al=|B] (d)7A=B 





26 Measure of the acute angle between the two straight lines : X E Y=) » y=2 
equals i3: 
(a) 90? (b) 60° (c) 45? (d) 30° 





Я) If the slope of a straight line = 0.6 » then its direction vector could be .............. 
(а) (5 » 3) (b) (3 » 5) (c) (- 3 » 5) (d) (3 ,— 5) 














28 Find the coordinates of the point lies at 4 the distance from A to B to the directed 
segment AB where A (3 9-2) » B(-155) 








4 0 0 
Я) The value of the determinant) 7 2 — 02. 
1 5 | 
(a) 1 (b) 2 (c) 4 (d) 8 











30 Find the length of the perpendicular drawn from the point (3 > 1) to the straight line 
4Х+3у-5=0 





131 By using the given figure » ће point which 
makes the objective function : P=3 X 4 2 у 
as small as possible ............... 

(a) (0 » 4) (b) (5 » 2) 

(c) (5 56) (d) (0 » 6) 





gu 1 | : 4 ? }sthen at b= s 
"E b 











3 6 
C 2 E (c) 5 @в 
gr х H н 4 }sthen x+ y = ие ыны, 
ыз (b) 4 (c)3 (d) 1 
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Answer the following questions : 


üa If A is a matrix of order 1 x 3 » B' is a matrix of order 1 x 3 » then its possible to find ыыы 
(a) А + В (b) Bt + A! (c) A B! (d) АВ 





2) Projection of the point (2 » 3) on the straight line L: X + y= 1115 vere 
(а) © 6 » 5) (b) (6 »5) (c) (5 » 6) (d) (- 5 » 6) 





E) Measure of the obtuse angle included between the two straight lines : 


у= (2-13) 0+5) | y=(2+73)(X-7)is и 


(а) 150° (Ъ) 60° (С) 105° (а) 120° 


4 If A is a square matrix in order 2 x 2 and | 2 Al = 8 » find | 3 АЧ 





5 The productive rate of a factory is 120 units at most of two different kinds of articles the 
number of produced units from each kind equals X and y respectively. 
If what is sold from the second kind doesn’t less than half what is sold from the first kind. 


Which of the following system of inequalities represent the previous data and conditions ? 
(а) Xz0 » у>0 » X+y<120 » 2ysX 
(b Xz0 » y20 » X+y2120 » ys2X 
(c) X0 » у>0 » X+ys120 » 2yzX 
(d Xz0 » yzO » Х+у<120 » yz2X 





(3 In the opposite figure : 
Three congruent circles are tangent to each other 
If C = (4 › 4) » then equation of the straight 


ЇЙ Ө AD Ronina 

(a) r=(4 04) +k (1-73) 
(b) r=(8 ,4) +k(1 >-13 ) 
(c) r= (12,4) +k (15-43) 
(d) r= (12,4) +k (13 91) 
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Mathematics __ > 
Вга - (6 94) > В = (2 ‚та)апдА L B , then m = 
idani (b) 3 (c) -6 (d) 4 


штш_-—- —-—-—-——_——_————_.__-— O 2 ————— = | 


8 The direction vector of the straight line a X + by + c =0 ig ss 
(a) (a » b) (b) (a »— b) (c) (b » a) (d) (b »— a) 


C) Number of solutions of the e 


quation : sin X = 0 where X C [0 .6 TD) 18 поне 
(a) 2 (b) 4 (c) 6 (d) 8 


—— M à $< _-_—ш ————— ——————— — —— е_— à 








If the measure of the included angle between the two straight lines : 
X=7 » y=aX+2 equals 90° , ћепа = ..-............ 
(a) zero (b) 1 (c) 90 (а)—1 


——— ————— a a rr rr ee 


11 Which of the following statement is incorrect ? 


(a) lf A = В, thenl A | 2] B] (b) If A 1= 181, then A =B 


w} 


(c) If A // B » then A =k B (d) If A =k B > then A // 


12 The quadrant that represent the S.S. 





of the system of the two inequalities : X> 0 5 у> 01s 
the +» EPA quadrant. 
(a) first (b) second (c) third (d) fourth 


ы — и — — ——— 


(E) If 0 c |0° 9 360° »2cos Ө +43 = О » then Ө may be equals -+ у 
(а) 30° (Ъ) 60° (с) 210° (d) 300° 


e — —————MM— -—-_-—-_—____..— 


(2) If sin Ө 5 cos Ө are the two roots of the equation : 2 X^ «b X-120 >thenb=........ 








(a) zero (b) 2 (c) 3 (d)—4 
15 If the area of a regular hexagon is 5443 cm? » then its side length equals з... cm. 


(a) 6 (b) 12 (с) 633 (d) 1243 


аин — E _— наа, —_———— ————— _——.—ж——_———>лллЛЛЛЛҮЛҮЛКЛКЕУККК 


16 Which of the following vectors represents the velocity of a car moves with speed of 


magnitude 100 km./hr. in the direction 60° West of North ? 
(а) 501+ 50113 j (Ы) 50413 1-50]  (©-5043 1+ 50j (8) 501-5043 i 
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Final Examination Models 


EI) If ABCD is a parallelogram » A (1 » 2) ; В(Х,-3)  C(-355) » D(-7»y) 
, find BD 





(ira = (758) 5 В = (4 » 4) » then all of the following is true except eene 














(a) A + B = (11 » 12) (D A—B=(3 94) 
(c)2 А-В = (10 » 12) (d) AB+ A =(4 56) 
(С) In the opposite figure : i 
20 
The length Of AC e «nemen CTI d 
L^ 
(a) 6 (b) 10 ih 
(c) 4 (d) 5 nnd f 
x42 2 
20 Find the solution set of the equation =4 
X Ж=3 | 
21 If xX sy E[0 »2 Tl » @=X+y › then the values of Ө which satisfy : 
sin X sin y = lare 
(a) 17,27} (b) {70 53 x] (c) л ‚зл @{®,® 
| _ mu гаги = = 
cos@  sinO 
PAIFA=| . s then A209 =н 
sin@ –соѕ Ө 
(а) A (b) А? (с) 2019 А? (d) 20191 





23 Equation of the straight line that is equidistant from the two straight lines : 


y--2 »y=10is каа ыыр 
бууй (b) y 24 (c) X 24 (d) X=-12 





24 If the heigth of a circular segment is 5 cm. and the radius length of its circle is 10 cm. 


» find the area of the circular segment to the nearest cm? 


2 AB +2 BC =k CA ,ћепк= 
(a) 1 (b) 2 (c) - 1 (d) - 2 
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Mathematics 
(T) In the opposite figure : 
D , E are the midpoints of AB » AC 
»AB=M,AC=N 





;then DE = RTT 
(a) M+N (b)M _N 
©) (M-N) «zl (M -N) 


B): A =(6 »~8) › B=(-3 4) find the ratio that the X-axis divides AB 








(T) If A is a skew symmetric matrix 5 then A+ At = sss 
(a)2 A (b) 2 A! (c) О (d) zero 


ES t 
Dirx? J = () «Шеп X = ..:.:.......... 
5 7 





(3 3 чё) pa 
0 – 7 0 =7 0 7 5 7 
ША =(x s4) 5 В = (2 sy) and A // B > then MINE 

(а) Х+2у=0 (Ы) х=2у (с) Ху =8 (d)*=2 


— Аа 


E] Which of the following inequalities TT ee EP 
represent the opposite graph ? Yi Uj Wp | | 
(a)X-2y-6<0 LLG, 2 | 
(b)2X-3y+6<0 
(c)3X-2y+12<0 LE] | | = 
(@ 3 Х+2у+12>0 ты нар HH 





ее ———— —_ _— С ——-—-—-—-—-—-—-—-—-—-—— ĖS 


Draf? й ^ SER i Jte xe 
3 2 X 3 


(a) 3 (6) -3 (с) 5 (9) – 5 





——— ——————————— ОИ А УААААУ.УУУА„с—————_—_—_—_—_—_ — 


33 The area of the triangle bounded by the straight line = + i = | and the coordinates axes 


equals ·-.--..:......, square unit. 


(a) 6 (b) 12 (c) 4 (d) 3 





Final Examination Models 





ctive р 





Answer the following questions : 


Grex x(? MI ) ) sthen X= T а 


1 1 0 
l 0 1 1 1 1 1 -1 
(а) 2 (b) | | (o4 | | (4) 3 | | 
0 1 г 2 1 2 1 2 
FJ If AB =AC , then ee 
(a) B =C for all matrices A (b) B $C for all matrices A 
(c) B =C at |А |= zero (d) B =C at| A |Æ zero 


3 The normal straight line to the straight line T= (3 52)+k (1 9 їз | makes with the 


positive direction of X-axis positive angle of measure зз 


(a) 120? (b) 30? (c) 60? (d) 150? 


Пп In the opposite figure : 
If ABCD is a parallelogram in which 
BF = 2 cm. »FC = 4 cm. » then AE = miii 





(a) + AB+ 4 AD (b) 1 AB+ 2 AD 

(c) 2 AB+ 1 AD (d) 4 AB * 4 AD 
Øra ; B are two square matrices of order 3 x З and |A |=- 1 »|B/=3 

; then |G. AB | = ere 

(а) – 9 (b) – 81 (c) – 27 (d) 81 








6 If matrix A of order 2 x З and AB of order 2 x 4 » then B' is a matrix of order ··.---------. 


(а) 4х 2 (D)2 x4 (c)4 x3 (d) 3 x4 
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Mathematics NNNM = 


.  1-cos$0 . . . 
El The expression - — — —— in its simplest form equals с 

















sin- 08—] 
(a) — tan? Ө (b) — cot? 0 (c) tan Ө (d) cot? 0 
C If OC = (12 2 : =) is a position vector of point C with respect to the origin » then 
(a) (— 6, 6) (b) (— 12 , 12) (c) (12 = 12) (d) (6 = 6) 
BirlskAlsl-12Al then k= ii 
(a) 3 (b) —3 (с) + 3 (d) x4 





10 Which of the following verbal expressions represents the inequality y > 2 X 
(a) Two numbers ; one of them greater than twice the other. 
(b) Two numbers » one of them not more than twice the other. 
(c) Two numbers » one of them less than twice the other. 


(d) Two numbers ; one of them not less than twice the other. 








11) The solution set of the equation csc Ө = – 2 where Ө C [0 » 2 JU [ dS ООЛ T 
(a) {30° , 150°} (b) {30° , 330°} (с) {210° 330°} (9 {150° , 210°} 


12 In the кити : 
the area of AABC 
= ee» Square unit, 
(a) 15 (b) 20 
(c) 24 (d) 32 


(E) In the opposite figure : 
If BC = 2 СА :then the equation 
of the straight line ЖУК 


(a)X+2y+6=0 (b) X-2y—6=0 





(с) 2 Х+у+9=0 (d)X-3y+1=0 
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14 The area of an equilateral triangle whose side length X cm. equals «------------- cm? 
9 
(a) x? & 3 x2 © Bx (d) + x? 
2 4 2 
(9 If A is non-zero vector » then «+++: 
(a) — ALA (b) – A and A have same direction. 
(c) | — А | < | А | (d) — A and A have opposite directions. 
16) The point seese belongs to the solution set of the inequality : 2 X+y>6 
(а) (1 »4) (b) (0 »0) (с) (4 »—2) (d) (2 › 3) 





| 4 "XP , 
Ш Value (5) of X that makes the matrix | 5 X | has no multiplicative inverse 18 «e 


(a) 6.4 (b) 6 59 (c) +6 (d) 36 





18) A circular sector » its perimeter 10 cm. and length of its arc is 2 cm. 


» then its area equals з cm 


(a) 4 (b) 8 (c) 10 (d) 20 





19 Length of the drawn perpendicular from the origin point to the straight line whose 





equation 3 X-4 y — 15 =0 equals + length unit. 
(a) 3 (b) 4 (c) 5 (d) 15 
Я) In the opposite figure : | А 
ВС is a diameter in the circle М Va 
‚АС = 6 cm. »m(Z АВС) = Ө › then area of A ABC = «e cm? C M B 
(a) 6 sin Ө (b) 6 tan Ө (c) 18 tan 0 (d) 18 cot 0 





Яг sin A + sin? A = 1 » find cos? A + cos^ A 





22 The vector equation of the X-axis is === өөө 
(а)г=(1,1)+К(0›0) (b)r=(150)+k(1 91) 
(c) r - k (1 50) (d)r=k(0 51) 
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Mathematics 


па. 


FE] If sin Ө + cos 9 = 1.4 » then sin 9 cos Ө = -+--+ 
(a) 0.96 (b) 0.24 (c) 0.48 (d) + 0.24 


MirA=2i-j » В=і+ј » C=i+3jandA1(kB+C) find the value of k 
Ша » y) lies on the region of the S.S. of the inequality : X +2 y <7 »then ·--..-:..-:--. 
(a) y «3 (b) y »3 (c) y 23 (d y>7 


26 In the opposite figure : 


2 
If cos 8 = — 
45 


Find the coordinates of the point B 





Pir A-3B 9 then «mi 
(à ALB (b) ANB oAl-IBI W3A=B 





28 Triangle ABC in which D is the midpoint of BC ; then AB + AC Ir: 











(a) BC (b) 2 AD (c) O (d) AD 
2X 0 0 
Т) Find the value of X »if| 1 ЗХ О = 48 
L2 4 =X 
ғ ү! 2 =2 k? + 1 then the value ofk = — 
3 k+1 








(a) 2 (b) 4 (c) 6 (d) 8 


 ҥА=кї+) » B=(k-2,2)and A// B then k = =- 
(a) 2 (b) - 2 (c) + 2 (9) 3 


32 If C CAB ,3 AB= 5 СВ » then C divides BA by the ratio s 
(a) 2:3 (b) 3:2 (c) 3:5 (d) 5:3 





33 Find the measure of the angle between the two straight lines r= (351)+k(@ 51) 
2 Х+у+5 = 0 


114 


СХ) 
a4 
TT 
> 
С) 
2 
< 











q (TT) e (TE) ? (0D q(6) 
®(8) р(/) 2(9) (©) 
р(ф) efe) 2(7) (Т) 





q (ZT) PD е (00) E(6) 
q(g) (L) 2(9) (5) 


e(t) 9(€) q(Z) q(T) 





P (ZT) ? (I o (0D P(6) 
P(g) q(L) 2(9) q(s) 
V(r) 5(€) 2(2) q(T) 








P (20) P (TT) q (OT) р(6) 
а(8) (L) р(9) (5) 
e(t) 9(¢€) а(2) q(T) 

e (01) 

2(9) 

e(z) 


Aawouop uo sazzinb 


àni]ejnuina2e 10 Siamsue 





о (ZT) P (ID) POD 2(6) 
2(8) q(L) q(9) a(S) 
2(#) P(£) qiz) 9(T) 





о (ZT) q (ID e? (or) 2(6) 





а (CD 2 (1I) q (0D 4(6) 
q(98) q(L) P(9) 1(©) 
(р) q(€) P(Z) 4I) 


249 90]4 по sazzinb 
ANIJENUINIIC j6 sJaMsue 
































Ӯ 
at 9 9l. а 
{ы ac 7} = "S's эш, 
ar -2 on Waea mba st OEE = 40€ - 09 =X 10 
r 2 оз yro[eAmbo st ,QTZ = DE +081 =X ~ 
oO eJiseoui jo st ©- UIS asoym o[SU? 9jnoe Ap .'. & 
jue1penb pt 10 pE ЭЧ} UL SOIL X 77 
'(eAneSou) - =x uis [q] 
"srun orenbs ¢ [] =| V| = ә[дпеш ә Jo tore aq `- 
cit-[G*sD*G*oz-(G-Dxv-]t- 
S Co 
I+ 
(o 6 Ev) e (ts c 0) ysnomp sossed yoy I € 
(рпов) pI =Ap 4x E:T Mg. а= £- 
әш Árepunoq ә MPIC] e | t I I 
(0« D* (tc: 0) ySnomp sassed yorga г © ge 
(plos) = AE X: 1 I te © =y [8] 
әш Árepunoq 20) MEI • I C Y (3 
мере П ХОП XO НУ = Ө 802-1 = 
ќа pojuasaidal or Q = Áe Q =X » [q] Ө $02 
2 В qus 5 9999 ae ‘SH [91 
E ‘C= = т = | 
2019 8:6 (.09 ш» Е) 9) I zaleca 
1090895 MAN әш) Jo vale UL * т i 
"og-zgv-i- HSP 
009 = (JN 7) u * 17 gIN = VIN - Qus d 
. CIE Sle аа 
: GV v u [e] | y (LL i avr 
Ө E F 
LL A B 
‘WES 20V . T E7 L [9 * WEL- v 
QV її Lt Jie t Fort 
Oe = off US t F M 
=O us ~ [9] LI=6t8= c- al ias 
резон n £c Á ғ Е 
= EX = Ұ 
O=(1 +X) (E-X)X 7 Y x c= X 
бы 25 хоз әләцА\ гу XV әд uonenbe xuw atm "8 
0-xte-xc-pox 


p(s) 


P(T) (T) 


z(t) q(€) 


XE=XKT—X)X ~ 


X С *o- 
xX E=| y y| X" 





L) pow 


ПЕП о PJqab]y uo 
suorjeuiupsa HOO 100135 Jo SJomsug 












q (ID ? (0D) 
e(L) 2(9) 
2(#) 2(Z) 
1100 eapneinumo2y 
2 (TD р (OT) 
e£ 2(9) 
o(€) РСЕ) 
ИП eAnginunu232y 
? (ID 2 (0D 
»(L) 2(9) 
q(¢) P(T) 
1100 CAE NWNIDY 
q (ID q (00) 
?(L) р(9) 
q(¢) °(@) 
1100 CAL COUNIDY 


vy 


J^ 


d^ 


cs? 


2(6) 
P(S) 
(1) 


2(6) 
P(g) 
3(I) 


q(6) 
?(S) 
(I) 


q(6) 
q(s) 
q(T) 





> (ID ? (0D 
pCL) 2(9) 
?(£€) 9(2) 
zinb eaApnejnuna22y 
э (YD 2 (0D 
PCL) q(9) 
o(€) P(Z) 


о (ID P (OT) 
qCL) р(9) 
ele) Pc) 
цап eAngimunaoy 
q (ID o (0D 
2(4) 2(9) 
a(g) 9(Z) 
1100 GALS BUNDY 
PCL) 2(9) 
(Е) P(Z) 
zmb GANE|NWAISY 


fhijawoag 31]fijpug uo Sazzinb 
9N1}2]NWNIIE јо SJomsue 








OI 2d Sl onea шпштхеш o] ^ 
о= 9141: e-0* (Oz - 214° 
0r = (p) + (0) z = id] < 9=(9)+ (0) z = “lal = 


"9n[EA UImUITXEUI 
? SEQ Á +X Z -g:sruonoung eAnooíqo am ~. = 


(0*000*(0*20*G:gg8«(9«0 v:oruw 


Ogy uordo1 
рәрец$ ou st sen: enbeur ag Jo “g's au 7 





(0* z)‘ (8—* 0) Ysnonp sessed yorym 
(pros) g -= Á +x p —: “тәш &repunoq amp meq « 
(0* 6) * (9° 0) Ysnomp sessed цотцм 
(PHOS) 8T =Á £ €x Z: "1 әш Arepunoq oq Aexq e 
"jueTpenb sl (1X0 a XO 
Aq payutasaidal ore Q = Á< 0 =X « [q] 
"UI 8] = 9[od au ЈО qr au] ©. 
Ug, = 
VC 61 1 05 = AV `~ 
^ a= Ye 061 че [е 





901 = 1 
os = („06 0s—£) a $ + [ч] 
[90 0 = 
o o” 
сс о\ [sro-| _//-0-\_ 
0 c 0с OI oz ZI-j} 
с 0 € +} 
+ s IS 
0 c h 2 | 
a С qe d 
| v Gr Jeg 
€ ^ – 
| 6 iem 
zm ЭЕ 
auct с Ө 10 quet 


SI попп[о$ jeloues aq *." 


M = оз juepeArabo sr 0С] = „0 — „081 =À 10 


o} uepeAmbe st ,0c = g - = = QE UIs e 
'penb puč 10 „1 ЭШ) ut soi b 


(mmod) t-gusc $ -(o-i)sob.Iq 


2 
1 





Е L 
€ c) [T € ЕС S} 
с vj (£- "Le c "i 
LL 
ге |-[6- v»-|8-9-W 
= PL Petr (Е NE 
z- valle al ít * 
n Е 





ЅНҸ = х 2509 = =X US = 


SO2 
X Us x o x X soo = "SH [a] 


1= ч=&‹ =У = 





V V 
1=6-01=,; jn 
It-spe9-[ =v 
L=e-v= qom 


 P(F) эа() р эб) 


"9) 1әрош 





d uonounj әш ЈО 2npeA 38ә1РәЈ8 aq 393 op -- 
0= 94] ot = (0) os + (tv) 0€ = “Tal « 
est = (21) oc +(Fz) oc = "tal 
төп = (Fz) os + (о) oc = "tal - 
Á 05 + 0£ = d SI uoroung eq 2 
(0* 00* (ое) 08 
(тс) я‹ (Fz« 0) v aom оону 
uoraar papeus ap st sogmenbour aq Jo “g's әү, -. 


"sun orenbs gg = 





sh sh _ o 
= xçhe==5 хс+с} с = Po yL" 
y g xshash | ax 
© "вип 809] =— —= 
‘swan puo 75- = | sho [este +00) 2 
FI \ SOUT] Ом] Əy} пәәлл]эд JOUBISIP JSOVIOYS ot], у 





- = uinizaden эщ ЈО 14510 ou], “. 




















|с = ql eum yens siy әц =) (р 0) -- * 
0=с$-Х@+^/ ОНООР TERA layered ore ѕәшц egs олу әр, -  "ur-'ur- 
m Qux ; P os I 

шс vente epa {-=үс='ш&@-=үс='ш[Ч 
“spun 1)8пә{ sh=r+tf=loal: (ç< 0) st q wrod ogy, -- 
‘stun рио S \ = от +r = GV I (mos 
(sz =ay (2) | aü-«9-G-*o*(*0-8-0*vV-d^ 
c=k- О=1+4+#- aan o* 
о= (1+0 (1) -схе- Og = ау -  urisoprered е st (ТУНУ. [e] 
ЭЯ // ау --* i 
2 d De Q-I-x-Á- C+xX=T7+4A 
(пт еее да p- l Etx. сате бз. 
ECT EE с Z+Á T+0 ce 
== c= 
\ (1+41-5 = Ту (Т) c | 
d ч —— a SI SOUT] OMI ә Jo uonoes1ajur Jo jutod AL `- 
= Се О=#+4- (8) с 
-põua ш enba ore spioq» om) OY, ^ psst 
'e[oxro a JO 0=6+ХЄ : Зшрре Ag 
әцпәэ эу wory juejsrpmnbo amw spIOYyo OM} OTL, *. 
Lin: i Р о=с+^+х‹ о=ў+^-х ес. [q] 
єт Ti+ Sf ў 
7 = SS = ee = = Ыы = (= ,. (E 
snm sual Z = G7 “Ta QUT. C == vi a 
‘sun 0809] Z -e : = = 
i 01 я = 
"PET syn põua TACS) 
[от +(00у+(0)6| [ч 006 (F) КПешәјш z: 1 (€) 
(5) = 'syn 080215 (<) (I-* £201) 
g 





m-——— ———  — 
(axi +092 MaAD+$x z) =O [в] 


О с) ИТВ 








L 
(Qe qeu =i OL=8+Xv Y с= xl 
(десе переве Keu qy ѕәрілр 3 « 
(z< т) srauiod потуәәвтәуш au, ~~” (К‹ x) = g i91: ema fe] 
THA O=L-AZ+(DE © a 
: (D) ur 307511035908 € 
[=x üsScr-xer- о=1т+х@—КХєэл о=є+х9-—^6° 
(p) (Е)8шрру S ата о 
(p) 0-8*K9-Xv* 0=(1-4-х)8-6-4+Х 
(е) 0=12-ќ9+х6 sr поцепБә рәлпБбәг sy, `y 
c ќа (с) * є ќа (D штапу Be 0=1+8 
(D os peKg-xz: n. 0= (146-5) 1+5-є+ (5) E 
(1) о=/-^А^т+хє:1(@) Спо осоре аан 
Bo ш Q21-Á-xX"- Ж^=[-хХх— y= Ko 
£ -*uc £='w(1) I-X-uà +1=х 7 
a (т 001+ (0€ 0) = (6) “. 





‘sun erenbs 1 7 = РӘЈӘ $11 € (1 D1-(0* D = Ie. [d] 


*syrun uus] € = APN эц Jo тре `- Jd ¢=- dv +989 
ху |, о=зо+ча о =яя+уя. 
| (с) є (1) Surppy 
зя =на+ау уя: 


ЯЯ = яо + og + ЯЯ ~ [8] 


-— € —— 0 — € M 





эЈопошполо AP ш J9jourerp B SIT KX > 


A po[Sue-3qgu SI ZAX V ~ 


o=(€-)(-)+6-xI1-. 8 
C= (1-7 zu 


























AIDS 
(g-* D2(g-z*€-9) = AX ЇЧ] | "sim Sus] Z = =e) 119 
Cec ON, E 
(rta: free: Pee fer 
gi eps SUO ut = Ivi pussmvis «rel 
TEN: — ` > 
Wu De Б | Z) 
vyl=X G=3-X Y (p* ЯУ (Е 0) =1(5) 
sal g aa 
х (-:2(60) (0) 
Кцешәјхә quy sapp D * 
-# (К< 2g 1971 : puosss it 
E узг DENB 
(т: т)=8: 
Сс=ко — q-Áwv £v бдәшоәд 3r]fijeu uo 
s=- i _‹ 2. Xx £-Xv* | ѕиоцошшехә DU 10025 JO 51911500 














ОТ 





: SMOT[OJ S? sani[enbour ә | 





Jo'S'S әш Sjussaidal тец} uoga ay) eurunojoq : 181] | 





A OOT +X 08 = d : uornoung aArnoofqo эці < QS 
&geX*0csÁ-X« OEK6 Qex- | (09 us - $) (81) x -— -(gus-,.9) 15 - 
Á = g ad4] Јо preoqdno Јо 1equmu oq 121 ‹ 30921895 EMAN IM Jo ear aq] °° 
X = v ?dÁ) Jo preoqdno jo 1equmu әш 19] £ EL 
a 009 = (WY 7) ш >. 
: Wav V UI 


OJLL 
ot) 








og 


n-2[2[*]g8]*]v | 7 





(3 





{0< є c] =ләз uonatos aqy, * gjate (9-27 
OIS9Z— X JO =X 10 Z=% © 
" asas 1= 0+ 0) = |9 | ~ [ga 
OIloz = є-хХ)@—-х) | А | 
¢ = (Р) + .(£) = |У | + [p-r =y 
x I- p 
ui 0 €-xX -yá _ | @ 








(p) ff4 
(a) (4 
oD 


(pn 
Ce) (44 
oq 


9162 
(» (9 
cT 


(с £) uod әш ye 
€I = uorpung 2An»efqo AP jo enpeA шпштхеш әд], *- 














£) ЕТТТ 


sun oJenbs z1 = |21 |= 28V v Jo ear ay] —- 








|t æ o &= (ЄСЄ) z + (0) £ = "lal 
71 =| 1 v С © шү " _¥ 

| I er- (0) 2+ (6) = [q]« 

| t © ; De ay xe 

ee) 0= (0) 2+0) = [a] - 
O=1+A-XZ: WHO] pruf ou], | 
£-Á-z-xXrc"- 
t= 7 uogenbs uriseyes oq T, 


XCt*£-Á € J+] =X әле suonenbo omowered ou T, 
(e DoL- (£* р) = (6 x) et 

(C* D3po (Е D 21: uongenbo 103224 ayy, > 

(z< D sr our рәппБә әш Ts JOJA UOr22IIp aq] *- 


(144 —) = эп UAIS ЭФ JO 107234 uorj»arp aq] -` gov 001391 рәрецѕ әш SI Jas uonngos aqq, *- 


(3 (0 D) pue (S'e 0) Ч пол sassed у =x + с: 


oo | 





uu 





6 


(0* ©) (£< 0) ЧЗполр sessed ¢ = K +x 
: eum Arepunog age © 
;ezpenb 3813 ep ( AQ N XO 
Aq paiussaida1 Q = К DEX ~. 


© 
cu CHI 


Ee D= (Боут вв) Уу 


Сх +0Ј92х1] OlZxz-txI 








(с €) pue (0 0) uSnonp sessed Кє= х7: | 
jueipenb 


18л} әш [\ АО N хо ќа pojuss2ido1 Q e Át Qm x -. 


e 





(T 
«(p 
(ofa о) 6) 


oA (2£4 
9) тарош 





od 
д 3 
oft 


«(m 














о (о) 




















| QU. © 5 г 
Mer (o (13 co (f9 co (i8 | ZDworeya|C DZ + or | $t uorn[os [e1oue2 au T, 
и.0с+.01=Х © u 08I + .06=X 6° 
I ger = oel gt = 1,0 = (У) = SV V U O81 + .06= Хӯ+ХС̧ * 
I 0 "1 ü 
ing tors 91 = шее ж 
О I __Хуюз- з 
172 си E 


от 0| ft- €\fr- c | 
= =,V* 


0 9I О rjO v 
GB cP) CA 








Oty op 
о «0 of 
© ef of Ө of 


QU c+ da Z= (Oa + aa) с=0у+НУ ` 
: (Z) * (D шо 
OV = 08 7= 9a +89 ~ 














(€< 0) y mod әр 
те СІ = uonoung sAnoefqo oui jo enpeA шпштхеш әп, 





0=(0) # + (0) = 4] = (0) #+ (0) = "ale 
О1= (0) # + (0) є = 


"[d]* ст = (O p+ (0) € = "[a] -- a 


Odd у Ul Uelpow є sı qq -. « 
(1) аус=ду+ну + 
ОНУ V ш ugrpaur eg SI yy .- 


OOTY uordo1 papeys ou 51 Jas uonn[os au -. 
(1—0) * (0 D ЧЗподр sassed | = Á- x 
> әш Árepunog otn ‹ 


ЕТТТ 
Jeu JO $19150 














(« ©) CL. 
ot) 


og 
„081 


: _ © 
Um af ZT = (9) x тот х 1 
С 
I 








= Bale рәрецѕ әү“ 
0001 = OWY 7) W = 
009 = (ЧИО 7) ш ` 


© = 4 = (IND 7) Зоо 2% 
D eo 
I 


ggg =3 0t —341T 
z= + =з © xit 
12 =Wy © =ун= 39 2€ i@=d4H * IV ^ 








8-95 
м “М / Y ата. _. E+Z )- 
А + A [-X£*IXZ EXEFE-XT — 
"d Му Mc UOISTAIDp JO juod 
(I*£2-28 * (I-* 97V 


a 
о) 9 





t4 | 


АЕ) 








‘упа WSU] z = 


ОТРЯ ХР РХЕ 


SOUT] TYSTENS 0A AP пәәл\}уәд SOULISIP au], ~~ 


au 151 2012 (8 p) ~ 


g-Á- 0=06+4#- ХЕ" 

| OUT] 3511] at) Jo 
uorenbo oy} ut p = x md < [o[[ezed are soul] ом) eu *-" 
z -we ш 


G3 














NS 
$ Q^ 
Ag=K4+x7=q © ÁÇSÁ+X=E 
Ат=х 
fee = Тхе” C=. * SORS 
«t 
шо 6c = 


OZ + 6-10 + 7 = 100195 oq Jo Jojouruad aug, `~ 


w6-)7  5=01хр 7 91р 


209 Çp = 10129 231] JO Pole ML ~- 


"udeiz эщ i uoga papeys eu Aq 

payuasaidal st sartfenbout ap Jo 'S' S Ap чәч, 
(0* Z-)¢ (1—* 0) ysnomp sessed Jey) 

(рцоѕ) с-= &z ^x : “Ts 

(0* Z- * (z< 0) usnon sassed p 

(pausep) Z +X 2 А: ^1« 

(pros) ў = x: в! sour ќтерипод эщ MPIC 


@ 





OILZ 


of 
o LL 
о eq oda 


avr-av-«dve-de «ov = 
dv t=od г. 6 





o 
(4) 








ау +989 + ҮЯ + ЯУ = А8 + ЈУ = 


—— =  —— ~ ———_ RM 


А 5 Яу + V8 = dg: qgv yu 


—— 0 — == 


OH + ЯУ = ЭУ 








ot) 
t) 


oa 
o (3 
DENB 
em 














Я ш 9551 = 
| rus L. 
= 0001 = У“ ^ 
= 0001 ~ »Ov MS 














(2: 8) SI їшо} ejod ayy, -- 
Е Chr 
ae. £k Et aum: 


в= 90 + (єр) = иа 


m 


П 


| «С © | 


(oz: £-)= 


T | # 2 )= 
Ж. = X ГЕЕВ ЕЕ ОЕ 





g JO sopeurp1000 эц], *.” 


Ќұүешәлхә p : L oer ap Aq (TO Sapp g ‘~ 
Eo e as 


т av ая ` 
Яу €=OVi = 


(D 
о) 


я эй/ Jo spreoqdno c pue y ad) Jo spreoqdno 


ОУ... 
gv ` 


t 
v 








ст Suronpoud ye sueddeu ygosd шпштхеш aq] ^ 
0001 = $ х 00T + ST x 08 = [4] 
0091 = 0x 001 + 02 x 08 = "[4]: 


0=0х 001 *0x08 7 [a] ~ 
Á бот +X 08 = d : uonoung oAnoeíqo OY, ~- : puoosg 





(s SI) g‘ (0* 00 V* (0* 0) O?19q^ DAV 
пої8ә popeys ai st senienbaur aq Jo ^S S aur | 
(S< с̧т) < (0 0) ЧЗполр sassed yep 
ee ae “чт our Árepunoq әш merq (€) 
(0* 02) * (Oz * 0) Ysnomp sessed ep 
oz =A + X : ‘J әш Arepunog aq меза (Z) 
"jue1penb 3s1j au (^) ќо П хо ќа 
| poluesoidar are (у= А & () = x seuienbour om) oy (T) 





VI 


ey о B © 00 _ 


‘spun 018091 z = 


© 2b) 


—— е Фәй 
| 15-00) 6+ (6) Ф | Te[norpuedred əy) jo Ш8иэ] eu] 





(0) (те exe xD" 


£: c ones әш Aq qv вэргАтр p © 


S © al 
= ^® if Чу эоиеј5тр эщ Jo 
TV = je so шоа oy] .. 
E. © ^ 7 узш ЧТ, 


o @ 
B of) 
om oB om 
erie =y“ 


гетер (euer) (o 2)- 


(e) (B ow 


Qf @ е @ o 


(р) em o 


ш 8/1 = 
ZI obt е 
TU 898^ 


od. Senes 
08 =e ov C Pap" 


@ 
(9) _ of 











(ә) og ө (p) e 


{es=Ss ~ =x 
LCS X Z1=SI- 
E 2 
©1215 Х| 


od 
og 
© ag 


(p) emn 
of$ oe 
«6 Ol Z 
DETE 


om ol og 
ef 


OF I | 




















«eg 
o@ aff (D o 





(о) (4 
(о) 


(р) Mm em 
(ff 


(5 (F4 —————ÉEm 
(D otc eq ef of 
eg off of Ш of oF 
(v) o0 o Qf o | og (0) (D of 
0197 = 0197 x EU - (T) oM 


(p) a 


о( oD 














(29+ ЯУ + у?) & = (TEL «(D of 
gv + «08 t vo £ =ZW+AW +X og : o] vm og 
2. 
C £L E 49 — S81 1+ әш grens әш Jo uonenbo ayy, `: 
ЧУ TEZA * Уот = XW К 

: Aeus (0* 0D V * 

z à 5 c dv od шос̧= 09у ~ ст=9хдух É + 

г-у T УЙ AW | 

\ itr РА ОГУ V ЈО sugipeui ag) Jo Sl =OdV V ЈО vor au .. 

V / попзоәвтәит JO jutod әш str PA’. € B 
XX ! р 

N ОЯУ V ur uerpeur e sr (TV ле] = = 

р HT he 

v : UO0]nugsuo-) pp wo ae 

8 [eee 

кы ke Pe ч. 5. 


(9) O e (p) G o£ (9) a 


DEN 


op 





EEE e 


(2) C 














ЄТ 
| 
eom off gttv--2* vA 
1 к} o\/¢ neo Ï ї-=ш + ZT=y :(7)pæ ([) шон = “09 26 9 = = 
t Fo B G— PING = Do (с) cl=Wecrac* | „081 c c 
Le (D ——À UO хх 09 х Т pub -119s9gjovor eu 
®© om Ф о) (ТЭ (пее ян wE (ее Do | 2 _ Ө 
| jm € ЯЯ+УуШш= 2921 @) f3 
“ZEROS QE вш рну _ же" еч = ©, А —— 
_ oe 9 9) тарош 
OI “=n 3) oe Ar LL mms. e : 
| 92 BS vB OB , eB ed oB «m 
: d = ijv suns eju qu] + 
(Ur HT [ =Í co jt үз 
pego [=| е - gue ( += ( ev Fej (ehe ej) «1G e a deu 
+= E ism = А 
Ё. : Zz- [jl а I Feke*te- T ($ uis 9) + 1 (3e 8009) = qr -- 
с-= W < r-z-zu _@ 





(q) |» «wp ө) em 





Sx, VxV-Vxy- 


ip ©) B o (о) B 

(e) 202 «eg “of «ч @ @ 
(I * Q y wod әш те / = 

uonoung saTjoolqo ә JO IMEA ISAP aq], ·. 

ET Nu cS 

u-(0e-Gze'"alsz-oes(Qz- Уа 2. ‹ 


Эу voras | 
pepeys au sr senm[enbaur ay; Jo jas попп[о$ BUT, | 














06 =S | 
1YZIeNs Ому aq UaemIJaq o[3ue ou; JO emseour L `- 


1e[norpuod red are sour 1ц81ед5 OMI OY, *- 


z Z N 


га I 
[-= wx ш“. 
I : 
bes ш 6 = ш. | 
c 


(9 
(Э 


z--X'* 





egy «m 





$p-.X9- | 
Sp=X-XXEXXT~ 
x B 
| 


gy= 0 Xt fi 
0 0 al 


Œ | 
S 





@Ф 








(0 8) = g wod aur `2 





_ ыш > NEMO RM 
8-7 t» a at? 
[RUNE el I0 
T » 
— + — 
att 


























== oy? adojs эці, 
= gy jo edo[s ou, ~~ 
(0: У) = 97 


97) 








i E 








SI 


om | 


021-37 





op om 


29 19 = 


(„ост wis -ac £) „(01) £ - (guis - д) t. 


Q-(cg*3D0-(I-35DC 


en 30908995 eman JO vole an, `~ 
(aarre | v Da 


OZI = (QW 7) Ш Y 
(+ M I- 307-0 *HÀ* 
a eps 009 = OWY 7) u ~ 


(1-0 =v » x = (Сугу) $02 -. 








«(fa 





| og OAA | 


[ 7 V ,UIS + V UIS = V 809 + V ,S00 7 


om oG 
[z-*s]-SS7 

02 (c *20 (6-х) ~ 
0=#-Х2-9-Х-;Х 
є-х Х| 





У ,809 = V UIs | | 


т==ү ло çəx" 
у S00 =V Uls— 1 = V UIS B 0=01-Х#-,Х 


] 2 V UIS +үу ш ~. 








I 
N 
e 

+ 
Б; 


p-2xt-(c-X)(cxyss ў 
n m 
om ef og oom | cq 
egy om og eg 
(o (4) cm (P (y 90 

















OLS, eg © Eo 





от=^ L=¢—Apue 






(е) (9) (q) 
og "В 9g a aon rain | 
vf) og (t4 og (K*123*(g-*«x)-(s*£2*(c* D 
; | Па+я=д+у 
0) epou ure1do[o[[eJed e st (TOGV -- 


cn (p (43 
oB of 








= (n 


om om om oa 

















(v) (9) (e) (9) 
Аешәш ү: с Stoel ay *- l NL А @ 0 or | Ө 
T © 
j og eg og eB 
1 [4 | = 
asp 0192 =; E E s1-zx6-7|Vl67l,vlg- lv el" 
18-1]? 


с=|У| $2Iv[.c 8-|vcl-- 


ч. А N ff 17:5 onu Aq Яу S@PIAIP 2 « 


J^ ® А 
g М7 “э 


üonoos1ojur Jo od әш әд (0 X) = 2 WI 


p. 





Srxe-x эф TIM qv ЈО 


GO 
og og og 
9) epou 


